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Solutions
;=<?>A@B<�C�D*EGF�HJILKNMLOQPSR,MLOUT*VGW&X�Y(WQZ\[]ML^?_8PSVG[%`J^*abT?O&TcRG^�ZdWQeLOUWcf�g?h$O*i?RjMLOQPkR,MLOl`JWmf*OlZnWQYBeLO*T

U
VG[

^*o?oL^?[pV,RGO�RG^lRjMLO�`JW&f*O�ZnWQY]e$O*T
qsrut

P
qwv:t

Q
q]x4t

R (D) y q 9 t
T

Solution z . MLO
WQPL[{_2OQY|Vb[ qBx}t R ~ 5 PLO
[{^*a,g?RjVG^*P�ZdO�R�ML^?T
VG[�f�g?R,R,VjPLXu^*g?R�R,MLOl`BVbX*g?YJO�W�PLT
ZnWQe?V,PLX
RjMLOf�g?hLO�� 5 R,MLO�Y{_�Vb[{O&im��^*g�f&WQP��bgL[]R��?Vb[]gLWQa,Vb[{O
it.

;��L>�@B<�C�D*EbF�H{I��pPUML^?_�ZdW�P��S_2WJ��[8fmWQPUR,MLO�_2^*YJT r
v 1 rux�r2�:r:v 1 r hLO�[]oLOQa,R�^*g?RGi&gL[]V,PLXcW*T���W&f&O�P?R
abOQR,RbOQYJ[LV,PcR,MLOlWQYBYJWQP�X�OQZdO�P?R�hLOQaG^?_2�

qsrut%�*�?� qwv:t8���?� q]x4t��L�*� qw��t8�*�?�*� q 9 t"� ^*Y{O�R,MLW�P �*�?�*�

Solution z . MLOl_:^*Y{TcWQh?YJWmf&W*T?WQh?Y(W�[]RbWQYBRb[%_8V,R,M��sWm�Bi?[J^lVjR�f&^*g?abTc[]RGW�YBR�W�R�R,MLO�RG^*ok^*Y$hL^*RjRG^*Z ~ v g?R�V,`RjMLOU�wW*�B[%WQR�R,MLO�hL^*R,RG^*Z�W�YJO|PL^*R	W&T���W&f*OQP?R�Rb^cWQP��n��h��B[�i"[�^lR,MLO�`]V,YJ[pR�abOQR,RbOQY$Z=gL[]R�hLO�WQR�R,MLO�Rb^*ok^*`$RjMLO
o�� Y(WQZ�VbT ~ �]Pc`{WmfQRGi?W�h?Y(W&f&W&T�WQh?Y{W�MLW&[8W�[poLO&fQV¡WQa	[]R,Y]gLfQR,g�Y{O z Vj`���^*gk[]RbWQYBR	WQR�RjMLOU�jW&�$W�R�R,MLO�RG^*oLi&��^*gcZ=gL[]RW�aG_2WJ��[�hLO�Z¢^*�?V,P�X�T?^?_8P�_�VjR,MkO&W&f�Mk[]RGOQo ~ . M?Vb[�ZdO&W�PL[$��^*gkfmWQPcRjYJOmWQR�R,MLO�o?Y{^*h?a¡OQZ6ajV,eLO�W�R,YJO*O z
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. MLOQY{O�WQYJO �*� h�YJWQPLfQM�O&[�i?W�PLTlMLOQPLf&O�RjMLO�YJO�W�Y{O � 10 � �*�?�*� T*V,`]`JOQY{OQP?R0_2W{��[%^*`%[]o�OQa,ajV,PLX�^*g?R
W�h?YJW&fmW&T?W�h"Y{W�WQPLTlM�OQPLfmO qj�ut VG[�RjMLO�WQPL[{_2O�Y ~

;��L>�@B<�C�D*EGF�H{I � � � g?Z T*Y]V,�LO&[4Z¢O:`BY{^*Z ML^*Z¢O:RG^n[{fQML^?^*a�O&W&f�MdZd^*YBP?VjP�XdWQP�T�R,MLOQP []MLO2YJOQRjg?YBPL[
ML^*Z¢O ~�� MLO|RGWQeLO*[$R,MLO�[{WQZdO|YJ^*g?RGO|VjPUhL^*R,M�T*V,Y{OmfQR,Vb^*PL[8WQPLTUT?^?O&[$PL^*R0[]Rb^*o ~ 5 PUR,M�O�_2W{��RG^U[{fQML^?^*a�MLO�YW��LOQYJWmX?OU[]oLOmO*TUVb[�� � e?Z��jM W�PLT�^*PkR,MLOU_
W{��ML^*Z¢O�MLOQY2W��$O�YJWmX?OU[]oLO&O*T VG[ �L� e?Z��jM ~ KNM?VbfQM ^*`8RjMLO
`{^*a,ab^?_�VjPLX4VG[LMLOQY�WQ�LOQYJWmX�O�[]oLO&O&Tl`{^*Y$RjMLO�OQP?R,VjYJO�RjYBV,oL�

