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Partially Asymmetric Simple Exclusion Process (PASEP)
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m Probability to find a configuration C at time t: P(C, t)
m Time evolution given by the Master Equation:

%P(C, H=3 P, HW(C —C)— P 1) S W(C —C)

Cl#C Cl#C

subject to some initial condition P(C, 0).
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Denote C = (1,...,7n), 7 € {0, 1} and use unnormalised weights f:
1
P, 1) = Z—Nf(ﬁ, CeyTN)

Theorem
3 (infinite) matrices D, E, a row vector ¢ and column vector r such that for the
stationary state (t = oo):

N
f(T1,...,TN):€-H[TiD+(1 —Tn)E]-r

i=1

Example:
f(10110100) = ¢- DEDDEDEE - r

Normalisation:

Zy=(-(D+E"N.r=¢-C".r, C=D+E
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If matrices are known, it is easy to compute quantities of interest.
m Density:
1

pi=E[r]=—5¢-C7'DCV.r
Zn
m Current:

Jiivr = E[ri(1 = 7i1)] = ZLN ¢-CTTDECN T

In the case of TASEP (g = 0 = v = §), matrices satisfy the relations:

DE =D +E (= C),
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If matrices are known, it is easy to compute quantities of interest.
m Density:
1

pi=E[r]=—5¢-C7'DCV.r
Zn
m Current:

Jiivr = E[ri(1 = 7i1)] = ZLN ¢-CTTDECN T

In the case of TASEP (g = 0 = v = §), matrices satisfy the relations:

DE =D +E (= C),

1

D-r=—r,
&

E-E:lf.
e

Hence

1 - i Zn-
J,-’,-+1:J=Z—N£~C’ "D+ EYCNTT = ;N1
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Matrix algebra

Master equation can be written as

of
5= Hf
with
N—1
H=nho+ Z hi i1 + hn
i=1
Example:
hiip1f(...10...)=qg f(...01...) = f(...10...).
or
h,‘y,‘+1(DE) = qED — DE.
Example:

ho(D) = aE — +D.
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Proof of Theorem.
Stationary state:

N
f(T1,...,TN):E-H[TiD+(1 —T,‘)E]’f

i=1

Let D and E satisfy the relations

—hii1(DE) = DE — qED =D+ E
hy(E) - r =(BD—-0E)-r =r
£- hy(D) ={-(aE—~D) =¢.

Then H f = (ho + SN, hijs1 + hn) f telescopes to 0. O
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Proof of Theorem.
Stationary state:

N
f(T1,...,TN):E-H[TiD+(1 —T,‘)E]’f

i=1

Let D and E satisfy the relations

—hii.1(DE) = DE — qED =D+ E
hy(E) - r =(BD—-0E)-r =r
£- hy(D) ={-(aE—~D) =¢.
Then H f = (ho + SN, hijs1 + hn) f telescopes to 0. O

Note: Different model — same matrix product formalism but with different
matrix algebra.
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Explicit representation for TASEP

Inthe case g =y = 4:

1100 1000
01 10 1100
p_|o o 11  E—|0 110
00 0 1 0010

where
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C=D+E=

OO =N
O =N =
- N =0
N =00

Want to compute Zy = ¢- C" - r — diagonalisation:

C-e(0)" =2(1+cosh) e(6)”

where

sind
. 1 sin 260
e(9) sin 30

~ sing
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C=D+E=

OO =N
O =N =
- N =0
N =00

Want to compute Zy = ¢- C" - r — diagonalisation:

C-e(0)" =2(1+cosh) e(6)”
where
sing
. 1 sin20
e(f) sin36

~ sing

Elements of e(8) are Chebyshev polynomials of the second kind.
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Due to orthonormality of Chebyshev polynomials:

27
I= 1/ sin® 9 e(0)" e(9)d o
™ Jo

Hence

™

Zn=1 /Zﬂ sin®6 ¢ CN{e(ﬁ)Te(y)} or
0

= 1;/27"Sin20 [Z-G(Q)T] 2N(1 "FCOSQ)N [6(0)-r]d0
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Due to orthonormality of Chebyshev polynomials:

27
I= 1/ sin® 9 e(0)" e(9)d o
™ Jo

Hence

™

Zy = 1 /OZTr sin6 ¢ - CN{e(ﬁ)Te(y)} 7
1
= ;/0 sin®¢ [5'9(9)1 2"(1 + cos )" [e(a)-r]da

(1—ae?)(1—ae"19)

T KNS _
t-e(0) = —sinenz:;a sin(n+1)6
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2w 2 nN N
Zsz/ sin? 9 - K2 (.1 +cos€). .
T Jo (1—ae?)(1—ae-19)(1—-bel%) (1 —be-19)
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27 2 HN N
Zsz/ sin® " 2_(.1 + €08 0) — .
T Jo (1—aef)(1—ae"19)(1 —be'?)(1 —be~19)

m Similar computations for density, current and other observables
m Asymptotic analysis — non-analytic dependence on a and b
m Phase transitions

Next: allow backhopping: g # 0.
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Matrix algebra:
DE —gED=D+E
BD-r=r
al-E=/

Diagonalise C=D+ E — Find e(6) such that

2(1 +cosb)

T_
C-e(9) = -

e®)",  e() = (en(6))i0
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Matrix algebra:
DE —gED=D+E
BD-r=r
al-E=/

Diagonalise C=D+ E — Find e(6) such that

2(1 +cosb)

T_
C-e(9) = g

e®)",  e() = (en(6))i0

Three-term recurrence:

2c0s6 &,(0) = (1 — g")(1 — abg" ")é, 1(0) + (a+ b)q"é,(0) + &,.1(F)

With
&:(0) = (q: Q)n(ab; @)n €n(0), (@ q)=[](1 — aq”).
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Three term recurrence for Al-Salam-Chihara orthogonal polynomials.

