THE sl; SELBERG INTEGRAL

S. OLE WARNAAR

ABSTRACT. Using an extension of the well-known evaluation symmetry, a new
Cauchy-type identity for Macdonald polynomials is proved. After taking the
classical limit this yields a new sl3 generalisation of the famous Selberg integral.
Closely related results obtained in this paper are an sl3-analogue of the Askey—
Habsieger—Kadell g-Selberg integral and an extension of the g-Selberg integral
to a transformation between g-integrals of different dimensions.

1. INTRODUCTION

Let g be a simple Lie algebra of rank n, with simple roots, fundamental weights
and Chevalley generators given by «;, A; and e;, f;, h; for 1 <i < n. The roots of g
are normalised such that the maximal root 6 has length v/2, i.e., (0,6) = 2, where
(+,-) is the standard bilinear symmetric form on the dual of the Cartan subalgebra.

Let Vy and V), be highest weight modules of g with highest weights A and p, and
denote by Sing, ,[v] the space of singular vectors of weight v in V) ®@ V,:

Sing, ,[v] == {fveVi®V,:hv=uvh)v, ev=0,1<i<n}.
For fixed nonnegative integers ki,...,k, assign k := k; + --- + k,, integration
variables t1, ..., tx to g by attaching the k; variables
SN S A 7 S )
to the simple root «;. In other words, the first k; integration variables are attached
to aq, the second ks to as and so on. By a mild abuse of notation also set
Qi 1= Oy 1fk1++k171<j§k1++k1

Exploiting the connection between Knizhnik—Zamolodchikov equations and hy-
pergeometric integrals, see e.g., [3,21,25], Mukhin and Varchenko [19] conjectured
in 2000 that if the space

Sing,, , [A fu— Zn: kzial}
=1

is one-dimensional, then there exists a real integration domain I" such that a closed-
form evaluation exists (in terms of products of ratios of Gamma functions) for the
g Selberg integral

k v
(1.1) / { Ht;(k,au)(l _ ti)*(u,mi) H It: — tj|(at,i’atj):| dtq - - - dig.
=1

4 = 1<i<j<k
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For g = sly the evaluation of (1.1) is well-known and corresponds to the cele-
brated Selberg integral [4,17,22]:

k
/Ht?‘l(lfti)ﬁfl IT It —t1> dty - dts

o) =1 1<i<j<k

"D+ inD(B + iDL+ (i + 1
:H( NI(B+iy)FA+ (i +1)7)

2o Tlat+B+(k+i—1)NT(1+y) '

where
Re(a) > 0, Re(B) > 0, Re(y) > —min{1/k,Re(a)/(k — 1),Re(B)/(k — 1)}.

The prospect that generalisations of this extremely important integral evaluation
exist for all simple Lie algebras has led to much recent progress in evaluating hy-
pergeometric integrals, see e.g., [4,18,24,26,28-30].

In [24] Tarasov and Varchenko obtained an evaluation of (1.1) for g = sls,
A= XA, p = p1A1 + poAs and ky < ko, In their evaluation I' is a somewhat
complicated integration chain which depends on 7y as well as k1 and ko. In [28,29] the
author developed an approach using Macdonald polynomials for proving generalised
Selberg integrals. This resulted in a generalisation of the Selberg integral and
Tarasov—Varchenko integral to g = sl,41 for A = AAp, = >, iy and ky <
ke <o < ky.

In this paper we employ the theory of Macdonald polynomials to establish the
following Cauchy-type identity. For A and p partitions (and not, as above, weights
of g) let Py be a suitably normalised Macdonald polynomial. Furthermore, let
(a)n be a g-shifted factorial and (a), a generalised g-shifted factorial. (For precise
definitions of all of the above, see Section 2.1.)

Theorem 1.1. Let X ={x1,...,x,} and Y ={y1,...,Ym}. Then

n m atj i— 1 )\
tA=nlelp (X VP (Y m— 1 n R
Z AMX)PL(Y) (at Aqt /auHH (@t )n—p,
A i=1j=1 J
(am:)oo 17 (qU; /a (tziy;)
— J o0 1J]
e g o ] o)
= j=1 i=1j=1 J

For m = 0 (n = 0) the above identity reduces to the g-binomial theorem for
Macdonald polynomials in X (V). Theorem 1.1 may thus be viewed as two cou-
pled, multidimensional ¢-binomial theorems. In the special case (X,Y,a,q,t) —
(X/q,qY, —q* ¢*,q¢*) the theorem simplifies to Kawanaka’s g-Cauchy identity for
Schur functions [12] (with the proviso that Kawanaka’s description of the summand
is significantly more involved).

After a limiting procedure, which turns the sums over A and p into integrals,
Theorem 1.1 becomes a new evaluation of the Selberg integral (1.1) for g = sl3 as
follows. Let Clg},’yb [0, 1] be the integration chain defined in (3.3).