qsrut��L� e?Z��
h

qwv:t"�
	 e?Z��,M qBx}t$�?� e?Z��,M qw��t��?� e?Z��,M q 9 t"�
	 ~
��� e?Z��,M
Solution z�� oLO*O&T�VG[$ZdO*W&[Bg?YJO&T�VjP e?Z��,MLi�[{^�V,P�^*RjMLOQY}_:^*Y{T?[{i�[]oLO&O*T � T*VG[]RbWQPLfmO��jR,V,Z¢O ~ �]`	RjMLO�T*VG[]RbWQP�f&OVb[

d
i�[]oLO&O&T�Vb[

s
WQPLT�R,V,Z¢O|V¡[

t
i&RjMLOQP

s � d/t ~�� ^*Y�R,MLO|`(^*Y{_:W�YJT�R,Y]V,oLi&R,M�O�T*Vb[]RGWQPLf*O8Vb[ d � � � t1~�� ^*Y$R,MLO
retur

P RjYBV,oLi�R,MLO T*VG[pRGWQPLf&O�V¡[
d � �L� t2~ 3 ^?_2i"RjMLO=W��LOQYJWmX�O []o�O&O&TUVG[8R,MLO�RG^*RbWQalT*VG[]RbWQPLf&O T*V,�?VGT?O*T h"�RjMLO�RG^*RbWQa�RjV,Z¢O z
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WQPLT2R,MLO
W�PL[{_:O�Y�Vb[ qwv
t ~ . MLOQYJO:W�YJO}Z¢WQP"�¢T*Vj`B`JO�Y{OQP?R8_2W{��[0RG^
`]V,PLT¢W�P �wWQ�LOQYJWmX?O&� z RjMLO�WQYbVjR,M?Z¢OQR,Vbf2ZdO*WQPLi�R,MLO�MLWQYBZd^*P?VGf2Z¢O&WQP ^*Y4RjMLOuX�O&^*ZnO�RjYBVbf2ZdO*WQP ~�� ^*g�fmWQP
VjP?�LO&[]RjVGX�WQRbO�RjMLO&[JO�`Bg?Y]R,M�OQY�^*PU��^*g?Y8^�_�P ~

;��L>�@w��C|D*EBF�H���I r X�Y{^*g?on^*`|��OmWQY 	 []R,gLT?OQP?Rb[�VjP���^*P�X�Y(O&W*fQMn^*Y(X?W�P?VG[{O&T�W
f&WQYl_
W*[]M ~�� ^*ZdO:f&WQYJ[0MLW&TW�hLW&[]Vbf
_
W*[]Mu`{^*Y�� � O&W*fQM _�M?VjaGO�R,MLO}Y{O&[]RLMLW&T�W
T?O�a�g���O
_2W&[]Mu`{^*Y���� ~ r Rb^*RGWQa%^*`�� � ����_:W&[0Y(WQVb[{O&T ~KNMLW�R�_2W&[�R,MAO�Z�VjP?V,Z�g?Z P?g?Z�hLO�Y8^*`8fmW�YJ[%_2W&[]M�O&T?�
qsrut��� qwv:t$�*� q]x4t�� � qw��t$��	 q 9 t! ?�

Solution z . MLO2P?g?Z=hLOQY�^*`
fQgL[]Rb^*ZdOQY{[
_8V,RjM�W�� � hLW*[]VGf=_:W&[pM¢VG[
x
WQPLT R,MLO2P�g?Z=hLOQY�^*`
fQgL[]Rb^*ZdOQY{[

_8V,RjM W�T?OQa,g���O�_2W&[]MnVG[
y ~ . MLOQP �

x " �
y � � ��� ~ . MLO
Z=V,P?V,Z=g?Z ^*`

x+y
_8V,aja8MLWQo?oLOQP _8M$O�P

x
Vb[

abO&W&[]R ~ 3 ^?_2i
7y � � ���

–
�
x
WQPLTc[{^

y � �?� " qJ� -5x
t �#�

W�PLT:R,MLO:[]ZdW�a,aGO*[]R$� _8M?VGf�MuaGOQRb[�� hLO�WQPuVjP?RGOmX�OQY�VG[
x �  i�X�V,�?VjP�X y � �� i�WQPLT:R,M�O�Z�V,P?VjZ�g?Z P?g?Z�hLOQY

