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MATHEMATICAL NQTES

1. Mathematical Induction

Suppose you were asked to find a general formula for the sum of the first n odd positive
integers, You would start by looking at a few special cases:

1=1
14+3=4
I1+3+56=9

L+3+54+7=16
from which you would probably guess the formula
T3+ 54 ...+ (3n—1) =n?,

Of course, these four special cases don't prove that the formula is corrzct, they just make
it plausible. The easiest way to give a convincing proef that the formula is correct for ail
n is to use Mathematical Induction.

'This is & method for proving that something holds for all positive integers, You have
some statement, say S(n), about the integer n which you would like to prove is true for
sll positive integers n. The Principle of Mathematical Induction says:

Suppose you can show

(i) S{1) is true, and

{ii) for general positive integer k, if S(k) happens to be true, then S(k + 1) mnst also be

frue.

Then you may conclude that for all n, $(n) is true.

[For by (i) you have shown that $(1) is true. By (i) with & = 1, gince S(1) igtone, you
know S(1+1), e 5(2), is also true. By (i) again, with & = 2, you conclude that S(2+1),
le. 5(3), is true. And so on.|

Let us use induction to prove the formula we guessed above. So here §(n) is the
stabement 143+ 3+4 .. 4 (2n+1} = n> Now S(1) is 1 = 12, which is certainly true. So
suppose for some & that S{k) happens to be true, and try to show that then S{k+1) would

be true. So we have that 14345+, + (2k — 1) = k?* (called the inductive hypothesis).
But then

M+m+m+:.+@.ﬂ+:ﬁ:+u+m+:.+§ﬂ1:T@i.a
k2 2k + 1) by the inductive hypothesis
(k+1)%

just what is needed to make S(k +1} tzrue. Hence, by induction, &(n) is true for all integers
n = 1.

fl

i

You might like to try the same method on

i

1
14243+ +n mxTTTC

P42t 1324 4nf= W:Ti, 1){2n + 1).
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2. Pigeon-hole Principle

Suppose IV objects are to be placed in & pigeon-holes. If ¥ > & then ane pigeon-hole
containg at least 2 objects. More generally, if ¥ > km then one pigeon-hole containg at
least m -+ 1 objects {because if every hole had at most m objects. there would be at most
km objects in total).

Example. In any party of six people, there are either three people all of whom know each
other, or three none of whom know each other. {We assume that if X knows V¥, then
automatically ¥ knows X.) For let 4 be one of the people, and divide the other five
people into two classes: known by A, and net knewn by A. By the pigeon-hols principle,
since 3 > 2 x 2, one of these classes has at least three people in it. Suppose for example
at least three people are not known by 4, and consider any three people not known by
A. Tf some pair of them do not know each other, together with 4 we have a set of three
people none of whom know each other; wheress if there is no such pair then we have a set
of three people all of whom know each other. A similay argument holds for the case that
there are at least three people known by A.
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3. Divisibility and Congruence

L The Fundamental Theorem of Arithmetic: Every positive integer can be factored into
a product of primes, and this factorization is unique up to the order in which the factors
are written,

2 The greatest common divisor: If & and b are any integers, with a # 0, one says that g
divides b or b is a multiple of o if there is an integer ¢ such that as = b, Symbolically, “a
divides 5” may be written alb. An integer d is a common divisor of integers m and n if
dlm and dln. The greatest common divisor of m and =, dencted by (m, n), is the largest
integer which divides both m and ». Any commeoen divisor of m and n also divides (i, m).
Two positive integers are said to be coprime (o7 relotively prime) if their greatest common
divisor is 1.

3 Congruences: If g and b are two integers whose difference is divisible by a positive
integer m then o i congruent to b modulo m. This statement js written symbelically as

a=b {modm).
ffa=b(mod m)and c = d (mod m) then
otezbtd (modm) and  ac=bd  (mod m).

Example. 7==11 (mod 4} and 9 = 31 (mod 11).

4 Some modulo results for squares:

n* =0 (mod4) when n is even,

n® =1 (mod 4) when n is odd,

n’=0 (mod8)  whenn=0 (modd),

n’z=d (mod8)  whenn=2 (mod4),

' =1 (mod &) when 7 is odd.
5 Fermat’s Theorem (Sometimes called Fermat's Little Theorem):
If 2 is prime and (a,p) = 1 then @*~' = 1 (mod p}.
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4. Polynomials

Let = be a variable which can take any number as valne. An expression of the form
pla) =ag+az+ -+ aps”

where ag, a1, ..., @ are fixed numbers is called & potynomial (in x). The numbers ag, 0q,. . .,
ap, are the coefficients. Those terms g2 where a; = 0 are usually omitted. The term aq is
the constant term. A consiant polynomial consists only of a constant term gy, Assuming
@y 7 0, the term g,z is called the leading term. The integer n is the degree of the
polynomial.