Theorem 1.2. Lett = (t1,...,tg,), s = (S1,...,8k,) and let aq, s, 1, B2,7 € C
such that || is sufficiently small, Re(ay), Re(az), Re(S1), Re(fB2) > 0,

O1—(ka—i+ 1)y €Z forl<i<min{ky,ks}
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and
Br+P2=7+1
Then
k1
Ht?l 1 51 11—[8042 1 52 1
chbepo -
1 ko
X H |Ifi—7fj|2Fy H |S,'—Sj‘27 HH|ti—Sj|7FY dtds
1<i<j<ki 1<i<j<ks i=1j=1
k1—1 . . .
Tl )N+ = k(G4 1)
=0 F(Ozl + ﬁl + (Z + kl — ]62 — 1)’}/)1_‘(’}/)
ko—1

D(ag 4 i7)(B2 +iy)T((i + 1)7)
x H D(ag + B2+ (i + ko — k1 — 1)y)[(7)

kll a1+a2+(i—1))

XH Mg +ag + (i 4+ ko — 1))’

where dt = dt; - - dtg, and ds = ds; ---dsy,.

Since
CEoM0.1] = {(tr, ..., tr) ERF: 0 <ty <--- <ty <1},

the sls Selberg integral simplifies to the classical (or sly) Selberg integral when
(k1,k2) = (k,0). (It also does when (k1,k2) = (0,k).)

2. MACDONALD POLYNOMIALS

1. Definitions and notation. Let A = (A1, \2,...) be a partition, i.e., A\; >
Ao > ... with finitely many A; unequal to zero. The length and weight of A,
denoted by I(\) and |A|, are the number and sum of the non-zero \;, respectively.
Two partitions that differ only in their string of zeros are identitied, and the unique
partition of length (and weight) 0 is is itself denoted by 0. The multiplicity of the
part 4 in the partition A is denoted by m,; = m;()\), and occasionally we will write
A= (1m2m2 ).

We identify a partition with its graph, defined by the set of points in (i,5) € Z?2
such that 1 < j < \;. The conjugate A’ of X is the partition obtained by reflecting
the diagram of A in the main diagonal, so that, in particular, m;(X) = A} — \j ;.
The statistic n()) is given by

n(A)=> (i-1X\=)Y_ (;)

i>1 i>1

The dominance partial order on the set of partitions of N is defined by A > pu if
M+ N >pr+ -+ p foralli > 1. If A > pand A # p then A > p.

If A and p are partitions then g C X if (the diagram of) p is contained in (the
diagram of) A, i.e., u; < \; for all ¢ > 1.



4 S. OLE WARNAAR

For s = (i,7) € A the integers a(s), a/(s), I(s) and I'(s), known as the arm-length,
arm-colength, leg-length and leg-colength of s, are defined as
a(s) =X — 7, a(s)=j-1,
I(s) = \; — 1, U(s)=1i—1.
Note that n(X) = >, I(s). Using the above we define the generalized hook-length
polynomials ¢y and ¢} as

cx =g, t) = H(l _ qa(S)tl(s)+l)’
SEA

c\=c\(g,t) = H(l - qa(S)Htl(s)).
SEA

The ordinary g-shifted factorial are given by

(@)oo = (@5 @) == [[(1 — ad’)
i=0
and 0
0. =00 = o

Note in particular that for N a positive integer (b)x = (1—b)(1—bgq)--- (1—bg™ 1),
and 1/(¢q)-n = 0. Also note that c{;) = (¢)x. The g-shifted factorials can be
generalised to allow for a partition as indexing set:
o)
() = (brq,t)a = [J (1 = bg” D=1y = T (0t ).
SEA i=1
With this notation,

(2.1a) ex = (t")a H (" )xi—-x,

1<i<j<n (7= )x-x,

A PV
(2.10) G=(gry J[ W e

1<i<j<n LIS

where n is any integer such that n > I(A). We also introduce the usual condensed
notation
(a1,...,ap)n = (a1)n - (ax)N

and likewise for g-shifted factorials indexed by partitions.

2.2. Macdonald polynomials. Let &,, denote the symmetric group, and A,, =
Z[ry,. .., 2,])%" the ring of symmetric polynomials in n independent variables.

For X = {z1,...,2z,} and A = (\1,..., \,) a partition of length at most n the
monomial symmetric function my(X) is defined as

ma(X) = aft -,
@

where the sum is over all distinct permutations o = (ay,...,a,) of A. If I(A) > n
then m(X) := 0. The monomial symmetric functions my(X) for I(\) < n form a
Z-basis of A,,.
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A Q-basis of A, is given by the power-sum symmetric functions py(X), defined
as

pr(X) = Z Ty
i=1

for ¥ > 0 and pA(X) = px, (X) - px, (X). The power sums may be used to
define an extremely powerful notational tool in symmetric-function theory, known
as plethystic or A-ring notation, [7,13]. First we define the plethystic bracket by

fler + -+ xp] = flx1,...,zp)
where f is a symmetric function. More simply we just write
fIX] = f(X)
where on the left we assume the additive notation for sets (or alphabets), i.e.,
X =121+ - 4z, and on the right the more conventional X = {z1,...,2,}. With
this notation f[X + Y] takes on the obvious meaning of the symmetric function f
acting on the disjoint union of the alphabets X and Y. Plethystic notation also
allows for the definition of symmetric functions acting on differences X — Y of
alphabets, or for symmetric functions acting on such alphabets as (X —Y)/(1 —¢),

see e.g., [13]. In this paper we repeatedly need this last alphabet when both X and
Y contain a single letter, say a and b, respectively. We may then take as definition

a—> __ar—br
L Y I T

and extend this by linearity to any symmetric function. Note in particular that

f[= | = re ey = o

corresponds to the so-called principal specialisation, where, for I[(A) < n,

<A> :?<A>n2::(qutnil,qutnAQ,...,qA"tO)