^*`%fQgL[]Rb^*ZdOQY{[�VG[ �� "  � � � ~
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; � >�@s��C�D*EGF�H �{I . MLO2T*VGWmX�Y(WQZ hLOQaG^?_ [pML^?_:[�RG_2^�fQVjY(fQabO&[{i x V,Y{fQaGO � WQPLT x V,YJf�aGO � ~ . MLO:f&O�P?R�YJO C1
^*`

f�V,YJf�aGO � ajVGO&[ ^*PNR,MLO fQVjYJf�g?Z=`JOQY{OQP�f&O ^*` x V,Y{fQaGO � i2W�PLT�R,MLO f&O�P?R,Y{O
C2

^*` x VjYJfQabO � a,VbO&[¢^*PNRjMLO
f�V,YJf�g?Z�`JO�Y{OQPLfmOc^*` x V,Y{fQaGO � ~ . MLOlRG_2^�fQVjYJfQabO&[|V,P?RbO�YJ[{O*fQR�WQR	oL^*VjP?RG[ A

WQPLT
B ~ . M�OlaGO�P$X�R,M ^*`%R,MLO�ajV,PLO

�(^*V,P?VjPLX
C1

WQPLT
C2

VG[ � fQZdi"WQPLT�R,MLO%aGOQPLX�R,M ^*`�R,MLO%a�V,PLO��(^*V,P?V,PLX
A
WQPLT

B
VG[ �

√
 fQZ ~�� V,PLT�R,MLO�WQY{OmWf*^*Z�Zd^*PcRb^lhL^*R,Mkf�V,YJf�aGO&[ q []MLW&T?O&T t ~

Solution z . MLOlWQYJO&Wl^*`$R,MLO�[pMLW&T?O&TlYJOmX�VG^*P r�x 1BC2
Z�gL[pR�hLO�Rb_:^lRjV,Z¢O&[�R,MLOlWQYJO&Wl^*`8[{OmX�ZdOQP?R

AC1
v WQPLTlR,M?Vb[%f&^*Y]YJO&[]oL^*P�T?[�Rb^lRG_2^lR,VjZdO&[�RjMLO�WQY{O&W�^&`8[{O*fQRG^*Y x

2
r2v Z�VjP?gL[�R,MLO�W�YJO&W�^&`�R,YBVbWQP�X�aGO

ABC2
i?[]V,PLf&O�R,Y]VGWQP�X�abO x

1AC2
VG[|O��*g?V,abWQRGOQY{WQa ~

. MLO�W�Y(O&W�^*`%[JO&fQRb^*Y x
2
r:v VG[ � �  R,MLOlWQYJO&Wl^*`$R,M�O�f�V,Y(fQabO � � �  

× π ×
� 2 � � π/3.

. MLO�W�Y(O&W�^*`�R,Y]V¡WQP�X�aGO r
v:x
2
��� q]�

√
 

×
�*t � √3

� OQPLf&O�R,M�O�[]MLW*T?O&TUWQYJOmW�Vb[ �?qw�
π
�  

- √
 �t � 	 π

�  
-
�
√3.;��?>?@ �cC�D*EGF�H �{I r RGO�P?P?VG[�Rb^*g?YBPLWQZ¢OQP?R�MLW&Tl`]V,��O�RbO&WQZn[%^*`�RG_2^loLO&^

ple:

• � Y{O&T	� r ajVGfmO
• 
 W��!P�O�� � WQ�?VbT
• � MLOQP�� � OQajVGfQVjR��
• 

�0� P"PAO
� v YBVbWQP
• � V,PLW�� 1 VGf�MLW�YJT?^

� ^?_2OQ�LO�YJi?PL^*R}WQaja}^m`8RjMLO=X WQZnO&[�_2O�YJO�`BYBVbOQPLT*a � WQPLT PL^*R}W�a,a�R,MLO�o?abW{��O�YJ[�[]ML^?^&ekMLWQPLT?[ ~ �]P�`JWmfQRbi�PL^o?abW���O�Y []ML^?^*e M?Vb[ ^*Y MLOQYd^?_8P MLWQPLT?i�PL^ o?aGW���O�Y¢[BML^?^*e RjMLOkMLW�PLT ^*`=RjMLOQV,Y=oLWQYBRjPLOQYJil^*P?a � [{^*Z¢O
o?abW���O�Y{[4[]ML^?^�e�R,MLO�V,Y4^*o?oL^&PLOQP?RG[{��MLWQPLT?[}WQPLT�PL^:RG_2^:o?aGW���O�YJ[}[]ML^?^*e=MLWQPLT?[0Z¢^*Y(O8R,MLWQP¢^*PLfmO ~ r RAR,MLOO�PLT ^*`lR,MLO
Rb^*g?YBPLWQZ¢OQP?RGi 1 VGfQMLWQY{T?^nW&[]eLO&TnOmW&fQMno?abW���O�Y�ML^�_ Z¢WQP"� M�WQPLT?[lMLOS^*YU[]MLO
MLW*T [pMLWQeLOQP ~9 �LOQYG�do?abW{��O�Y�X�WQ�LOkW�T*Vj`B`(O�YJOQP?R:WQPL[{_2O�YJi�O���f&OQo?R � V,PLWcMLW&TkRjMLO�[�WQZdOkWQPL[{_2OQY�W&[ 1 VGf�MLWQYJT?^ ~ � ^?_Z¢WQP��
M�WQPLT?[|T*VGT � V,PLW�[]MLW�eLO*�
Solution z x ^*PL[]VbT?OQYUW�X�YJWQo?M f&^*P?PLO&fQRjV,P�X��LO�YBRjVGf&O&[ ~ . MLO vertices

Y(OQo?Y{O&[JOQP?R�OmW*fQMno?aGW{��O�Y{i�W�PLT�RjMLO
��������� ^*PURjMLO�X�Y(WQo?M YJOQo?YJO&[JOQP?R�RjML^?[{O�_�ML^ []ML^?^*eUMLWQP�T?[8_8V,R,M�^*RjMLOQYJ[ ~ . M�OQY{O8Z=g�[]R�hLO �*� ��OQYBRjVGf&O&[ q W&[RjMLOQYJO _
OQY{O �*� o?a¡W{��OQY{[ t WQPLT R,MLO{� Z=gL[]R2MLWQ�LO�T*Vj`B`(OQY{OQP?R

degrees ~ q . M�O�T?OmX*Y{O&OkVb[ R,MLOSV,PLfQVbT?OQP�R
P?g?Z=hLOQY�^*`�ajV,P?eL[8WQR�W8�LO�YBR¡O�� ~ t ~ . MLOQY{O�WQY(O �*� o?a¡W{��OQYJ[8WQPLT�PL^�o?aGW{��OQY}[]ML^?^*eURjM$O�V,Y�^?_8PUM$W�PLT=WQPLT�PL^o?abW���O�Yl[]ML^?^*euRjMLOQV,Y�oLW�YBRjPLO�YJ[0MLWQPLT ~�� ^uO&W&f�Muo?aGW{��O�YlfmWQPn[pMLWQeLO
W�R�Z¢^?[]R 	 MLWQPLT?[ ~�� V,PLf&O�R,MLOQY{O
WQYJO �o?abW���O�Y{[�O���fQa,gLT*VjPLX 1 Vbf&W�Y(T?^�WQPLT�O&WmfQM�o?abWJ��OQYk[]MLW�eLO&[�WdT*Vj`B`(O�YJOQP?RlP?g?Z�hLO�Yk^*`�MLWQPLT?[�i�RjMLO{� Z�gL[]R
[pMLWQeLO � i � i � i  i � i � i �?i ��^*Y 	 M$W�PLT?[ ~ �pPd^*RjMLOQY4_:^*Y(T?[�i RjMLO2T?O&X�Y(O&O&[	Z=gL[]R�h�O � i � i � i  i � i � i �?i �?i	 WQPLT ^*PLOuZd^*Y{O��LO�YBR¡O�� ^*`cg?P?e?PL^?_8P T?OmX�Y{OmOu`J^*Y 1 Vbf&WQY{T?^ ~ . MLOu�LOQY]R,VGfmO*[cZ=gL[]R�hLOuZdWQRbfQMLO&T W&[
[pML^?_�PUhLOQab^?_

–
��^*g�f&WQP h?g?V,abT�RjMLO�X�YJW�o?M h"�S[]RGWQYBRjV,PLXc_8V,R,M�W|��OQY]RGO�� _8V,R,M�T?O&X*YJO&O 	 i&R,MLOQP �?i&R,MLOQP �?i

etc.�pR�Rjg?YBPL[�^*g?R�RjMLWQR�R,MLO|aGW&[]R���OQY]RGO�� Z�gL[]R�MLWQ�LO�T?OmX*YJO&O � ~ . M?VG[$Z�gL[pR�hLO 1 VGf&WQY{T?^��B[�WQPLT � VjPLW&�B[�T?OmX�YJO&O&iW�PLTlR,MLO�P?g?Z=hLOQY8^*`�M�WQPLT?[$R,MLWQR�R,MLO��u[]ML^?^*e ~
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