You evaluate the polynomial p(z) at the given number « by substituting the number «
wherever z occurs in p(z) and caleulating the value of the resulting numerical expression.
This number is called the valuc of p(x) at = = a, and is denoted by pla).

Example. For p(z) = 22% 4 dz® — z — 7, its value when & = ~2 is p{-2) = 2(-2)% 4
=2 (=) =T = 16+ 1642 7 = —5.

A zero o 700t of the polynomial p(z) is a number » such thet the value of p{z) at

£ =7 is zero (bhus p(r) = 0), and we say that 7 is a solution of the equation p(z) = 0,

Let p() = aa? + bz + ¢ be a quadratic polynomial with reai cosfficients {and a 3£ 0).
The xoots of p(z) are

b BT — dag o —b — BE Zdae
2a ) 2g .

The number A = b  dac is called the discriminant of plx). There are
{1} two distinet real roots if A > 0;
(i) one real root if A = 9;
(iii) no real roots {but two complex roots) if & < 0.

The Remainder Theorem:

When the polynomial p(x) is divided hy the polynomial x — g, the remainder is the number
pla).

The Factor Theorem:

The numaber a is a root of the polynomial p(z} if and only if x — o is a factor of plr).

Some useful factorizations:
a? — b (a4 b)(a - b);
a® -+ 2ab+ 0% = (o + )2
Al R L A L T 51
for all positive integers 7
e N e L S SR e Py U
for all positive odd integers n.
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5. Geometry — Circles

1 The angle at the centre of a circle is double the angle at
the circumference subtended by the same arc.

2 Angles subtended at the circumference of a circle by the
same arc (or equal arcs) are equal.

3 The angle between the tangent to a circle and a chord
through the point of tangency is equal to the angle subtended
by the chord at points on the circumference on the opposite
side of the chord (i.e. in the alternate segment ).

4 The diameter through a point on a circle ig perpendicular
to the tangent at that point.

§ I AB, €I} are two chords of a circle which cut in a point
P (which maybe inside, on, or outside the circle), then
PAPE = PC.PD,

6§ If Pis 2 point outside a circle and T, A, F are points on
the circle such that P7"is a tangent and PAB a secant, then
PT? = PA.PB,

7 A guadrilateral is gyclic (ie. its vertices lic on a circle) if
and only if the sum of ach pair of opposite angles is 180°.
Ptolemy’s Theorem: If quadrilatersl ARCD is cyclic, then
AB.CD -+ BC.AD = AC.BD.

Conversely, if the sides and diagonals of quadrilateral ABGD
satisfy AB.CD + BO.AD = AC.BD, then the quadrilateral is
cyclic.

@
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6. Geometry — Triangles
1 Area of triangle ABC

= 1 base X height

= .Maemg C = 3besin A = tacsin B

B e e e
where 8 = W?TIT_.& is the semi-perimeter. The last is Heron's
Jormula.

2 The internal (or external) bisector of an angle in a triangle
divides the opposite side internally (or externally) in the ratio
of the other two sides:

AB BP BQ

AC T PC T Q0
Note that angle PAQ is & right angle.

3 The line joining a vertex of a triangle to the midpoint of
the opposite side is called a medien. The three medians meet
at the ceniroid of the triangle. The centroid irisects each of
the medians; thus AG = 27 A",

4 Theline through a vertex of a triangle perpendicular {o the
opposite side is called an altitude of the triangle. The three
altitudes meet at the orthecentre of the triangle.

5 The thres perpendicular bisectors of the sides of a triangle
concur at the circumcenire of the triangle. This point is the
centre of the circumcircle of the trangle.

& The three internal bisectors of the sides of a triangle concur
al the incentre of the triangle. This point is the cenire of the
incirele of the triangle.

7 Ifmis the length of a median in the diagram, then

2 a1 o (0
b ¢ = Zm +mﬁwv.
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7. Trigonometric Functions and Iriangles

1 Definitions: Define the sine and cosine functions by: the point on the unit circle
z? + y? = 1 making an angle of §° with the positive z-axis is the point with co-ordinates
{cos §,sin ).