After this digression we turn to the definition of the Macdonald polynomials and
to some of its basic properties [14,15]. First we define the scalar product (-,-) on
symmetric functions by

(DA Pp) = Oap2a H 1—
where 2z, = Hi21 m;! ™ and m; = m;(N). If we denote the ring of symmetric
functions in n variables over the field F = Q(g, t) of rational functions in ¢ and ¢ by
A, 7, then the Macdonald polynomial Py (X) = Py(X; g, t) is the unique symmetric
polynomial in A, r such that:

PA(X) = ma(X) + D unumu(X)
pn<A
(where uy, = uxu(g,t)) and
(P, P,) =0 if X#p.

The Macdonald polynomials Py(X) with I(\) < n form an F-basis of A,p. If
I(A) > n then Py(X) := 0. From the definition it follows that Py(X) for I(A\) < n
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is homogeneous of (total) degree |\|; Py(2X) = zI*Py(X). A second Macdonald
polynomial Qx(X) = QA(X;¢q,t) is defined as

Qx(X) == braPr(X),
where by = by(¢,t) := cr/cy. Then

(P,\, Qu> = 5>\u-

This last result may equivalently be stated as the Cauchy identity

S P(X)QA(Y) = ﬁ (tziy;)oo
A

=1 (xzy])oo

We also need the skew Macdonald polynomials Py, (X) and @/, (X) given by
WX Y] = Z Py/ulX
AMX +Y] = Z Qr/u[X1QuY],
so that Py/o(X) = Px(X) and Qx,(X) = bab, ' Py, (X). Equivalently,

Qx/u(X) =D f2,Qu(X
A A

where = are the g, t-Littlewood—-Richardson coefficients:

Nz nv
P( Z 2 PA(X

From the homogeneity of the Macdonald polynomial it immediately follows that
2 (q,t) = 0if [A] # || 4 |v|. Tt may also be shown that f2,(g,t) = 0 if p,v Z X,
so that P/, (X) vanishes if u Z \.
To conclude this section we introduce normalisations of the Macdonald poly-
nomials convenient for dealing with basic hypergeometric series with Macdonald
polynomial argument:

(2.2&) P)\/#(X) = tn(/\) (H)i P)\/,LL(X)
n —n C/
(2.2b) Qu/u(X) 1= "7 2 Q. (X).
i
Note that
29) Qu(X) = 10200 X% p (),
i c ¢ A
(273

If we also normalise the g, t—Littlewood-Richardson coefficients as

£ = e —n) G Fos

cucy
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then all of the preceding formulae have perfect analogueS'

(2.4a) MX +Y] = Z Py LY

o X +Y] = Z Qu/ulY]Qu[X],

(2.5) ZP/\(X)Q)\(Y) _ f[ ((t;viyj)oo7
A ij=1 TiYj) oo

(26) QA/M Z ,U.y

and

(2.7) P ZfA o

2.3. Generalised evaluation symmetry. One of the many striking results in
Macdonald polynomial theory — first proved in unpublished work by Koornwinder
— is the evaluation symmetry

PA(L) _ PuliN)
PA((0))  Pu((0))’

where A and p are partitions of length at most n. As we shall see in Section 2.5,
a simple generalisation of this result is the key to proving Theorem 1.1. Before
stating this generalisation we put (2.8) in plethystic notation as

P [T |Pulv] =P A5 Lo

(2.8)

where
FIN] = FlaM e+ ] = f(gM e t0) = (V).

Proposition 2.1 (Generalised evaluation symmetry. I). For A and p partitions of
length at n,

(29) Py [11 “ﬂ P, {a@\) 4 11_ﬂ P, [11_‘“;"} P, [a(,u) + 11_?]

Proof. Both sides are polynomials in a of degree || 4 |u| with coefficients in Q(q, t).
It thus suffices to verify (2.9) for a = tP, where p ranges over the nonnegative
integers. We now write (A) = (\),, and use that

Plont 125 = i),

a=tP

where, since [(\) < n,

F[ N nap] = f( P70 g Pt 0.
As a result we obtain

PA(<0>n+p) Pu(<)‘>n+p) = PM(<0>H+P) PA(<M>n+P)

which follows from ordinary evaluation symmetry for Macdonald polynomials on
(n + p)-letter alphabets. O
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The generalised evaluation symmetry can also be stated without resorting to
plethystic notation as a symmetry for skew Macdonald polynomials.

Proposition 2.2 (Generalised evaluation symmetry. II).
(2.10) (at™)x Y (@)uQuu(a(A)) = (at), D (a)uQusw(alp)).

