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Gamma function(Euler1720s)

�( x) = lim
n!1

n!nx� 1

x(x + 1) � � � (x + n � 1)
x 6= 0 ; � 1; � 2; : : :

=
Z 1

0
t x� 1e� t dt Re(x) > 0
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Since

1

=
�
4

Wallis' formula is equivalent to

2
Z 1

0

p
1 � x2 dx = �(1 =2)�(3 =2)

or, by x2 = t , to

Z 1

0
t 1=2� 1(1 � t )3=2� 1dt = �( 1=2)�( 3=2):

This ledEuler to the discovery of a more general integral.
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Euler beta integral(1730s)

Z 1

0
t � � 1(1 � t ) � � 1dt =

�( � )�( � )
�( � + � )

for Re(� ) > 0, Re(� ) > 0.

Replacing (�; t ) ! (�; t =� ) with � 2 R and letting � ! 1 using
Stirling formula returns the integral representation of the gamma
function.

Replacing (�; �; t ) ! (� 2 + 1 ; � 2 + 1 ; 1=2 � x=(2� )) and letting
� ! 1 yields theGaussianintegral

1
p

�

Z 1

�1
e� x2

dx = 1 :

Much more on this later . . .
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For those with poor eyesight . . .

Let � = n + 1 with n = 0 ; 1; 2; : : : .

Z 1

0
t � � 1(1 � t )ndt =

nX

k=0

(� 1)k
�

n
k

� Z 1

0
t k+ � � 1dt

=
nX

k=0

(� 1)k

k + �

�
n
k

�

=
n!

� (� + 1) : : : (� + n)
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Orthogonal polynomials

Set t = (1 � x)=2 in the Eulerbeta integral and replace

(�; � ) ! (� + 1 ; � + 1) :

Then
Z 1

� 1
(1 � x) � (1 + x) � dx = 2 � + � +1 �( � + 1)�( � + 1)

�( � + � + 2)
:

The distribution dw(x) on [� 1; 1] given by

dw(x) = (1 � x) � (1 + x) � dx

is that of the Jacobi(orthogonal) polynomialsP(�;� )
n (x).
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Z 1

� 1
P(�;� )

m (x)P(�;� )
n (x)dw(x)

= � mn
2� + � +1 �( � + n + 1)�( � + n + 1)

n!(2n + � + � + 1)�( � + � + n + 1)
:

Proof of the orthogonality andnorm-evaluationfollows immediately
from the Rodriguesformula

(1 � x) � (1 + x) � P(�;� )
n (x) =

(� 1)n

2nn!
dn

dxn

h
(1 � x) � + n(1 + x) � + n

i

(which may be taken as the de�nition of theJacobipolynomials) and
the Eulerbeta integral.
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The one proof that all (good?) talks are supposed to have . . .

To leading order theRodriguesformula gives

x � + � P(�;� )
n (x) \="

1
2nn!

dn

dxn x � + � +2 n

so that

P(�;� )
n (x) =

nX

k=0

cnk xk

with

cnn =
(� + � + n + 1) � � � (� + � + 2 n)

2nn!
:
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Without loss of generality assume thatm � n.

Then
Z 1

� 1
P(�;� )

m (x)P(�;� )
n (x)dw(x)

=
mX

k=0

cmk
(� 1)n

2nn!

Z 1

� 1
xk dn

dxn

h
(1 � x) � + n(1 + x) � + n

i
dx

(Rodrigues)

=
mX

k=0

cmk

2n � kn

Z 1

� 1
(1 � x) � + n(1 + x) � + ndx

(k times integration by parts)

= � nm
2� + � +1 �( � + n + 1)�( � + n + 1)

n!(2n + � + � + 1)�( � + � + n + 1)

(Eulerbeta integral &cnn)
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Of course you should all care about theJacobipolynomials since the
GegenbauerpolynomialsC�

n (x) are nothing but

C(� )
n (x) =

(2� )(2� + 1) � � � (2� + n � 1)
(� + 1 =2)(� + 3 =2) � � � (� + n � 1=2)

P(� � 1=2;� � 1=2)
n (x):

The fabulousLeopold Gegenbauer, Austria's favourite mathematician.
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In fact, even non-Austrian's care (like the French and Russians) . . .

