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Wallis formula

o Wallis formula(1656)
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Gamma function

@ Gamma function(Euler 1720s)

(x)=

lim
n!l

Z,

nin* 1

LEONHARD EULER 1707-1783
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Gamma function

= 2 Wallis formula is equivalent to

2 1 x2dx= (1 =2)(3=2)
0
or, byx?=t, to
z 1
t1%2 Y1 1)%? dt = ( 1=2) ( 3=2):
0

This led Eulerto the discovery of a more general integral.
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o Euler beta integra(1730s)
z 1
E?(‘eelreli)eta t 1 1 t ldt - ( )( )
= oY C+)
for Re( ) > 0, Re( ) > 0.

Replacing ; t)! (;t=)with 2 R andletting '1 using
Stirling formula returns the integral representation of the gamma
function.

Replacing ¢ ; t)! ( 2+1; 2+1;1=2 x=(2)) and letting
11 vyields theGaussiarintegral

1 %1
p— e Xdx=1:
1

Much more on this later ...
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For those with poor eyesight ...

Euler beta
integral

Let =n+1withn=0;1,2;:::.
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Orthogonal
polynomials

@ Orthogonal polynomials
Sett = (1 x)=2 in the Eulerbeta integral and replace

(; )P ( +1; +1):

C+HC +1).

@0 @) d=2 T St

The distribution dw(x) on [ 1;1] given by
dw(x)=(1 x) (1+ x) dx

is that of the Jacobi(orthogonal) ponnomiaIsPrﬂ; )(x).
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Orthogonal
polynomials
Z 1

Pl Y(x)P{ ) (x)dw(x)

27 ( +n+l)( +n+l)
n@2n+ + +1)( + +n+1)°

= mn

Proof of the orthogonality anchorm-evaluationfollows immediately
from the Rodriguesformula

@ 0 @+x P M= om0 (@)

(which may be taken as the de nition of thdacobipolynomials) and
the Eulerbeta integral.
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The one proof that all (good?) talks are supposed to have ...

or e To leading order theRodriguesformula gives
. 1 d
+ (; ) —n el + +2n
x 7 Po 0OV G ok
so that
_ x
PG = omexK
k=0
with

(+ +n+l1) ( + +2n)
2nn! '

Chn =
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Without loss of generality assume thah  n.

Or}hogonal\ 1PI2’1: )(X) Plgl ; )(X)dW(X)
polynomials

Z .
xn n n h i
Cmk ( 1) k d (1 X) +n(1 + X) +n dx

2"'n! dxn
k=0
(Rodrigue$
A Cmk z !
= Sn kn (L x) *"(@+x) ""dx
k=0 1
(k times integration by parts)
271 ( +n+1)( +n+1)
nm

ni2n+ + +1)( + +n+1)
(Eulerbeta integral &cnpn)
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Of course you should all care about tRacobipolynomials since the
GegenbauepolynomialsC, (x) are nothing but

)2 +1) @ +n 1 N
( +1=2)( +3=2) ( +n 1:2)P'(1 P

Orthogonal Crg )(X) =

polynomials

The fabulousLeopold GegenbaugAustria's favourite mathematician.
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In fact, even non-Austrian's care (like the French and Rass) ...

2n (A1) 2
T = 2ol P2 0 Chebyshev |
Orthogonal
polynomials on+1 ((n + 1)|) 2
Uny = 2 M0 paszing  chebyshey i
Pa(x) = POV (x) regendre
Lg )(x)= "|r1n Prg; )(1 2xX=") Laguerre




Beta Integrals

Selberg integral o Se|bel‘g |ntegra(1944)
z 1 1 Y H i2
t, (1 t) jti tjc dt
o =1 1 i<j n

YEC i+ *i)
+ o+ (n+i 1)()

i=0 (

forRe( ) > 0,Re()> 0, Re() >
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@ Macdonald's conjecture§1982)

P Let G be a nite re ection group or nite Coxeter group

[NIEWTIES

That is, G is a nite group of isometries oR" generated by
re ections in hyperplanes through the origin.

X2

X1

The re ection group B of order 8 (isomorphic to the signed
permutations of (12)), with 4 re ecting hyperplanes.
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Normalise (up to sign) so that each hyperplane is of the form

X, + + anXn =0

Macdonald's
conjectures

with
&+ +ad=2:

Form the polynomial

v ()
P(x) = adxi+  +a % ;
=1

N being the number of hyperplanes.