{cos8,5ind}

X

XNENL

Then, by the definition, cos®8 + sin® § = 1. It is also clear that sin{@ + 360) =
sin 8, cos{f 4+ 360) = cosd, sin(—8) = - sinf, cos(—0) = cosf, sin{18) — §) = sin 8, and
cos(180 — 8) = — cos §.

2 Sine and cosine rules: For triangle ABC, we have .
(a) the cosine rule: A

& = a? 4+ b — 2abcos O,

(b) the sine rule:
a b . c B FEE ¢
sind  sinB sinC’
These can be established as follows.
{a) Introduce a co-ordinate sysiem as shown. By the formula
for the distance between two points, B=(acosB,asing)

= AB? == (acos C - ) + a? sin®
= a?(cos® ¢ 4 sin® ) — 2abcos O + bF
= g? ~ 2abcos (7 + b2,

(b) Circumscribe the trangle ABC by a circle with centre O and radius B.

Y% /oa
5 .
£A)

Draw the diameter GC and the chord B, Then LCBD is an angle in a sermi-circle, so
LOCBD = 90°. Hence, in both figures
BC a

sin [ = .@(@. == IM»MM HHU

In the first figure, LA = LD (angles on the same chord BC), and in the second figure,
LD = 180~ LA (opposite angles of the cyclic quadrlateral ABCD). So in both cases,
sin A = sin D. Hence (1) gives *hat e/ sin 4 = 2R, Similarly 5/sin B = 2R and ¢/ sin & =
2HR; thus

a b ¢

snA snB sin =R,

3 Addition formulse: There are the addition formulae for sine and cosine:
sin(A ++ B) == sin 4 cos B & cos Asin B (2)
cos{d & B) = cos 4 cos B F sin Asin B, (3}
The formula for cos{4 — B) caa be obtained as follows:
Yy Y
G eos, sinl] =(cos{A-8).sin(A-B})

P=(cos A, sin

e
2
=

Here PQ* = RS2, and by the distance formula
PQ? = (cos 4 ~ cos B)* + (sin A — sin B)?
= ¢os° A — 2cos Acos B + cost B 4 sie® 4 — 2sin Asin B +sin® B
= 2 — 2(cos Acos B + sin Asin B);
RS% = (cos(A — B) ~ 1)% + sin*(4 — B)
7= cos (A ~ B) = 2cos{d — B) +1 4+ sin*(4 — B)
= 2 — 2cos(A — B);

i

and hence cos(A — B) = cos Acos B + sin Asin B.
Putting 4 = 90° in the formula for cos{A — B} gives

cos(90 ~ B) = cos 90 cos B + sin 90sin B = sin B,
and now replacing B by 90 ~ 5 gives
sin{90 — B) = cos(90 ~ (90 — B)) = cos B.

Replacing 4 by 90 — 4 in the formula for cos(4 — B) and using that cos(90 — 4 — B) =
sin(4 + B) etc gives the formla for sin{4 + B), and replacing B by — B gives cos(4 + B)
and sin(A - B).

Also, adding the farmulae for sin(4 + B) and sin{4 — B) gives: .
sin(A + B) + sin{A ~ B) = 2sin A cos B, and putting @ = A+ B and f = 4 — B gives

sine -+ sinf == 2¢in ath cog W;Hamw
2 2
similarly
cosx + cos f = 2eos Q.M.Q cos WEWEE;
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8. Inequalities

1 Rules: There are the following simple rules for manipulating inequalities: for real
numbers a, b, e,

(1) He<bthengtc<bte,

(2) ifa <band c> 0 then ac < be,
(8) ifa<bandc<0then ac > be,
(4)  always a® > 9,

2 AM-GM inequality: Since o? 4- 52 2 2ab (from (a — b)? > 0) then for positive = and ¥,

1
m? 1) = STy,
More generally, if =y, 2,,..., 2, > 0 then
DAt v
f
with equality if and only if 2y = gp = ... = Tq.

The expression A .w o F is called the arithmetic mean (AM) of the n num-

bers ®1,. .., 20, and /F1E 77T, the geometric mean {GM}. So this inequality says that
AMZ=GM.

3 Harmonic mean: If @y, za, . .. ,Zx > 0 then

e n
)ﬂ.\.\nﬁm‘\.m....ﬂﬁwqe i T
e Ty Tt s
with equality if and only if 2y =25 = ... = -

The expression

TS B o
E;TS.TZ; Tn

is called the harmonic mean {HM) of the positive numbers L1, X9, ..., By,
Thus AM>GM>THM.