When a = 1 both sums vanish unless ¥ = 0. Thanks to the principal specialisa-
tion formula [15, page 337]

(2.11) QA((0)) = (t")x
the a = 1 case of (2.10) thus corresponds to (2.8) in the equivalent form

Q) _ QuliN)
QA((0)  Qu(0))

Proof of Proposition 2.2. By changing normalisation we may replace (Px,P,) in
(2.9) by (Qx, Q). Using [15, page 338]

(2.12) (a)x :Qxﬁ:ﬂ

(for a = ¢™ this is (2.11)) and (2.4b) this gives rise to

l1—a

(@3 e [o0]Q | 175 = ) Qo] | 15

Once again using (2.12) and dispensing with the remaining plethystic brackets
yields (2.10). O

2.4. sl, basic hypergeometric series. Before we deal with the most important
application of the generalised evaluation symmetry — the proof of Theorem 1.1 —
we will show how it implies a multivariable generalisation of Heine’s transformation
formula.

Let
o= (_1)|>\\qn(>\’)t*n(>\)
and X = {z1,...,2,}. Then the sl, basic hypergeometric series ,®; is defined as
Aly...,Qp (a17~"7a7"))\ s—r+1
2.13 Dy ;X | = -— P (X).
( ) |:b17~~'vbs :| Z(blv"'vbs)/\ ™ )\( )

A

For n =1 this is in accordance with the standard definition of single-variable basic
hypergeometric series ,¢, as may be found in [1,5]:

(o] - S ()

s =0 q,bl,...,bs)k
o al,...,a,.'
oy e,

where in the second line the ¢-dependence of the ¢ series has been suppressed.
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Theorem 2.3 (sl,—sl,, transformation formula). Let X = {xy,...,2,} and Y =
{y1,-. - ym}. Then

b aym/t
m+1(1)m|:a7ay1/7 ,ay /,X:|
ayt, ..., aYm
B ﬁ(axi)oo ﬁ (Y5) oo o a,axl/t,...,azn/t.y
B (z;) (ayj)eo ) " az ax T
i=1 1/oo j=1 J /00 PRI n

For m = 0 this is the g-binomial theorem for Macdonald polynomials [10, 16]
a ©(a) oo

(2.14) 1%[ ;X] -
and for m = n =1 it is Heine’s 2¢; transformation formula [5, Equation (III.2)]
a,ay/t , AT ) 0o a,ax/t
{ y/;x}zw)zqh[ /;y]-

ay (z,ay) oo ax
Proof of Theorem 2.3. First assume that m = n, multiply (2.10) by Py (X)P,(Y)

and sum over X\ and u to get

(2.15) > (@)u(at™)AQup (a{X)PA(X)PL(Y)

NN

201

= 3 (@ (0", Qu (@) PA(X)PL(Y),
[ZATIDN
If we multiply (2.7) by P,(Y) and sum over v then (2.5) and (2.6) permit this
sum to be carried explicitly on both sides. As a result we obtain the skew Cauchy
identity (see also [15, page 352])

(2.16) ZPA )Quu(Y) =Pu(X) I] (t2iy;)oo
ij=1 (xzyj)oo
Applying this to (2.15) we can perform the sum over p on the left and the sum over
A on the right, leading to

;(a)u(at )APA(X)PV(Y)MI_:L (ayi(\)})oo

n

_Z (at™) P (Y)P,(X) H @)

ij=1

Using the g-binomial theorem (2.14) to perform both sums over v gives

Z at™)A\Px(X H ayz = H atylg?;j -
)\ OO

i=1 2,j=1 yz
axl;)oeo atx; j)oo

Simplifying the infinite products and replacing a +— at™™ completes the proof of
the theorem for m = n.
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The general m,n case trivially follows from m = n; assuming without loss of

generality that that m <n we set ym+1,...,y, = 0 and use that
Px(y1,. . ym) ifI(X) <m,
Px(y1,--,Ym,0,...,0) = . O
0 if l()\) >m.

n—m

2.5. Proof of Theorem 1.1. Using the generalised evaluation symmetry to prove
Theorem 1.1 is much more difficult than the proof of Theorem 2.3, and we proceed
by first proving an identity for skew Macdonald polynomials.

Theorem 2.4. For A and u partitions of length at most n,

Zt_lu‘Pu/u [11

—atn _ gn—1 n pi—i—1 s
:t—nlulpu[ll ai }Q,\[l qt /a] H (g _ _/a),\l n

1=t ij=1 (@87~ /a)xi—p;

Recalling (2.12) and (2.3) it follows that the right-hand side is completely fac-
torised. Moreover, for @ = 1 the summand vanishes unless ¥ = p so that we
recover the known factorisation of Qy,,[(1 —q/t)/(1 —t)], see [20, Equation (8.20)]
or [27, Proposition 3.2]:

Qw{ _Q/t} = 0=l (gt 1) P, ((0)) f_[ w

Proof. In the first few steps we follow the proof of Theorem 2.3 but in an asymmetric
manner. That is, we take (2.10), multiply both sides by P (X) and sum over A.
By the Cauchy identity (2.16) followed by the g-binomial theorem (2.14) we can
perform both sums on the right to find

n

217) 3 (at™)a (@), Quy (a{N)PA(X) = (at” #H = ] (ati (1) )00

Av i=1 i,j=1 (afxz</-4>])oo

On the left we use (2.12) and (2.4b) (twice) to rewrite the sum over v as

} ZQW{ },,<<>>

On the right we use (2.12) to trade (at™), for Q,[(1—at™)/(1 —t)]. Also renaming
the summation index X as w, (2.17) thus takes the form

5 (@0 Quulal) = Qo3 +

v

S (at )Q,L/,,[ }Qx ()P (X)