GeometricallyP(x) gives the product of the distances of the point
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e By its action onR" the re ection groupG acts on polynomials in
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Let' be the Gaussian measumn R":

ol Xi%=2
d (X): de:

Macdonald's
conjectures

Macdonaldconjectured in 1982 that for every nite re ection group

z Y (g
Pz ¢ 9= LA

RN i=1

For the trivial group A of order 1 (mappingR to R by the identity
map; i.e., no re ecting hyperplanesR(x) = 1 and the conjecture
corresponds to the&saussiarintegral

Z

d (x)=1:




Beta Integrals

@ The re ection group A, 1

An 1 is the symmetry group of thén 1)-simplex

The 3-simplex or tetrahedron.

It is a group of ordem! (isomorphic to the symmetric groufs )
generated by the ) hyperplanes

X % =0 1 i<j nm
The polynomialP(x) is given by theVandermondeproduct

Y
P(x) = (%)

1 i<j n
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The G-invariant polynomials are the symmetric polynomialsxin

X
& (x) = XiXi, X,

1 i1<i< <iy n

Macdonalds conjecture for A4 1 is thus

z
Y YU +1)
H '2 1 -—
xiooxitd )=
gn 1 i<j n i=1 ( +1)

better known asMehta's integral.

This follows from theSelbergintegral by taking

(; )=(C +1; +1) ti=51 p= 11
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@ The re ection groups B and D,

In these two cases th®lacdonaldconjecture is

Z

YN Y ¥ .
jxij? X2 x3% d (x)= (@i +1)
i= i<j : . (+1
Bp and Dp Rn i=1 1 i<j n i=1
and
£y (n +1) Y @i +1)
jxiz ijjz d (x) =
go 1 i<ion ( +1) _, ( +1

and follows again from thé&elbergintegral:

Br: (; )=( +1=2; +1) ti= 2 11

Dnt (5 )=(1=2 +1) ti




R =g @ The dihedral groupd(m)

I2(m) is the symmetry group of aegularm-gon,

The 3-gon, 4-gon and pentagon.

It is a group of order h generated by them lines of re ection
P oxsin pEycoszl— =0 0 i m &L
m m

The polynomialP(x;y) is given by
Y po g
P(x;y) = B 2y cos — 2xsin —
= 21 ™2 )Msinfm ):
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For L(4) (symmetry group of the square) the invariant polynonsal
are of the form X o _
ci (xy)? (x + y&)
i
generated by? + y? and x?y? of degree 2 and 4.

More generally, ford(m) the invariant polynomials are generated by

X2+ y2

and
Xm X y_2 im
X2 2i

i 0

so that the degrees are 2 amd.




Beta Integrals

Macdonalds conjecture for 3(m) (in polar coordinates) is thus

1Zl ZZ

22 m 2_
r2m *le r"=2gr jsin(m )jd
0

0
(2 +1)(m +1)
B 2( +1)

which is (almost) trivially true.
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@ The exceptional re ection groups

Exceptional

S For Bs, E7, Es, F4 the proof is hard but follows from a uniform proof
for all crystallographic re ection groupslue to Opdam

For the non-crystallographic groupkl; and H; the proof is hard
(Opdam Garvan).




- _

o A, 1 versus A
We have seen that th&andermondeproduct

Ap 1 versus
A1 Y
()= ti t)

1 i<j n

and hence also th&elbergintegral

Z ¥ Y
t ' ot) * jti 4j° dt
o =1 1 i<j n

are connected to the re ection group A 1.
In the following we are going to depart from this point of viesnd

will label the Selbergintegral by thelLie algebraor root systemA; as
explained below.
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The root system
n

@ The root system A

. . +1
Recall that the re ection group A is generated by the”2

hyperplanes
X X =0 1 i<j n+1:

Let ; be theith standard unit vector inR"™! .
Thenormals (; j)forl i<j n+1areknown asrootsand
form the root systemA,,.

Therootsag = § 4+ forl i nform a basis in the root system
and are known asimple roots
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The root system

n

(1 3) (2 3)

The root system A with simple roots inpink.
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The root system

n

The Cartan matrixC of A, is given by

0 1
2 1
1 2 1
. = 1
a|ajli;jn
1 2
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To each simple roogg attach a set of variables

suchthat 0 k; k> K.

The root system
n

Setko = kn+y =0andlet ; 1;:::; n; 2 C subject to several mild
restrictions, such as

Set
(l;'”; n 1 n):(l;'”;ly )
@ @ )
o o o o o o
1:1 2:1 n=
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De ne the generalised/andermondeproduct

The root system Y

n (uv)= (U v)
i;j 1

and let

Ckl ..... Kn [0, 1] [0, 1]k1+ + Kn

be an integration domain, somewhat too technical for a talk.
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@ A, Selberg integral

z
Y Y

ti(S) s 1 1 ti(S) s 1
TR cras nfoyg) S 1

1 Ny

£(9): (s+D) t® 2 g® gt
s=1 s=1
Y ksYksl (S+ +,-+(i+s r 1))

1sron i= (r+ s+ + (H(i+ts r+k ka 2))

YO¥ (i ke 1)) (),
) '

s=1i=1
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@ The g-binomial theorem |
Fork 2 N andz 2 C the g-Pochhammersymbols are

@ax=01 a1 aj) (@ ad?)

