¢-SELBERG INTEGRALS AND MACDONALD POLYNOMIALS

S. OLE WARNAAR

Dedicated to Richard Askey on the occasion of his 70th birthday

ABSTRACT. Using the theory of Macdonald polynomials, a number of g-integrals
of Selberg type are proved.

1. INTRODUCTION AND SUMMARY

In [3], Richard Askey conjectured several g-integrals extending the famous Sel-
berg integral. The third of his now ex-conjectures reads
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is a multiple g-integral.
To see that (1.1) generalizes a special case of the Selberg integral [24]
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true for Re(a) > 0, Re(3) > 0 and Re(y) > —min{1/n,Re(a)/(n —1),Re(B)/(n —
1)}, assume that ¢ > 0 and let ¢ tend to one in (1.1) using the formal limits
lim (a; ¢)oo/ (49" ¢)oe = (1 — @),
lim,_,1 T'y(2) =I'(z) and
lim / f(x)dg / f(z
qg—1
[0,00)™ [0,00)™

with do = dzy . ..dx,. After rescaling cz; — x; this yields the integral [1, Exercise
8.14; v = k|
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for Re(a) > 0 and Re(B) > 0. By the variable change x; — x;/(1—x;) this becomes
the Selberg integral (1.5) for v = k.

Askey’s conjecture (1.1) was proved for k¥ = 1 (and up to a symmetrization
of the integrand) by Milne [22, Theorem 4.18] and by Aomoto [2] for general k.
Subsequently Kaneko [18] found a proof based on a ; ¥; summation for Macdonald
polynomials. We will show that Kaneko’s ;¥; sum together with a symmetry

property of the Macdonald polynomials implies an integral evaluation more general
than (1.1).

Theorem 1.1. Let A = (A1,...,\n) be a partition and k a positive integer. Then
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Here Py(2;q,t) is a Macdonald polynomial (see Section 2) and Py(q"’;q,¢")
denotes the specialized Macdonald polynomial Py(1,¢%,...,q" V¥, q,¢*) which
can be expressed in closed form as
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with n(A) = >0, (i — D)\,
The equality of the two expressions on the right of the theorem simply follows
from the (multiplicative) quasi-periodicity of the theta functions:

daq’sq) = (~a) g~ B (asq).
Denoting the empty partition by 0, we have Py(x;q,t) = 1. Hence the A = 0
case of the theorem reduces to (1.1). Also, since

(1.8) Py(z5q,t) = (21 .. 20) " Piay -2 da— s 0) (230, 1)

it is easily seen by making the variable changes o — o — A\, and 8 — (G + \,, that
the \,, > 0 case of the theorem reduces to the )\,, = 0 case. We also mention that
Theorem 1.1 remains correct for kK = 0. However, here and elsewhere in the paper,
we exclude k£ = 0 for being trivial but requiring special attention. For example,
for k = 0 we have Py\(x;¢q,1) = my(x) with m, the monomial symmetric function,
given by my(x) = > «}* ... z/" where the sum is over all distinct permutations v
of A. Hence (1.7) for k = 0 is incorrect unless A = (a,...,a) = (a™). However,
with the correct interpretation of Py(1,...,1;¢,0) = my(1,...,1) the integral of
Theorem 1.1 with & = 0 trivializes to a sum over the one-dimensional integral (with

a—a+pand B — B — ;)

/Oo am1 (=20 @) - To(a)Tq(B) 9(—cq®;q)

T = dyx = .
0 (—c:)oe T (a+8) d(—ciq)
This result, which is equivalent to Ramanujan’s 191 summation [3, 5], corresponds
o (1.1) with n = 1.

A more interesting special case of the theorem is obtained in the ¢ — 1 limit for
¢ > 0. By rescaling z to eliminate ¢ this yields the following generalization of the
integration formula (1.6).

Corollary 1.2. With the same conditions as in Theorem 1.1 there holds
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Here Pia) (x) is a Jack polynomial and

PR, 1) = (G =Dk + X = Age.
. AL =—G=m
with (a), = [/ (a + ).