Orthogonality:

L(q,ab;q)oo/" CRA ) 2z _
27 (q,ab;q)n J, (aei?,ae—1% bel® be-1%;q)w €n(0)ém(0)d0 = onm
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Three term recurrence for Al-Salam-Chihara orthogonal polynomials.

Orthogonality:

i(q,ab;q)oo /7r (eZi67e7219;q)oo . . B
2r (g,ab;q)n Jo (ae'?,ae-1% bel® be-1%;q)x &n(0)en(6)d0 = onm

Normalisation:

z, — (@5 9) /“ (€®?,e72 @) 2(1 +cos6)]"
27 (ael?,ae~? bel? be~i?; Q) 1-q
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Three term recurrence for Al-Salam-Chihara orthogonal polynomials.

Orthogonality:

i(qvabrq)oo /ﬂ (eZi97e72i9;q)oo
2m (q,ab;q)n Jo (ae'?,ae”1? be'? be~1%;q)e

20(0)8m(0)d 0 = 6pm

Normalisation:

z, — (@5 9) /“ (€®?,e72 @) 2(1 +cos6)]"
27 (ael?,ae~? bel? be~i?; Q) 1-q

Next: allow left exit and right entrance (y # 0, 6 # 0).
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Same procedure results in three-term recurrence for Askey-Wilson
orthogonal polynomials.

e 7n

(ab, ac, ad Q)n Z q" 'abcd, ae'?, ae”
(ab, ac, ad, q; q)«

é,,(o) _ ig;q)k k-

k=0
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Same procedure results in three-term recurrence for Askey-Wilson
orthogonal polynomials.

. .\ (ab,ac, ad Q)n <= (g7, q" "'abcd, ae'’, ae""; )k «
&)= kz:; (ab, ac, ad, ; q)« v

Normalisation:

g, ab, ac, ad, bc, bd, cd; Q)
2m(abed; q) oo

/Tr - (€%, 2% ) {2(1 +cos¢9)}

ZN_(

,ae—1¢ bel? be-1¢ celf ce-¢ del? de % q)w 1-g
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Decay P(C,t) — P(C, 00) oxx e M.
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Decay rates
Decay P(C,t) — P(C, 00) oxx e M.

/\({z-}):a+6+7+6+§—(q_1)22j
! — (1-2)(qz-1)

17% = 2 1
|:qzj_ :| K(Z):H |:qzj_ZI:| |:q sz/_ :|
1-z ! gzl | z2-1
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Decay rates
Decay P(C,t) — P(C, 00) oxx e M.

A({z-}):a+ﬁ+7+6+§(q_—1)zzj
! = (1-2)(9z 1)

172t L1 ) 2 1
[qz/— ] K(Z,):H{qzj—z/] {q Zz — }
1-z ! gzl | z2-1

with K(z) = K(z, a,7)K(z, 3, 6) and
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Decay rates
Decay P(C,t) — P(C, 00) oxx e M.

A({z-}):a+ﬁ+7+6+§(q_—1)zzj
! = (1-2)(9z 1)

172t L1 ) 2 1
[qz/— ] K(Z,):H{qzj—z/] {q Zz — }
1-z ! gzl | z2-1

with K(z) = K(z, a,7)K(z, 3, 6) and

~ _ (z+a)(z+0)
K(z,0,7) = (gaz +1)(gecz + 1)
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Integral equation
Taking log gives:

L—1

1 1
Yi(2) :=g(z) + zk(a, b,c,d;z)+ I ; log S(z/, z)

Curve: Y (z) = —7 + 2.
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Integral equation
Taking log gives:

L—1

1 1
Yi(2) = g(2) + ;k(ab.c,di2) + > log S(z, z)
I=1
Curve: Y (z) = —7 + 2.

Now use Cauchy:

L—1
1;/7(4) = }[ %h(z) cot (%LYL(Z)>

Cy+Co
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Given Y, we can compute A (and other quantities of interest). To find Y; we
expand

oo

Yi(2) =) L "a(2),  E=z+ Y L "(Gn+imm),
n=0

n=1
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Full solution for y;(z):

yi(z) = —iln [—2%1%?2
—iln { (=¢/2:9)oc(=67; @)oo (=2/a; @)oo (—9aZ:; ) }
(—¢/2; Q)oc(—CZ; @)oo (—2:/@; Q) oc (—q8Z; Q) o
—iln { (=d/2; )oo (=02 @)oo (—=2/b; ) oo (—bZ:; G) o ]
(—d/2:; @)oo (—0Ze; @)oo (—2:/b; ) oo (—qbZ; G)
(92:/7; ) (922:; 9)3e z—z"
aln { (92/2: 9)(q2: 9)% } aln (zc —z " ) ’
Z. = *1/\/%

] + 1 —iln(ab) — A In(—z)
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given in terms of low and high density phase densities
_ 1 b
p = , P =
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given in terms of low and high density phase densities
_ 1 + b

© =ira P T i+b

m (??) is the same as one particle diffusion with effective hopping rates
D. |
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2
A =-D, —D_+2/D,D_ — \/D+D_% +O(L7®).

with
+ 1— :l:)
Do (g (1=p
+=(1-29q) ot —pm
given in terms of low and high density phase densities
_ 1 + b

© =ira P T i+b

m (??) is the same as one particle diffusion with effective hopping rates
D. |

m One collective mode: kink or domain wall