B 1—at"] Zi)oo (atz; (1) ) oo
_Q”{l—t]n (z;) H (ax :

i
1=1 ooz]l ZM>JOO
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By (2.3) it readily follows that we may replace all occurences of Q in the above by
P. Then specialising X = b(\) we find

(2.18) > (at™)uPy,m H:J Py (a(w))Pu(b(A))

:pﬂ[ll—_ai”m )i)oc H abt z<u>7>oo_

)i{H) ) oo

The next few steps focus on the left-hand side of this identity. Flrst, by homogeneity
followed by an application of the evaluation symmetry (2.8),

LHS(2.18) Za‘”lbIW‘ at™) P”/”[llij] E:’Eggii Pa((@)Py((w))-

Using (2.7) this can be further rewritten as

[1—a]P,({0))
1—1t]Px((0))

LHS(2.18) = Y albl“l(at™), ], P/,

n,v,w -

By another appeal to evaluation symmetry this yields

LHS(2.18) = > allbll(at™), ], P/, i :‘;- Ezgégi; Pu, ((m)-

n,v,w -

The sum over w can now be performed by (2.14) so that

» 1 - abt 77
LHS(2.18) Zal '£7,P W”Lt] H

i=1 1

Equating this with the rlght—hand side of (2.18), manipulating the (infinite) g-
shifted factorials and finally replacing b — bt'~" we find

b 1—a
2" o e b C)

- PA<<0>>P#[

1—at" ﬁ (abt™ =)\,
1—t 2, (abtn=i=at2) 5y,

For a = 1 the summand vanishes unless v = p and we recover [27, Proposition 3.1].

Next we specialise b = ¢~V and then replace A and 1 by their complements
with respect to the rectangular partition (N™). Denoting these complementary
partitions by A and 7, we have ;\i =N —Ap_iy1 for 1 < i < n (and a similar
relation between 7 and 7. Using the relations [27, pp. 259 & 263]

N 1—n\|A=n| ,n(n")—n(\) n(N)—n(n (q_N))\ P)\(<O>)
fl = (=gt ) A=l ) =n(A) gr(A) =n( )f;\l/ ). PO
(a)s _ (Qm (@) (g =Nt /b)

al (b)) (¢F=Ntn=t/a)y\’

(0)s

and

—-N n—1
N ™) fn(A)—2(n— q—,qt" o)A
Pj\(<0>):(_1)|)\\qN|)\\ (A )tQN(2)+ (A)—2(n 1)\>\|( 4 ) P, ((0)),
(gt™ 1) (nn)
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as well as the fact that the summand vanishes unless |v|+ |n| = |A|, we end up with

Zt Y (q/at)y, P, l1-a
""” Purv 1—t

= g faap [ H @ @i,

1 qtj l/a’)Ai*MJ

By (2.6) and (2.12)

(2.19) S5, ijyQy{_} Q”“{lﬂ’

v

so that the sum over n can be performed. By a final appeal to (2.12) the proof is
done. O

Equipped with Theorem 2.4 it is not difficult to prove Theorem 1.1. To stream-
line the proof given below we first prepare an easy lemma.

Lemma 2.5. For X ={x1,...,z,} and p a partition of length at most n,

a—1>b B “(bay)
L L b

and

> P [ ] QA(X) = Qu(X ﬁ

A 1:1

For p = 0 this is just the g-binomial theorem (2.14) for Macdonald polynomials.

Proof. By (2.3) the two identities are in fact one and the same result and we only
need to prove the first claim. To achieve this we multiply (2.19) by Py(aX) and
sum over A. By (2.7) and homogeneity this yields

Pu(X) Y (0),Pu(aX) =Y Quy, ﬁ_cﬂ Py (X).
A

v

On the right we can sum over v using the ¢-binomial theorem (2.14) leading to the
desired result (with b — ab). O

Proof of Theorem 1.1. Elementary manipulations show that the theorem is invari-
ant under the simultaneous changes n < m, tX < Y and a — ¢t/a. Without loss
of generality we may thus assume that m < n. But

]zl
PESIN| || =
B (ati—?)

Nm+1:"':ﬂn*0 i=1j=1 ) T

le
/\NJ

n
n— 1
t r:[ atj l>>\ —Hj

so that the case m < n follows from the case m = n by setting y,,41 =+ =y, = 0.
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In the remainder we assume that m = n, in which case the theorem simplifies to

(@ iy
(at'j_z)&'*lij

(2.20) th Py (X)PL(Y) (at™ ) A(qt" /), ﬁ

(azi)oo 11 (@Wi/0)oe 17 (tilj)s0
(Y)oo (TiYj)oo

ij=1

To prove this we take Theorem 2.4, replace a — ¢/a, multiply both sides by
tIPA(X)Qu(Y)
and sum over A and p. Hence

1- t—
> PAX)QuY u/u{l_qia}QA/uL_ﬂ

A,V

= Zt'”*”'“'PA(X)QH(Y)(at”*)AP {1 qt”/a] ﬁ Ll)/\m'
Ap j=1

l
(ati=%)y, —

On the right we apply (2.3) and (2.12) to rewrite

1—qt"/a

QU P [F 12

} = (q" /), P, (V).