Tn(x) =
22n(n!)2

(2n)!
P(� 1=2;� 1=2)

n (x) Chebyshev I

Un(x) =
22n+1 ((n + 1)!) 2

(2n + 2)!
P(1=2;1=2)

n (x) Chebyshev II

Pn(x) = P(0;0)
n (x) Legendre

L(� )
n (x) = lim

� !1
P(�;� )

n (1 � 2x=� ) Laguerre
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Selberg integral(1944)

Z

[0;1]n

nY

i =1

t � � 1
i (1 � t i )� � 1

Y

1� i < j � n

jt i � t j j2
 dt

= n!
n� 1Y

i =0

�( � + i 
 )�( � + i 
 )�( 
 + i 
 )
�( � + � + ( n + i � 1)
 )�( 
 )

for Re(� ) > 0, Re(� ) > 0, Re(
 ) > � � � .
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Macdonald's conjectures(1982)

Let G be a�nite re
ection group or �nite Coxeter group.
That is, G is a �nite group of isometries ofRn generated by
re
ections in hyperplanes through the origin.

x1

x2

The re
ection group B2 of order 8 (isomorphic to the signed
permutations of (1; 2)), with 4 re
ecting hyperplanes.
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Normalise (up to sign) so that each hyperplane is of the form

a1x1 + � � � + anxn = 0

with
a2

1 + � � � + a2
n = 2 :

Form the polynomial

P(x) =
NY

� =1

�
a(� )

1 x1 + � � � + a(� )
n xn

�
;

N being the number of hyperplanes.

Geometrically,P(x) gives the product of the distances of the point
x = ( x1; : : : ; xn) to the hyperplanes (up to a factor 2N=2).
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By its action onRn the re
ection groupG acts on polynomials in
x = ( x1; : : : ; xn).

The G-invariant polynomialsform an R-algebraR[f1; : : : ; fn]
generated byn algebraically independent polynomialsf1; : : : ; fn.

The f1; : : : ; fn are not unique but theirdegreesd1; : : : ; dn are.
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Let ' be theGaussian measureon Rn:

d' (x) =
e�j xj2=2

(2� )n=2
dx:

Macdonaldconjectured in 1982 that for every �nite re
ection group

Z

Rn

jP(x)j2
 d' (x) =
nY

i =1

�( di 
 + 1)
�( 
 + 1)

:

For the trivial group A0 of order 1 (mappingR to R by the identity
map; i.e., no re
ecting hyperplanes),P(x) = 1 and the conjecture
corresponds to theGaussianintegral

Z

R

d' (x) = 1 :
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The re
ection group An� 1

An� 1 is the symmetry group of the(n � 1)-simplex.

The 3-simplex or tetrahedron.

It is a group of ordern! (isomorphic to the symmetric groupS n)
generated by the

� n
2

�
hyperplanes

xi � xj = 0 1 � i < j � n:

The polynomialP(x) is given by theVandermondeproduct

P(x) =
Y

1� i < j � n

(xi � xj ):
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The G-invariant polynomials are the symmetric polynomials inx,
generated by theelementary symmetric functionse1; : : : ; en:

er (x) =
X

1� i1< i2< ��� < ir � n

xi1xi2 � � � xir

Hence the degrees are given by (d1; d2; : : : ; dn) = (1 ; 2; : : : ; n).

Macdonald's conjecture for An� 1 is thus

Z

Rn

Y

1� i < j � n

jxi � xj j2
 d' (x) =
nY

i =1

�( i 
 + 1)
�( 
 + 1)

better known asMehta's integral.