By replacing ¢° — —¢'~*~2("=D% /¢ and then letting ¢ — —¢” in Theorem 1.1,
and by noting that (2;¢;¢)e = 0 for z; = ¢* with k; a negative integer, we obtain
as second corollary another generalized ¢-Selberg integral. This integral was first
conjectured by Kadell [11, Conjecture 8], and proved for & = 1 by Kadell [11] and
for general k by Kaneko [16, Proposition 5.2] and Macdonald [20, Example V1.9.3].
See also Kadell [14, Theorem 1] for the ¢ — 1 limit. (To obtain the formulae of [11]
and [20] one has to first carry out a symmetrization of the integrand.)
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Corollary 1.3. Let A\ be a partition and k a positive integer. Then
k
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for Re(a) > =Xy, Re(B) >0 and 0 < ¢ < 1.

For A = 0 this is the well-known Askey—Habsieger—Kadell integral, conjectured
by Askey [3, Conjecture 1] and proved independently by Habsieger [9] and Kadell
[12, Theorem 2; [ = m = 0]. In the above

/ f@)dgz = (1—¢q)" Z f( g )gkat e

oy M

The second main result of this paper entails a generalization of the 8 = k case
of Corollary 1.3.

Theorem 1.4. For A = (A\,...,\p) and p = (p1,-..,un) partitions and k a
positive integer there holds
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for Re(a) > =X\, — pp, and 0 < ¢ < 1.

In the limit when g tends to 1 this reproduces the Hua—Kadell integration formula
for Jack polynomials [10, Theorem 5.2.1], [13, Theorem 2.

Corollary 1.5. With the same conditions as in Theorem 1.4 there holds
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As another corollary of Theorem 1.4 we will prove the following integral repre-
sentation of a terminating ,1®, multivariable basic hypergeometric series based
on Macdonald polynomials (see definition (2.16)).
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Corollary 1.6. Let y = (Y1,-.-,Ym). For A = (A\1,...,\n) a partition and k a
positive integer there holds

110 [ Py [] -
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for Re(a) > =\, and 0 < ¢ < 1.

The generic numerator and denominator parameters in the above ,,1®,, are

g~ @n=i=k=Xi and g=o~(@n=9k=Xi " Equation (1.10) extends the 8 = k case of
the following integral of Kaneko [17, Equation (3.1)]:
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true for Re(a) > —\,, Re(3) > 0 and 0 < ¢ < 1. Here ¢* Py is shorthand
for (¢*Py1,...,¢* Pyn). When m = 1 the above two ,.41®, series simplify to
the ordinary one-variable basic hypergeometric series ,;1¢,.. We also note the
remarkable fact that m-dimensional hypergeometric series are expressed in terms
of n-dimensional ¢-integrals.

There is a well-known connection between constant term identities and g-Selberg
integrals of the type given in Corollary 1.3 and Theorem 1.4. In the case of Corol-
lary 1.3 the corresponding constant term identity was obtained by Kaneko. Cor-
recting his expression for the exponent D,, in [17, Equation (3.5)], Kaneko’s identity
asserts that [17, Theorem 4]

. q T; qT;
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Here a,b > 0, |/\‘ = Z?:l i (ah .- -aar§Q)m = ngl(aj;Q)erv 1/(q;Q)—m =0
for m a positive integer, and C.T.[f(z)] denotes the constant term of the Laurent
polynomial f(z). Kaneko’s constant term identity has a rich history. For A = 0
it was conjectured by Morris [23, Conjecture (4.12)] who proved his conjecture for
q = 1 [23, Theorem (4.13)]. ¢-Proofs for A = 0 were first obtained by Kadell [12,
Theorem 3; | = m = 0] and Habsieger [9, p. 1487] based upon their Askey—Kadell-
Habsieger integral evaluation. For general A but ¢ = 1 the above identity was first
established by Kadell [14, Equation (A)] (see also [13, Theorem 4]).

Taking Theorem 1.4 as starting point we will prove the following generalization
of the b =k — a — 1 case of Kaneko’s constant term identity.

Theorem 1.7. Let A = (A1,...,\n) and p = (u1, ..., ttn) be partitions, and a and
k integers such that a € {0,...,k —1}. Then

- T; QT
C.T.|Pa(z:0,¢") Pu(e 1 4,0") [ [ (@i:9) a(xl )k i (;, x?;q)k]
i=1 g = g

1<i<j<n

k
_ \/\|+|u| 14 (| kol ]
= —q") Hq [a+/\i—ui q

(q“ ”’““ N5 ) (qU DR R ),
Y S e e N T T

1<i<j<n
Here f(z=') = f(2z7*',...,z;!) and
(¢ 9)r
@D cvo,.
H — (@96 0)r—a { )
a
q 0 otherwise

is a g-binomial coefficient.