and on the left we employ Lemma 2.5 to carry out the sums over A and u. Hence

e v 2 sl

i=1 Jj=1

n

= tAmrlelpy (X)P (V) (at" ) A(gt" /), H @5y

A =1 atJ Z)Az‘—uj
Performing the remaining sum on the left by (2.5) results in (2.20). O

We conclude this section with a remark about a generalisation of Theorem 1.1.
Let X = {x1,...,2,} and let X be a partition of length n. Then

P\(X) =z -z, P,(X),

where p = (A1 — 1,..., A, — 1). Now let P denote the set of weakly decreasing
integer sequences of finite length. Then we may turn things around and use the
above recursion to extend the Py to all A € P. It is then readily verified that

tnfl
(gt" )APA(X) = tn(’\)(qci,h Py(X)
A

is well-defined for A € P (unlike Py (X)).
We now state without proof the following generalisation of Theorem 1.1.



14 S. OLE WARNAAR

Theorem 2.6. Let X = {z1,...,2,} andY ={y1,...,Ym}. Then

m—1 n— 1 Jj—i—
I\|=nll (at™ 1, qt" A (bE"), (@t =y
Zzt PAX)PL(Y) (abt™~ 1 HH (ati=?)y,

AEP 1 i=1j=1 THy

D (gt bt axy, q/azs) s byj 0 txly]
H (abti—1 qt?/a, txl,b/xz)oo H HH Y ) oo

2:1 y] i=1j=1 Li

For m = 0 this reduces to Kaneko’s 1 ¥; sum for Macdonald polynomials [11] and
for n = 0 to the 1®g sum (2.14). When ab = ¢ the summand on the left vanishes
unless A is an actual partition and we recover Theorem 1.1.

3. THE sl3 SELBERG INTEGRAL

Before proving the sl Selberg integral of Theorem 1.2 we give a description of
the chain C’gﬂ’/kz [u,v]. Let

Ikl’kQ[u, v :={(z1, . Ty Y1y -, Yky) € RE1tke .
u<z < - <xp, <v oand u<y <o < Yg, <V}
We now fix a total ordering among the z; and y; as follows. Let ao,...,axr,+1 be

integers such that
O=ag<as < <ag, <apq1 = k1.
Then the domain Ik1 k2 [u,v] C I*F2[y, v] is formed by imposing the additional

ks
inequalities

Yiel < Tay 141 < Tay_q42 < - < g, <y; for 1 <4 <ky+1,

where yop := v and yx,11 := v. Equivalently,

(3.1)

{u<x1<x2<~--<aﬁai<yi for 1<i <k
>t > 2.

Yi <K T+l <+ < Thy—1 < Thy <V
Clearly, as a chain,
k1,k _ k1,k
(32) T [u7 U] - Z Iall,...z,ak.2 [U, U]'
0<a;<az<---<ag,<ki
(Some readers may prefer to view a := (ay,, ..., a2,a1) as a partition with largest
part not exceeding k; and length not exceeding ko. Such a viewpoint is helpful
in establishing alternative representations of the above chain by taking the com-
plement of a with respect to the rectangular partition (kgl) or, by an appeal to
conjugation of partitions, with respect to (k§?).)
To lift T¥1*2[u, v] to CE,IWJQ [u,v] we replace the right-hand side of (3.2) by a
weighted sum:

(3.3)  Cyu(u,v]

Fp s (84 (= ai by — ks = D) 1oy i,
- b ( 11 sinm (8 + (i — k2 — 1)7) )Ialjm’% [w, ].

0<a1<az<-<ap,<ki *i=1

Here it is assumed that 3, € C such that for 1 < i < min{kq, ko }
B—(ka—i+ 1)y &Z.
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We are now prepared to prove Theorem 1.2. In fact, we will prove a more gen-
eral integral, generalising Kadell’s extension of the Selberg integral [9] to sl3. To
shorten some of the subsequent equations we introduce another normalised Mac-
donald polynomial, and for X = {z1,...,2,}

5 _ (X)) _ AK)
PA((0))  PA((0)

Similarly we define a (normalised) Jack polynomial as

P (X) = lim PA(X:q%,q).
Hence
_ PV(x)
- RYany
where Pia) (X) is the Jack polynomial [15,23].
Theorem 3.1. Set X = (z1,...,21,), Y = (Y1, -, Yko),
dX =dx;---dag, and dY =dy;---dyg,.
For ay, s, B1, B2,y € C such that || is sufficiently small,
min{Re(a1) + Ag,, Re(az) + ik, Re(B1), Re(B2)} > 0,

B1—(ka—i+ 1)y €Z forl<i<min{ky, ko}
and
fr+pP2=7+1
there holds

/ PO (x UM (v cha1 1 NS 1Hya2 1 )1

kl k2 0,1]
k1 ko

X H |xi—xj|2'y H |yi—yj|27HH|a:i—yj|7'y dX dy

1<i<j<k; 1<i<j<ko i=1j=1

_ ﬁ T(a + (ky — i)y + A)T(B + (i — ka2 — 1)7)T(iv)
2t Dlan+ 081+ 2k — ke —i = 1)y + A)0(9)

H [(ag + (k2 — i)y + p)T'(B2 + (i — 1)y)T (i)
I(og + B2+ (2ky — k1 —i — 1)y + pi) ()

k1 ko
Do +as+ (ki +ka—i—j— 1)y + X + 1)
xHH .