(@g): =1 a@l agd ag)

g-Binomial

Theorem | and

(&)1

@92 = g gn

Then the g-binomial theoremis given by

X(bia i _ (bza)
weo (@ Ak (z;0)1
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Let Z 1
f(x)dgx = (1
0

be the Jacksonor g-integral

f(x)

g-Binomial
Theorem |

P
a)

i=0

f(q")d'
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Then the g-binomial theorem withz = ¢ andb = g may be
written as theq-beta integral
z 1

o (q q) 1Y q( + )
g-Binomial
Theorem |

where 4 is the g-gamma function

a(x) =(1 )R ) FEE

Intheq! 1 limit the g-binomial theorem thus yields thEuler
beta integral.
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@ Macdonald polynomials

g-Binomial
Theorem |

and Macdonalds commuting familyf D, gy, of g-di erence
operators is given by

XY tX; XjY

D, =t T
r _ X % Q;Xi
I [n]i2l i2l

jlj=r 162
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De ning the generating series of thB, as
xn
D(u;q;t) = Dru’
r=0

the MacdonaldpolynomialsP (x;q;t) are the eigenfunctions of
D(u; g;t) with eigenvalue

g-Binomial

Theorem | (1 + utn iq ! )

For g = t the Macdonaldpolynomials simplify to the well-known
Schurfunctions

detl i n(XiJ
dety i n(Xin ])

+n j)
P (x;t;t)= s (x) = —=




Beta Integrals

@ Cauchy identity

Given a partition , each of its squares is assigned four integers,
known as thearm-lengtha(s), leg-lengthl(s), arm-colengthal(s)
and leg-colengthl s).

g-Binomial
Theorem |

The arm-length ofl is 4. The leg-length ol is 3.
The arm- and leg-colengths dll are both 2.
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The Cauchyidentity for Macdonaldpolynomials is

Y 1 qa(s)t I(s)+1

P (Gat)P (y;a;t) 1T e

s2
Y (v )

- 1 CHC) I

g-Binomial
Theorem |

Whenq = t this reduces to the well-know@auchydeterminant

()Y

1 xy)

det
10§01 XYy Y

i;j=1
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@ The g-binomial theorem I

The power sums;, are given bypy = 1 and

X
pr(x) = X
i1

The map ¢ | acting on symmetric functions of y | is de ned by

its action on thep;:

1 b
1 tr’

g-Binomial

Theorem II b;t pf (y) =

A theorem ofMacdonaldstates that

Y t°0  pge®
bt P (y;qit) = W:
s2




Beta Integrals
It may also be shown that
Yo o(xiyi;@i _ Y (bx;q)

ot 1 Xy )1 _i , (Xiia)1

Applying the map .1 to the Cauchyidentity we thus obtain an

n-dimensional analogue of thg-binomial theorem:

X Y 1% as) W -
P (x;a;t) —; S e - 7(2?.'?)1
2 q = KA

g-Binomial
Theorem Il

Ifn=1then x=(x1), =(k)and

Y 1% ban(S) _(b;q)k
1 Ot (g;q)k

Puy(X;a;t) = X5

so that we recover the classicgtbinomial theorem (withz ! x;).
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Taking

x=q* ™D for 1 i n
t=q
b=q

in the n-dimensionalg-binomial theorem yields an-dimensional
g-integral, generalising thg-beta integral.

g-Binomial
Theorem Il

Intheq! 1 limit this gives theSelbergintegral.

To prove the A, Selbergintegral we need a further generalisation of
the g-binomial theorem
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@ The g-binomial theorem Il
One may prove a-binomial theorem of the form

X
P (1)(X(1);q;t) P (n)(X(n);q;t)
@z (M)
stu with arms and legs = in nite product
with x(® = (x{;::: ;xlfss)) andk; ks K.

g-Binomial
Theorem III

) A (kg + + kp)-dimensionalg-integral

) The A, Selbergintegral.
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@ Open problems
o Can we evaluate the integral

z
Y0 ¥s
ti(S) s 1 1 ti(s) <1
ckai k”[O;l] s=1 i=1
! \d
e 1O 2 g® g
s=1 o1
when
(500 ) 8L )2
Open Problems o Can we remove the Ordering
0 ki ke Kn ?

o Can we generalise to other root systems and/or re ection
groups?




Beta Integrals

Open Problems

The End
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