5

5 The Cauchy-Schwery ineguolity: For all real numbers Glyeenyln, by, .00 by

(aabs + .0 anba) < (od b b a) (B2 4.+ 12,

with equality if and only if gy == rby, ag = 7by, ..., ay = rb, for some constant r.

6 For the real quadratic fanction f(x) = ax® + bz + ¢, if the diseriminant b2 — 4ac is
negative, then

(i) when a > 0, f(z) > 0 for all =,

(i) when a < 0, f{z)< 9 for all .
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9. Complex Numbers

For the complex numbers, you have a new “nwmber” 4 with the property that 1% = ~1.
A complex number # is built from two real numbers = and y, and written z = = +1y. Here
2 is called the real part of z and y the imaginary pert, written = = Rez and y = Imz.

Two complex numbers are equal if and only if they have ihe same real parts and the
same imaginary parts,

You add two complex mumbers by adding their real parts and adding their imaginary
parts, for example

(3420) +(~2+3i) = (3—2)+ (24 }Yi =1+ 3i.

You maultiply two complex numbers by multiplying out as you would expect, and
simplifying using 1% = --1, {or example

(34 20)(1 = 4) =3 1+ 35 (~4)i +2x Li+ 2 x (—4)i*
= 8 — 124 + 2 — §(~1)
=11 — 104,

You can picture z = % - fy as the point (%,y) in the plane. This piclure is called an
Argand diagrem. The vertical axis is called the Imagicary axis and the horizontal axis is
called the Real axis,

. y y

The point z == x + iy is also conveniently described by giving its distance » from the
origin and the angle § as shown (measured anticlockwise from the positive z-axis). Here
r is cailed the modulus of z and # an argument of z, writien r = |z] and 8 = argz. By
simple trigonometry, = = r cos# and ¥ == r sin 8. Hence

zz= iy = r{cos § + isin 8).

This is often abbreviated to
z = rcisf,

and js called the medulus-argument ferm or the pelar form of the complex nuraber z.

Multiplication is easy in the modulus-argument form: if z; = m cisfy and 2, =
T2 cisfz, then z;27 = ryra cis (6; + 82). For we have

It

#17 = 7y (cos Oy + isin by )ry(cos by + isin )
= iy (cos By cos #2 — sin By sin #,) + 1(sin 8, cos 8 + sin §; cos )]
rira(cos(fy + f2) + isin{f; + 01})

T T2 cls Amw -} %uv.

i

il

Repeated use leads to De Moivre’s Theorem foz finding powers of complex numbers: for
z = rcisf and positive integer n,

£ = ™ cis (nf).

Using de Moivre's Theorem gives an easy way of obtaining some of the identities
involving the trig functions, for example that sin30 = 3sin® — 4sin® 4. Consider cis 36:

cos 30 + 15in 39 = cis 30 = (cis 0)° (by de Moivre)
= (cos § + 180 Sm
cos® @ - 34 cos? fsin € - 342 cos B sin? 8 4 ° sin® 8

(cos® 8 — 3 cos 0 sin® 0) 4- (3 cos” B sin 8 — sin” §).

i

i

So equating the imaginary parts:
sin 30 = 3 cos® Bsin § —sin® @ = 3(1 — sin® §) sin § — sin® @ = 3sin § — 4sin’ 4,

as claimed.

Also from de Moivre's Theorem we can find the roets of unity: these are the complex
numbers w for which w™ = 1. Let us consider just the 5th roots: numbers w = r cis § with
w® =2 1, Since w® = r® cis 50, we have v cis 50 == 1. So 7 = 1 and from the diagram, £ has
to be such that 56 is along the z-axis. 50 # =0, .w. x 360°, sm x 360°, m % 360°, m x 360°,
F%360°, ... Thusw =1, cis72°, cis 144°, cis 2167, cis 288° are the five distinct 5th roots
of unity. (Note cis (£ x360° = <is 360° = 1, etc.) If we put w = cis 72°, note cis 144° = w?,
cis 216° = w, cis 288° = w*. So the solutions to w® = L are w = 1,w,w?,w?,w*, Note that
these 5th roots of unity are equally spaced arcund the unit drcle in the Argand diagram.
Observe also that the polynomial z% — 1 factors as (z ”5?» 42 et 1). Since
w1 = 0, we have (w—1){w*+wd+w? +w+1) = 0. Noww 3 1, so wh b wd+wi w1 =0

=
i\'

B ey

=1 2
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1. Let n be a positive integer, Prove that in any collection of n+ 1 disbinet positive integers all
legs than or equal to 2n at least two of these are coprime.
[z and y arve coprime if their greatest common divisor is 1.]