T(og +as+ (k1 + ko —i—5)y+ X + 1)

i=1j5=1

Theorem 1.2 corresponds to the case special case A = u = 0, and Kadell’s integral
arises by taking k3 = 0 or ko = 0.
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Proof. Throughout it is assumed that 0 < ¢ < 1.

We take Theorem 2.16 with (A, u) replaced by (n,v) and (n,m) replaced by
(K1, k2). If we then specialise X = z(A\), and ¥ = w(u)g, and use the evaluation
symmetry (2.8) on both Macdonald polynomials in the summand, we obtain

Ztlnlfwv'ﬁu<<n>k1>F~>u<<u>k2>Pn<z<0>k1>Pu<w<0>k~z>

n,v
k1 ko _
(G;tk2 1 qtk:l /a H H tj 4 771*1/_7
i=1j=1 at] Z i —Vj
M (it ) o R (wgti ke J/a - (watghiti gha+ka—i=i)
= q (Zintk17i+1)oo ]1 (wq/Lgth ,7 q ]1 wzq)\ +,U‘]tk1+k'2 i— ‘7)00
1= = J

Next we set

(z,w,a,t) = (¢ 77, ¢, ¢ T R1=k2)7 )

and introduce the auxiliary variable B2 by 81 + 82 = v+ 1. The equations (2.1),
(2.3) and (2.12) imply the principal specialisation formula
Lo @,
PA((0)) = o [ T T,
(gt") 1-t (qt IXi—A;

1<i<j<n

t2n(>\)

Using this as well as the definition of the ¢-Gamma function

(Q)asfl
(=g

we can rewrite the above identity as

(1 _ q)k1+7€2 Z |5)\(x1q(k1*1)’77 x2q(7€1*2)“/’ L ’xkl)

Dy(z) = zeC,

n,v
X IS# (qu(kzil)’ya y2q<k272)7> e ,ykl)
k1
« Hx?l(qu(kl—z)wxi)ﬁl_l H x?’Y(l _ q(J*Z)in/xj)(q1+(]ﬂ*1)7mi/a¢j)27_1
i=1 1<i<j<ki
ko
—3 2 i 4 y g
% Hy;:cz (q1+(k2 z)vyi)ﬁz_l H ij(l —qU ’L)'sz,/yj)(q1+(] i 1)7yi/yj)2~,_1
i=1 1<i<j<ko
kl k}g
x H H y] ﬁﬁ (ka—harhj— ’Yxi/yj)—v
1=17=1

1’“—[ Ty(a1 + (k1 — i)y + X)Tg(B1 + (i — k2 — D)7)T4(i)
Lol + 51+ (2k1 — ke — i — 1)y + X)Tg(7)

i=1

% ﬁ Ly + (kg — 1)y + pi)Ty(Ba + (i — 1)7>Fq(i;’)

Lylag 4 B2 + (2ka — ky — i — 1)y + py ) Ty (v

=1

k1 ko
Oz1+042+(k'1+k'2727j71) +)\v+uj)
xHH .

Pglar +ag+ (k1 + ke —i—j)v+ X + 15)

1=17=1
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Here x; := ¢ and y; := ¢"*, so that
(3.4) O<z1 < <R, <1 and O<y; <---<yg <1.

The above is essentially a (k; 4+ k2)-dimensional g-integral (more on this in the
next section) and all that remains is to let ¢ tend to 1 from below. The resulting
integrand, however, depends sensitively on the relative ordering between the x; and
yj. Indeed [29],

Jim g (g TR )

1 lffE2<yj
= |z —y;| 77 x sinm(fB1 + (k1 —ka+j —4)y)
sinm(B1 + (k1 — k2 +j—i—1)7)

if ; > y;.

Consequently, before we can take the required limit we must fix a complete ordering
among the integration variables (compatible with (3.4)) and sum over all admissible
orderings. This is exactly what is done at the beginning of this section and in the
remainder we assume that

(xla"'vxklvyla""ykz) 151171627 [071]

To find how to weight this domain we recall that according to (3.1) y; < 4,41 <
- < x,. The correct weight is thus

ﬁ ﬁ bll’lﬂ'ﬂl—f—(lﬁ k‘g—l—j—l))
i ima) +1sm7r (Br+ (k1 —ke+j—i—1)y)
Hsm7r (B + (i —a;+ ki —ke—1)y)
sinm(B + (i — ka — 1)) ’
in accordance with C’g;f{z [0, 1], see (3.3). O

4. THE ASKEY-HABSIEGER-KADELL INTEGRAL

For 0 < g < 1 the g¢-integral on [0, 1] is defined as

(4.1) / F@)dgr = (1—0) S £(g")d"
k=0

where it is assumed the series on the right converges. When ¢ — 1~ the g-integral
reduces, at least formally, to the Riemann integral of f on the unit interval. An
obvious n-dimensional analogue of (4.1) is

[ 00X =t 3 g g,
k

[0,1]" k1,....kn=0

where the multiple sum on the right is assumed to be absolutely convergent and
where f(X) = f(z1,...,2,) and dgX = dgz1 -+ - dgp.
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In 1980 Askey [2] conjectured a g-analogue of the Selberg integral when the
parameter 7 is a nonnegative integer, say k:

[ T wans TT o @ tay/epmd,x

01 =1 1<i<j<n

-1

_an(D)+2e3(2) ”H Ty(a+ik)Ty(8 +ik)Ty(1+ (i 4 1)k)
- To(a+ B+ (n+i— DR (1+k)

for Re(a) > 0 and 8 # 0,—1,—2,.... Askey’s conjecture was proved independently
by Habsieger [6] and Kadell [8].