This follows from theSelbergintegral by taking

(�; � ) = ( � + 1 ; � + 1) t i =
1
2

�
1 �

xip
2�

�
� ! 1 :
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The re
ection groups Bn and Dn

In these two cases theMacdonaldconjecture is

Z

Rn

nY

i =1

jxi j2

Y

1� i < j � n

jx2
i � x2

j j2
 d' (x) =
nY

i =1

�(2 i 
 + 1)
�( 
 + 1)

and

Z

Rn

Y

1� i < j � n

jx2
i � x2

j j2
 d' (x) =
�( n
 + 1)
�( 
 + 1)

n� 1Y

i =1

�(2 i 
 + 1)
�( 
 + 1)

and follows again from theSelbergintegral:

Bn : (�; � ) = ( 
 + 1 =2; � + 1) t i =
x2

i

2�
� ! 1

Dn : (�; � ) = (1 =2; � + 1) t i =
x2

i

2�
� ! 1
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The dihedral group I2(m)

I2(m) is the symmetry group of aregularm-gon,

The 3-gon, 4-gon and pentagon.

It is a group of order 2m generated by them lines of re
ection

p
2x sin

� i �
m

�
�

p
2y cos

� i �
m

�
= 0 0 � i � m � 1:

The polynomialP(x; y) is given by

P(x; y) =
m� 1Y

i =0

hp
2y cos

� i �
m

�
�

p
2x sin

� i �
m

�i

= � 21� m=2(� r )m sin(m� ):
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For I2(4) (symmetry group of the square) the invariant polynomials
are of the form X

i ;j

cij (xy)2i (x2j + y2j )

generated byx2 + y2 and x2y2 of degree 2 and 4.

More generally, for I2(m) the invariant polynomials are generated by

x2 + y2

and

xm
X

i � 0

�
�

y2

x2

� i
�

m
2i

�

so that the degrees are 2 andm.
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Macdonald's conjecture for I2(m) (in polar coordinates) is thus

22
 � m
 � 1

�

Z 1

0
r2m
 +1 e� r 2=2dr

Z 2�

0
jsin(m� )jd�

=
�(2 
 + 1)�( m
 + 1)

� 2(
 + 1)

which is (almost) trivially true.
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The exceptional re
ection groups

For E6, E7, E8, F4 the proof is hard but follows from a uniform proof
for all crystallographic re
ection groupsdue to Opdam.

For the non-crystallographic groupsH3 and H4 the proof is hard
(Opdam, Garvan).
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An� 1 versus A1

We have seen that theVandermondeproduct

�( t ) =
Y

1� i < j � n

(t i � t j )

and hence also theSelbergintegral

Z

[0;1]n

nY

i =1

t � � 1
i (1 � t i )� � 1

Y

1� i < j � n

jt i � t j j2
 dt

are connected to the re
ection group An� 1.

In the following we are going to depart from this point of viewand
will label theSelbergintegral by theLie algebraor root systemA1 as
explained below.
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The root system An

Recall that the re
ection group An is generated by the
� n+1

2

�

hyperplanes
xi � xj = 0 1 � i < j � n + 1 :

Let � i be thei th standard unit vector inRn+1 .
The normals� (� i � � j ) for 1 � i < j � n + 1 are known asroots and
form the root systemAn.

The rootsai = � i � � i +1 for 1 � i � n form a basis in the root system
and are known assimple roots.
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� 1 � � 2

� 1 � � 3� 2 � � 3

� (� 1 � � 2)

� (� 2 � � 3)� (� 1 � � 3)

The root system A2 with simple roots inpink.
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The Cartan matrixC of An is given by

�
ai � aj

�

1� i ;j � n
=

0

B
B
B
B
B
B
B
@

2 � 1

� 1 2 � 1

� 1
. . .

. . . � 1

� 1 2

1

C
C
C
C
C
C
C
A

The An Dynkin diagramencodes the adjaceny matrix 2I � C:

1 2 n
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To each simple rootas attach a set of variables

t (s) = ( t (s)
1 ; : : : ; t (s)

ks
)

such that 0� k1 � k2 � � � � � kn.