Solution. The easiest way is to observe that with n 4 1 numbers chogen from {1,2,3,...,2n}
there must be two congecutive numbers, (For otherwise, the numbers are at least two apart, so
that the largest muost must be at least 2n bigger than the smallest, and thus the largest chosen
would have to be at least 2n -+ 1) And two consecutive integers are coprime, for if ¥ is a factor
of both = and # + 1 then @ = ky and z 4 1 = fy, thus 1 = y{f — k) so that y = 1.

2. Prove that the expressions 11z -+ 8y and 7z 2y ave divisible by 17 for the same set of integral
values of @ and y.

Solution. Suppose 11z 4 8y is divisible by 17, say 11x + 8y = 17k, Then y = {17k — 11z)/8,
s0 Tw + 8y = Tw + (176 — 11z)/4 = {17k + 17z} /4. Hence 4{Tz + 2y) = 17{k + ). Thus 17 is a
prime divisor of 4(7z + 2y), and hence 7z + 2y is divisible by 17 {since 17 is not a divisor of 4).
Similarly, if we suppose Tz - 2y is divisible by 17, say 7z + 2y = 17¢, then y = {174~ 7x)/2, 8o
115 + 8y = 11z + 4(17¢ — 7z) = 17{4£ — z). Hence 17 is a divisor of 11z + 8y.

3. Let ABC be a triangle, P and  points exterior to ABC with triangles BAP and ACQ nat
overlapping ABC, and R a point in the interior of AABC. Show that if BAP, ACQ and BCR
are sirnilar isosceles triangles with bases AB, AC and BC respectively, then the guadrilateral
AQRP is a parallelogram.

Solution. Since AACE and ABCR are sumilar
CQJCR=CA/CB, (1)

Also, since ABAP and ABCR are similar

BP/BR= BA/RC. (2)
Since LQUA = LRCB,
LQUR = LACB. (3)
Similarly,
LPBR = {ABC. (4)

By (1) and (3) triangles QRC and ABC have an equal angle with the corresponding sides in the
same ratio. Hence they are similar. Likewise by (2) and (4) triangles ABC and PBR are similar.
Hence triangles QRC and PBR are similar. But ABCR is isosceles, Therefore BR = CR and
triangles QRC and PER in fact are congruent. So we have

FR=QC = AQ and QR=PB=PA

Therefore AQRP is a parallelogram.

m
_
!

4. Let [o] denote the Integer nearest to a which is less than or equal to it. (Thus [a] £ a < [a]+1.)
Prove the identity

. 1 2.
et o]+ a =]+
ks T

for any positive integer #.
Solution. Write {z} =2z — [z], 50 0 < = < 1. ({«} iz called the fractional part &. . u Divide the

interval from 0 to 1 into n equal parts. Then {x} will be in one of these parts, say & < {z} « &L
where k is an nteger, 0 € & <n— L.

I z E EY1
0 " " R G !

For integers ¢ with 0 < ¢ < n — (k+ 1), (and there are n — & such integers ),

cmw+.wmﬁi+w.ni_+w”ﬁ PRl Ry,

noon n 7 n ”
so {z} + £] = 0 and hence [z + ] = [[z] -+ {2} + &) = [ + [{=} + £] = [a].
Also, for integers ¢ with n — &k < 7 < 1, (and there are k such integers ),

1I

’ P L D P S S T )
n n noon n
so [{z} + £] =1 and hence (v + | = [« + [{z} + £) = [z + 1. Thus

o + [z + bl 2t ot ol = (o D] ke + 1) = na] 4 F

On the other hand, [nz] = [n[z. + n{z}] = alz] + [#{x}], (since n[z] is an integer). But from
& <{z} < B b < nfr} <k+1son{s) =k Thus

1 2. n-1

[na] = nle] +k=[o +{z+ -]+ [z+ —j+ . Flz+ —)

ag required.

5. Find (with proof) the smallest integer N such that for every integer m > N one can dissect
an equilateral triangle into m smaller equilateral triangles {possibly of different sizes).

Solution. If you have an equilateral triangle, you can put a row of 2k + 1 equilateral triangfes
along one edge (5 > 1) , by dividing that edge into & + 1 equal parts, as shown.