The correct interpretation of the statement of the theorem is that the constant
term is zero whenever the g-binomial coefficient on the right vanishes, i.e., whenever
a+ XN —pi &{0,...,k —1} for some ¢ € {1,...,n}. This convention makes the
right-hand side well-defined for all partitions A and p as we shall now show.

The double product on the right has a zero factor in the denominator if

(1.11) a+ (j—)k+ XN —p; €{0,....,k—1} fori,j € {1,...,n}, i #j.
Now assume that for given ¢ and j (1.11) holds. By adding and subtracting A;,
this implies (j — i)k + (A — Aj) + (a+A; —p;) € {0,...,k —1}. For i < j we
have (j — i)k + A; — A; > k so that a + A\; — p; must be negative. If ¢ > j we have
(j—i)k+ X —Aj < —k so that a4+ \j — p; must be greater or equal to k. We thus
conclude that zero factors in the denominator cannot occur when the g-binomial
coefficient on the right is non-vanishing. Hence the constant term is either zero or
a well-defined rational function.

We further note that the theorem is invariant under the simultaneous replace-
ments a — k —1—a and A < p. On the left side this requires the change
t; — q/tn—it1, and the symmetry and homogeneity of the Macdonald polynomi-
als, see Section 2. In the proof of the theorem we will in fact show the stronger
statement that the non-zero values of a follow from a = 0.

By letting ¢ tend to 1 in Theorem 1.7 we obtain a constant term identity of
Kadell [13, Theorem 5.
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Corollary 1.8. With the same conditions as in Theorem 1.7 there holds

n
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In Section 9 of Chapter VI of his book [20], Macdonald defines a scalar product
on L, the Q(q,t)-algebra of Laurent polynomials in . When ¢ = ¢* this scalar
product reads

(112) o = o f@ee) T (2.5

for f,g € L. A straightforward symmetrization (see Lemma 3.2) shows that
Theorem 1.7 is equivalent to

i i — X k* 1
1.1 Pyhy i, P,) = (=1)AHl#l I | (*i5M)
( 3) < AMa ks p,> ( ) 7;71(] 2 Gt A — p q
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for
n

q
1.14 ha = i a(i; ) .
(1.14) () E(w Dal5739),
Following Kadell’s treatment of the case ¢ = 1 [13], we will show that this can be
viewed as a generalization of Macdonald’s orthogonality relation and norm evalua-
tion for Macdonald polynomials with respect to the scalar product (1.12), which is
given by [20, Example VI.9.1(d)]

(F—i)k+Xi—X;.
I (q Jv‘])k
(1.15) (P\,P,) = b\, H (gL FTG—DkTx=A )

1<i<j<n

Still following Kadell [13, Theorem 8], we will then show that Theorem 1.7 implies
the following g-binomial theorem for Macdonald polynomials.

Corollary 1.9. Let = (u1,-- ., tn) be a partition and k a positive integer. Then

n

(1.16) > Au@Pa(r39,4") = Pul;q,6") [ [ (@i @)n-1,
A =1
where
K () = (A TT o) [ B 1
11 = (0PI O]

(qUDktmi=is; gy (g ~FHU—IRFA A g,

X — — .
1§E§n (qU=Dk+ni=A5; q) (@ R+ —DRFAi=n5 ),
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Here we follow the same convention as in Theorem 1.7 in that cf (@) = 0 unless
Ai—p; €{0,...,k—1} foralli € {1,...,n}. A slightly more general result is given
in Corollary 3.3.

Finally, using an identity for the structure constants of the Macdonald polyno-
mials, we generalize Corollary 1.9 from t = ¢* to all ¢.

Theorem 1.10. If pn = (p1, ..., n) S a partition then

n

Z (qt" 1) Py () 12[ (qtjfifl;q)xi—w _ - 1)|u|P x) xz(I/t 7)o
) e\ o @S )N, u(t) i (@05 0)oo

for lq] <1 and max{|z;|}7, < 1.
Here

() = (a0, ft"”]'[ (at' ™

is a g-shifted factorial labelled by the partltlon )\ and

_ _ (gt~ ), -,
A =c(gt) =tV ] ="
1<i<j<n (q Q)A —\j

is a generalized hook polynomial. Since the summand on the left vanishes when
A D u, i.e., when the partition p is not contained in the partition A (\; > u; for
all i), the sum over A may be replaced by a sum over A subject to A D p. When
p = 0 the double product in the summand on the left becomes (q/t)x/(qt" 1), and
Theorem 1.10 reduces to a special case of the ¢g-binomial theorem for Macdonald
polynomials given by (2.17).