Just as the ordinary Selberg integral, the Askey—Habsieger—Kadell integral can
be generalised by the inclusion of symmetric functions in the integrand. Specifically,
Kaneko [10] and Macdonald [15] proved that

=0

(4.2) t/ﬁMXw&hILﬁAQWMA IT (¢ " a; /a0 d,X
[0)1]71 i=1 1<i<j<n
K(3)+2K2(2) DTy (a+ (n— i)k 4+ X\)Ty(B + (i — 1)k)T,(ik + 1)
U v @n—i— Dkt aT,(k+1)

for Re(a) > =\, and 8 #0,—-1,-2,....

The sl,,—sl,, transformation formula of Theorem 2.3 allows the for the Askey—
Habsieger—Kadell integral as well as its generalisation (4.2) to be extended to a
transformation between integrals of different dimensions. For A = (A1,...,A,) and

= (f1,...,pm) define

:q()t

Sf\Z’m)(Oéhamﬁ;k) 1= / PA(X;q.¢") [ ]2 (i) - (n-1)p—1
[0,1]» i=1

(ziq k—1
I | e
i1 j—1 «Tzq ag+B+pj+(m—n—j+1)k—1 1<i<j<n

Theorem 4.1. Let A= (A1,...,\n), = (t1,...,m) be partitions, k a nonnega-
tive integer and a1, a9, 8 € C. Then

ST (n, a, B ) = () —azk(3) 42K () =2K(5) SO0 (. 0y, B k)

y ﬁfq(ﬂ (i — D)k)T (o + i + (n — i)k)T4(ik + 1)
i T (OZ1 + B4+ N\ +(n— —Z) )Fq(k+1)
m 042+ﬂ+/h ( —n—@) )I‘ (k;+1)

X Erq (1 = Dk)Tq(ao + s + (m — k)L (ik + 1)

for Re(a1) > =\, Re(ae) > —pi, and generic (3.

By “generic 37 it is meant that 8 should avoid a countable set of isolated singu-
larities. More precisely, 8 should be such that none of § — (n — 1)k, 8 — (m — 1)k,
a1+ B+ N+ (n—m—j)k and oo + B+ p; + (m —n — j)k take nonpositive integer
values. Since S(()?)’\n)(ag, aq,B;k) = 1 the m = 0 case of the theorem corresponds to
(4.2) with (o, 8) — (a1, 8 — (n — 1)k).
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Proof. The method of proof is identical to that employed in [27, Theorem 1.1] and
we only sketch the details of what are essentially elementary manipulations.

We specialise X +— ¢(A),, and Y +— b(u),, in Theorem 2.3 and apply the evalua-
tion symmetry (2.8) to obtain

(a,abg"rt™=2, ... abgtmt~1), .
Z (abgrrtm—1 abgtm) P (c(0)n)PA((V)n)

_ (H <achit”i>w) (H (bg" ™) o )
41 (eqhitn ™o )\ 21 (abghit™ )0

(a,acg™t"2,... acg*t™ ), .
X Z (acg™tn—1, .. PV(b<O>7n)Pu(<V>m)-

., acgn),

Next we replace t — ¢ with k a positive integer and replace a — ¢°, b — ¢2
and ¢ — ¢*'. Then we apply [27, Lemma 3.1] to write the v-sums as sums as n-fold
unrestricted sums, and the claim follows. [l

The above derivation can be repeated starting from Theorem 1.1. The result is a
sl3 variant of the g-integral (4.2). Problem with the theorem below is, however, that
it does not converge in the ¢ — 1~ limit unless m or n is 0. (This can be remedied
by replacing [0, 1] by appropriate multiple Pochhammer double loops).

Theorem 4.2. Let A= (A1,...,\n), = (H1,...,m) be partitions, k a nonnega-
tive integer and oy, s, 01,02 € C such that 81 + P2 =k + 1. Then

/ |5,\(X;q7qk)H$?1(q$i)ﬁlf1 H 22 (" iz ) on

[0’1]n+m i 1<i<j<n
W(Yig.q Hyz wim- | v iy
1<i<j<m
n m
X H H yj_k(qﬁll’i/yj)—k dg X dgY
i=1j=1
_ k(3 ook 4287 (3) 428 (D) —kon( )

y ﬁ Lyl + (n— i)k +X\)Ty(B1 + (i —m — 1)E)T, (ik + 1)

] Datea 0= Dk + )yl + = DAL, ik + 1)
Lolag + B2+ (2m —n — i — 1k + p;)Tq (k)

=1

i=1
XHH Joartas+(n+m—i—j—Dk+ N+ py)
Folon + a2+ (n+m—i—jk+ X+ py)

)
1=17=1

fO’/‘ Re(al) > 7)‘?“” fOT’ RE(CYQ) > —lm, and ﬂla/BZ 7& 07 71; 727
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