Fe S AN

\r =1 - . =2 ko=

This gives a subdivision into an even number 2k + 2 of triangles; thus 4,6,8,. .. small triangles
are possible. Take one of these subdivisions, and divide one of the triangles into 4; this increases
the number of equilateral triangles in the subdivision by 3. Hence from the 2k -+ 2 subdivision
you get one with 2k + 5 triangles; thus 7,9,11,... small friangles are possible. So the numbers
of gmall triangles in the dissections found so far are 4,6,7,8,9,10,. |
However, there is no subdivision inte 5 equilateral triangles. For if mm% side
ig Ei%m into emly 2 parts, you must have 4 equilateral triangles, and if

at least one side is divided info 3 parts you get ab least 4 triangles and a
non-triangular region, which needs at least 2 triangles to cover it ~ giving at 1 i
least 6 triangles. So 5 triangles cannot happen. b b "
Thus N =5 is the answer to the question.



6. Let ABC'D be a cyclic quadrilateral. Let E be the intersection of BA (extended) and CD
(extended), and let F be the intersection of CB (extended) and DA (extended). Suppose that
A is the incentre of triangle CEF. (The incentre of a triangle is the point of intersection of its
angle bisectors.)

Find the sizes of the angles in triangle ABD.

Solution. Let ZBCD = 2a, LOEF = 28, (CFE = 2v, 50
the angles are as shown on the diagram.

Now LADE = LACE = o (angles subtended by chord AR)
and ZABD = LACD = o (angles subtended by chord AD).
Thug in triangle ABD, we have LABD = /ADB = ¢, and
LBAD =180° — 20 So all we need to do is to determine .
In triangle AEF, LFAE =180 — 8~ ~. And £ABAD = (FAE
{vertically opposite angles), so 1802 = 180— 3=, and hence
2 = F+-y, From triangle BCE, ZEBC = 180 20— 4. From
triangle FDC, /FDC = 1802 —-y. Since ABCD is a cyclic
quadrilateral, LABC + LADC = 180, ie. /EBC+ /FDC =
180, Thus (180 — 2 — ) 4+ (180 ~ 2@ — ) = 180, Hence
dor -+ fF 4y = 180, s0 B = 180 (since 2o = F + ). Thus
v = 30. So the angles in the friangle ABD are 302, 302 and
1209,

7. Consider functions f with the following properties:

{a) [ is defined for all integers (only) and takes on real values;

{(b) for all integers z,y, F(2)F (@) = flo+ )+ Flz —u);

(c). F{0) #0, F(1) = 5/2

Show that there is a unique function f with these properties, and give the value of f{z)
integer .

Solution. Put z = 1 and g = 0 in (k) to find f(1)F(0) = f(1) + F(1), and since f(1) = 5/2 £ 0
we have f(0) = 2. (So being told that f{0) 5 0 is unnecessary.) Now put = = 0 in (b) to
find f{O)F(y) = fly) + F(—u) and so since f{0) = 2 we have f(—y) = f(y). Hence we need
only find f(n) for positive integers n. Use (b} again with 7 = n and y = 1 to find f{n)f(1) =
Fla+1y+ fin—1), s0

for

flo+1) = $£(0) - fn - 1) )
From (*} we can find the remaining values. Put n =1 in (*) and we get f(2) =2 x £ —2 = 4L
Put n = 2 in (*) and we get f(3) = 2 x I — £ = & Put n = 3 in (*) and we have f(4) =
§x 8 - i = 27 Hence we guess that f{n) = 2" + 2" (for positive integers n).
Having made this educated guess, we now need to prove that it is correct. Here we can do this
by induction. Looking at the form of (*}, | can see that the statement that 1 should actually try

to prove by induction ig
Sn) ¢ fln)=2"+2"and fln~ 1) =271 4 g-in-l),
Since f{1) =2 =24 271 and £(0) = 2 = 27 4 270, certainly S{0) is true.

Now suppose that S{k) is true, and try to deduce that S{k + 1) must also be true. So suppose
Flk) =25+ 27% and fk— 1) = 2571 4 9701 Then by (¥)

flht1) = w:.s} Flk—1)= (242712 4+ 27F) — (281 4 9= b=y = ghtt g y=(erty,

thus f(&+ 1) = 28+ 4 20+ angd f(E) = 2% 4+ 27%, s0 8k + 1} would be true. Hence, by
induction, S{r} is true for all positive integers n. So in particular, f(n) = 27 4 27", Thus if {a),
(b), (c) are to hold, the only possibility is f{z) = 2%+ 27 for all integers 2. And it is easy to
check that fiz) = 2° 4+ 27* does have these three properties, and hence it is the unique function
satisfying (a), (b) and {c).