In the next section we present some necessary background material on Macdon-
ald polynomials and in Sections 3.1-3.6 we prove all of the claims made in the
introduction. Finally, in Section 4, we conclude with an (ex)-conjecture of Askey
closely related to the Askey—Habsieger—Kadell integral.

2. PRELIMINARIES ON MACDONALD POLYNOMIALS

We review some of the theory of Macdonald polynomials needed for our subse-
quent proofs. For more details we refer to [20, Chapter VI].

Let A = (A1, A2,...) be a partition, ie., \y > Ay > ... with finitely many
A; unequal to zero. The length and weight of A, denoted by ¢(\) and |A|, are the
number and sum of the non-zero \;, respectively. We shall not employ the frequency
or multiplicity notation for partitions except for partitions of rectangular shape, in
which case we abbreviate (N, ..., N) with n repeated Ns as (N™). For \ a partition
and @ an integer we write

(2.1) Ata=(Ata,ta,...).

For two partitions A and p we define the usual addition as A + u = (A1 + 1, Ag +
ta,...), and for x = (z1,x2,...) a sequence (possibly a partition) and z a scalar,
we set zax = (zx1, 222, ... ).

The dominance partial order on the set of partitions is defined as follows: A > u
if and only if [N\ = |p| and Ay + -+ X > g + -+ -+ p; for all ¢ > 1.

As usual we identify a partition with its diagram or Ferrers graph, defined by
the set of points in (4,5) € Z? such that 1 < j < \;. The conjugate A’ of X is the
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partition obtained by reflecting the diagram of A in the main diagonal. If A and
i are partitions then A D p means that (the diagram of) p is contained in (the
diagram of) A, i.e., A; > u; for all ¢ > 1. Let s = (4,J) be a square in the diagram
of A. Then a(s), a’(s), I(s) and I'(s) are the arm-length, arm-colength, leg-length
and leg-colength of s, defined by

(2.2a) a(s) =X\ — 7, a(s)=j-1

(2.2b) I(s) = X — 1, U'(s)=1i—1.

An often used statistic on partitions is
. Y
n(\) = Z(z— DA = Z <2>
i>1 i>1

In the following we will almost exclusively work with partitions A = (Aq,...,\y)
with £(A\) < n. For such a partition the monomial symmetric function m(z) in the
variables © = (z1,...,,) is defined as

(2.3) my(x) = Zxo‘,

where the sum is over all distinct permutations « of A\, and z® = z{* - - zi".
The monomial symmetric functions form a Z-basis of A,, the ring of symmetric
polynomials in xq,...,x, with integer coefficients.

The r-th power sum p, is given by p,(z) = m¢y(x) = .1, z}', and, more gen-
erally, the power-sum products are defined as py(z) = px,(x)...px, (z). Following
Macdonald we now introduce the scalar product (-,-) on A, by

n 1 _ q)\i
(p,\,p,) = 5/\u2’>\ }:[1 m7

with z) = [[,5; m;! @™, m; being the number of parts of X equal to i.

Denote the ring of symmetric functions in n variables over the field F = Q(q, t)
of rational functions in ¢ and ¢ by A, . Then the Macdonald polynomial Py(z; g, t)
is the unique symmetric polynomial in A, g such that [20, Equation (VI.4.7)]:

(24) P)\ = Zumm#,
759
where uy, € F', uxx = 1, and
(Py, Pu) = 0 A # .

The Macdonald polynomials form an F-basis of A, p. For t = 1 and t = ¢ they
reduce to the monomial symmetric functions and Schur functions; Py(z;q,1) =
m(x) and Py(z;q,q) = sx(z). More generally,

lim Py (34, ) = P (x)
with P)(\a) Jack’s symmetric function.