Set k0 = kn+1 = 0 and let �; � 1; : : : ; � n; 
 2 C subject to several mild
restrictions, such as

Re(� ) > 0; Re(� 1) > 0; : : : ; Re(� n) > 0:

Set
(� 1; : : : ; � n� 1; � n) = (1 ; : : : ; 1; � ):

t (1) t (2) t (n)

� 1=1 � 2=1 � n= �

� 1 � 2 � n
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De�ne the generalisedVandermondeproduct

�( u; v) =
Y

i ;j � 1

(ui � vj )

and let
Ck1;:::; kn [0; 1] � [0; 1]k1+ ��� + kn

be an integration domain, somewhat too technical for a talk.



Beta Integrals

Euler Beta
Integral

Selberg Integral

An Selberg
Integral

An� 1 versus
A1
The root system
An
An Selberg
integral
q-Binomial
Theorem I
q-Binomial
Theorem I
q-Binomial
Theorem I
q-Binomial
Theorem II
q-Binomial
Theorem III
Open Problems

An Selberg integral

Z

Ck1;:::; kn [0;1]

nY

s=1

ksY

i =1

�
t (s)
i

� � s� 1�
1 � t (s)

i

� � s� 1

�
n� 1Y

s=1

�
� �

�
t (s) ; t (s+1) � �

� � 

nY

s=1

�
� �

�
t (s) � �

�2

dt (1) � � � dt (n)

=
Y

1� s� r � n

ks� ks� 1Y

i =1

�( � s + � � � + � r + ( i + s � r � 1)
 )
�( � r + � s + � � � + � r + ( i + s � r + kr � kr+1 � 2)
 )

�
nY

s=1

ksY

i =1

�( � s + ( i � ks+1 � 1)
 )�( i 
 )
�( 
 )

:
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The q-binomial theorem I

For k 2 N and z 2 C the q-Pochhammersymbols are

(a; q)k = (1 � a)(1 � aq) � � � (1 � aqk� 1)

(a; q)1 = (1 � a)(1 � aq)(1 � aq2) � � �

and

(a; q)z =
(a; q)1

(aqz ; q)1
:

Then theq-binomial theoremis given by

1X

k=0

(b; q)k

(q; q)k
zk =

(bz; q)1

(z; q)1
:
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Let Z 1

0
f (x)dqx = (1 � q)

1X

i =0

f (qi )qi

be theJacksonor q-integral.

f (1)
f (q)

f (q2)

: : :

f (x)

x
1qq2q3: : :0
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Then theq-binomial theorem withz = q� and b = q� may be
written as theq-beta integral

Z 1

0
t � � 1(tq; q) � � 1 dqt =

� q(� )� q(� )
� q(� + � )

;

where �q is the q-gamma function:

� q(x) = (1 � q)1� x (q; q)x� 1:

In the q ! 1� limit the q-binomial theorem thus yields theEuler
beta integral.
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Macdonald polynomials

Let x be ann-letter alphabet with lettersx1; x2; : : : ; xn and let
� = ( � 1; : : : ; � n) be a partition

� =

The q-shift operatorTq;xi is de�ned as

Tq;xi

�
f (x)

�
= f (x1; : : : ; xi � 1; qxi ; xi +1 ; : : : ; xn):

and Macdonald's commuting familyf Dr gn
r=0 of q-di�erence

operators is given by

Dr = t ( r
2)

X

I � [n]
j I j= r

Y

i 2 I
j 62I

txi � xj

xi � xj

Y

i 2 I

Tq;xi :
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De�ning the generating series of theDr as

D(u; q; t ) =
nX

r=0

Dr ur

the MacdonaldpolynomialsP� (x; q; t ) are the eigenfunctions of
D(u; q; t ) with eigenvalue

nY

i =1

(1 + utn� i q� i ):

For q = t the Macdonaldpolynomials simplify to the well-known
Schurfunctions

P� (x; t ; t ) = s� (x) =
det1� i ;j � n(x � j + n� j

i )

det1� i ;j � n(xn� j
i )

:
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Cauchy identity

Given a partition� , each of its squaress is assigned four integers,
known as thearm-lengtha(s), leg-lengthl (s), arm-colengtha0(s)
and leg-colengthl0(s).

