—— 2003 QAMT Competition
el Y ear 11& 12 SOLUTIONS

Question 1. A credit card number (with 14 digits) is written in the boxes below. If the sum of | 1 mark
any three consecutive digitsis 20, then what isy?

9 y 7

A3 B4 C5 D7 EQ9
Answer: B, 4

Solution: The digits must be in acycle of length 3: the first digit matches with the fourth digit: if
x1+x2+x3=20, then x2+x3+x4=20 and so x1=x4. Thus,

A B C 9 B C A y C A B I A B

and so A=9, C=7 and y=B = 4 = 20=7-9.

Question 2. If numbers a,b,c satisfy a+b+c = 0 and a®+b*+c? = 1 then what is a*+b*+c*? 1 mark

A l/4 B 1/2 Ci1 D4 E None of these
Answer: B, 12

Solution: Can check with some sample values to confirm the answer isB. Note that a*+b*+c*=1
means a,b,c must lie between —1 and +1.

Given, a+b+c=0, a*+b*+c*=1s0

(a2 +b? +cz)2 =1

=a*+b* +c* +2a°h* + 2b°c® + 2a°c® =1
=a'+b*+c’ =1~ 2(612b2 +b%c? + azcz)

50 the result (B) will hold if we can show that (a?b? +b%c? +a%c?)= % (*).
Now, a+b+c=0, so (a+b+c)?*=0. Hence
a®+b®+c*+2ab+2bc+2ac=0
=1+2(ab+bc+ac)=0

= ab+bc+ac=-%

= (ab+bc+ac)’ = ¥

= (ab)? + (bc)? + (ac)? + 2ab’c + 2a’bc + 2bac® = ¥,
= a’b® +b’c® +a’c® + 2abc(a+b+c) =

= a’b® +b’c* +a’c* =},

confirming (*) and so the result (B) holds.
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Question 3. Three spheres are just

1 mark

touching each other. The radii of the
spheres are 1, 1, and 2 units. What is the
area of the triangle joining the centres of
the spheres?

AT B 1/2 C 2IV2 D 2v2 E None of these
Answer: D, 2V 2

Solution: Because the spheres are touching, the sides of the triangle must be 2, 3 and 3. The area
of thetriangleis then: 2v 2

Question 4: The whole numbers 1 up to 11 are arranged in any order at eleven places on the
circumference of a circle. Show that there must be three numbers next to each other in the
arrangement whose sum is at least 19.

Solution: Suppose we try to arrange the numbers 1..11 so asto avoid arun of three with sum 19
or more. Consider the positionswithin two placesof 11,so ___,  ,11, . If any of
theseisfilled by 10, 9, 8 or 7 then thereisarun of three with sum at least 19. (Note that for 7,
11+7 = 18, but the third number intherunisat least 1.) So al of 10, 9, 8, 7 must bein the
remaining six places around the circle. The 10 must be separated from both the 9 and 8 by at
least two places, or we again have arun of three with sum at least 19; and the 9 and 8 cannot be
adjacent

(for __,9,8,__ givesthreewith asum of at least 19 sinceone“___ " must be at least 2). So we
must have 10, , 8, ,90r10, , 9, 8 Wemust usethe 1 betweeen the 8 and
9, so that the 7 fillsone®___” within two places of the 10. The other " isat least 2, and

10+7+2=19. So you cannot avoid arun of three with sum at least 19.

Another method isto consider the total sum of the eleven different groups of three consecutive
numbers around the circle. Each number occursin three groups, so the total sumis 3 x
(1+2+...+10+11)=198. However, if no group of three consecutive numbers had a sum of 19 or
more, the total sum would be at most 11 x 18 = 198. This means that to avoid a sum of 19 or
more, every run of three numbers must have a sum of 18. But this cannot happen. If a,b,c,d are
four adjacent numbers, then a#£b and so at+b+c# b+c+d.

In some versions of the competition paper, this question ~
mistakenly asked for 8

“...numbers 1 up to 11 to be arranged in any order in 9
ten placeson acircle.” 6

If you try the question with this specification, then you can in 2
fact find a counterexample. If you want to find an arrangement
where the sum of any three adjacent numbersis|less than 19, 5
then, of course, you would select 1,2,...,10. Hereisan 3
arrangement where the sum of any three adjacent numbersis

less than 19.
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Question 5: Find al integer solutionsto N + 2mn + 2m+n = nén + 1.
Answer: (m, n) = (-1, -1), (0, 1), (1, -1), (2, -7), or (3, 7).

Solution: Wehavem?(n-1)=2m(n+ 1) +n-1=2m(n- 1) + 4m+ (n-1). Putk =n- 1 and
this becomes m?k = 2mk + 4m + k (*).

If k =0, then m =0. Thisgivesthe solutionm =0, n= 1. If m =0, then k = 0, so we assume m
and k are non-zero. From (*) m must divide k and k must divide 4m. Put k = mh. Then h divides
4, s0 h = +1, +2 or +4. Also we can write (*) as (m?- 2m - 1)h- 4= 0.

If h=1, thenm?- 2m - 5 = 0, which has no integral solutions. If h=-1, thenm?- 2m+ 3=0,
which has no integral solutions. If h = 2, then m?® - 2m - 3 =0, which has solutionsm = -1 or 3. If
h=-2 thenm?-2m+1=0,som = 1. If h =4, then m? - 2m - 2 = 0, which has no integral
solutions. If h = -4, then m? - 2m = 0, which has solutionsm = 0, 2.

Question 6: Consider arectangle with its vertices al on the boundary of agiven triangle T. Let d
be the shortest diagonal for any such rectangle. Find the maximum value of:
d 2

over al triangles T.
AreaT

Answer: (4/3)/7.

Solution: Suppose two vertices are on the side length a and that the corresponding altitude is
length h. Let the side parallel to the altitude have length x. Then the other side has length (h -
x)alh. So the square of the diagonal is x* + &(1 - x/h)? = (1 + &/h?)(x - ah/(a?+h?) )? +
a’h?/(&+h?). Hence d? = a®h?/(af+h?), or rather that is true provided we have picked the right
side.

Suppose b is another side length with corresponding atitude k and. Let A = area T, then ah = bk
= 2A. So werequire & + h? >= b? + k% or & + 4A%a >= b* + 4A%b? or (& - b?)(1 - 4A%(a’h?) )
>= 0. But ab >= 2A (with equality iff the sidesa and b are perpendicular, but the longest sideis
never perpendicular to another side). So we get the shortest diagonal by taking the longest side.

The required ratio d?/A is thus 2ah/(a® + h?), where ais the longest side. We may assume A = 1/2
(sincethe ratio is unaffected by the scale of the triangles). So we have to maximise 2/(a” + h?) or
equivaently to minimise & + 1/a&. The area of an equilateral triangle with side 1 is (V3)/4 < 1/2,
soa> 1, but & + /&’ is an increasing function of afor a> 1, so we want to minimise a subject to
the constraint that A isfixed. That obviously occurs for an equilateral triangle. An equilateral
triangle with side 1 has altitude (v3)/2, so d/A has maximum value v3/(1 + 3/4) = (4V3)/7.
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