The arm-length of is 4. The leg-length of is 3.
The arm- and leg-colengths of are both 2.
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The Cauchyidentity for Macdonaldpolynomials is

X

�

P� (x; q; t )P� (y; q; t )
Y

s2 �

1 � qa(s) t l (s)+1

1 � qa(s)+1 t l (s)

=
Y

i ;j � 1

(txi yj ; q)1

(xi yj ; q)1
:

Whenq = t this reduces to the well-knownCauchydeterminant

det
1� i � j � n

� 1
1 � xi yj

�
=

�( x)�( y)
nY

i ;j =1

(1 � xi yj )

:
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The q-binomial theorem II

The power sumspr are given byp0 = 1 and

pr (x) =
X

i � 1

xr
i :

The map� b;t | acting on symmetric functions of y | is de�ned by
its action on thepr :

� b;t
�
pr (y)

�
=

1 � br

1 � t r :

A theorem ofMacdonaldstates that

� b;t
�
P� (y; q; t )

�
=

Y

s2 �

t l 0(s) � b qa0(s)

1 � qa(s) t l (s)+1
:
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It may also be shown that

� b;t

� Y

i ;j � 1

(txi yj ; q)1

(xi yj ; q)1

�
=

Y

i � 1

(b xi ; q)1

(xi ; q)1
:

Applying the map� b;t to the Cauchyidentity we thus obtain an
n-dimensional analogue of theq-binomial theorem:

X

�

P� (x; q; t )
Y

s2 �

t l 0(s) � b qa0(s)

1 � qa(s)+1 t l (s)
=

nY

i =1

(b xi ; q)1

(xi ; q)1

If n = 1 then x = ( x1), � = ( k) and

P(k) (x; q; t ) = xk
1 ;

Y

s2 �

t l 0(s) � b qa0(s)

1 � qa(s)+1 t l (s)
=

(b; q)k

(q; q)k

so that we recover the classicalq-binomial theorem (withz ! x1).
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Taking

xi = q� + 
 (n� i ) for 1 � i � n

t = q


b = q�

in the n-dimensionalq-binomial theorem yields ann-dimensional
q-integral, generalising theq-beta integral.

In the q ! 1� limit this gives theSelbergintegral.

To prove the An Selbergintegral we need a further generalisation of
the q-binomial theorem!
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The q-binomial theorem III

One may prove aq-binomial theorem of the form

X

� (1) ;:::;� (n)

P� (1) (x(1) ; q; t ) � � � P� (n) (x(n) ; q; t )

�
�
stu� with arms and legs

�
= in�nite product

with x(s) = ( x(s)
1 ; : : : ; x(s)

ks
) and k1 � k2 � � � � � kn.

) A (k1 + � � � + kn)-dimensionalq-integral

) The An Selbergintegral.
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Open problems

Can we evaluate the integral

Z

Ck1;:::; kn [0;1]

nY

s=1

ksY

i =1

�
t (s)

i

� � s� 1�
1 � t (s)

i

� � s� 1

�
n� 1Y

s=1

�
� �

�
t (s) ; t (s+1) � �

� � 

nY

s=1

�
� �

�
t (s) � �

�2
 dt (1) � � � dt (n)

when
(� 1; : : : ; � n� 1; � n) 6= (1 ; : : : ; 1; � )?

Can we remove the ordering

0 � k1 � k2 � � � � � kn ?

Can we generalise to other root systems and/or re
ection
groups?
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The End
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