Below we have listed several known results for Macdonald polynomials that will
be needed subsequently. Py is homogeneous of degree |A|, i.e., for z a scalar,

(2.5) Py(zz) = 22 Py(2).
This is of course immediate from (2.3) and (2.4). Also, [20, Equation (VI.4.17)]
(2.6) Pyio(z) = (21...20)"Pr(2),
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provided (for the time being) that A, +a is a nonnegative integer so that both sides
are well-defined.

Recalling (2.2), we introduce two generalized hook polynomials as [20, Equation
(VI.8.1)]

(2.7a) cx = cx(g,t) = H(l — ()¢l +)
SEN

(2.7b) A =c\(gt)= [ - g
SEA

and set

c)\(q,t)
2.8 b,\ = b)\ q7t = .
(2.8) (a:1) R

The quadratic norm evaluation of the Macdonald polynomials can be very simply
expressed in terms of this last function as [20, Equation (VI.6.19)]

<P)\,P)\>71 =b,.
Using a generalized g-shifted factorial

(29) (a)/\ = (a;q7t))\ — H(tl’(s) _ 9) _ tn()\ H atl 1
i=1

SEX

we explicitly have [16, Proposition 3.2]

tjii'q))\.,)\.
2.10a ey =t "M AN Vil
( ) N (t")x H CRGET VY

1<i<j<n
t-7_1_1; Y
(2.10b) =t W@, ] (¢ - Dri-r;
1<i<j<n (@775 @),

The by also features in the Cauchy identity for Macdonald polynomials. Defining
y = (y1,-..,yn) in addition to the usual z = (x1,...,x,), this identity states that
[20, Equation (VI1.4.13)]

- tx:Yj; q)oo
(211) S P @P(y) = [] il
A ij=1 (xiij q)oo
This may be alternatively put in terms of y = (y1, ..., ym) as [20, Equation (VI.5.4)]
(2.12) > Pa(mqt)Pu(yit.g) = [ 1+
A 1<i<n
A <m 1<j<m

Next we need the evaluation homomorphism wuy : A, p — F defined by

(2.13) ux(f) = f(*t)

for f € A, p. Here ¢*° = (¢Mt%, ¢*2t%2, ... ¢*t%), with & denoting the special
partition 6 = (n — 1,n — 2,...,1,0). Two very important results that will be
frequently used are the specialization [20, Example VI1.6.5]

1—¢° (s)tnfl'(s)
_ 5y — n— 1 n(A
ug(Pr) = PA(t?) = Px(L,t,...,t )Hm
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or, by (2.7a), (2.9) and (2.10a), [20, Example VI.6.5]

tn
(2.14a) Py(t°) = ")

(O

tj 1+1.
(2.14b) ™ T] (Gl
1<i<j<n (B 9)x A

and the symmetry [20, Equation (VI.6.6)]
(2.15) ur(Py)to(P) = (P )uo(Pp).

Finally we follow Kaneko [16] and Macdonald [21] in defining multivariable basic
hypergeometric series and multivariable bilateral basic hypergeometric series with
Macdonald polynomial argument. Extending the condensed notation for g-shifted
factorials to the multivariable setting by

T T
(a’la AR 7aT)/\ = (a17 AR >a”l";q7t))\ = H(a’j’q7t))\ = H(aj))\7
j=1 j=1
we define
a1, --,0r41 a1,~- ar+1)

2.16 1P, q,t - 2P .

( ) r+1¥r bl,...,b 34, $:| z}\: bl,...b))\CA )\(.I)

Often we employ the one-line notation ,1®,(a1,...,ary1;b1,...,0:;¢,t,x) for the

k

above series. For n = 1 we have P, (z) = 2" and c(k) (¢; @)k so that the ,11P,
series simplifies to the standard one-variable basic hypergeometric series ,11¢; [8].

An important result needed a number of times is the following multivariable ver-
sion of the ¢-binomial theorem due to Kaneko [16, Theorem 3.5] and Macdonald [21,
Equation (2.2)]:

(2.17) 1Po(a;—;q.t,2) = H (aziiq

(E
palet z,q

for |¢| < 1 and max{|z;|}?; < 1. In the Jack polynomial case this was also found
by Yan [26, Proposition 3.1] and in the Schur polynomial case (Jack with a@ = 1)
by Milne [22, Theorem 1.18]. When a = ¢~ with N a nonnegative integer the
series on the left of (2.17) terminates leading to
(2.18) 100(q Vs —iq.t,2) = [[(wig Vi @)w-
i=1

We also need the generalization of ;1 @, to bilateral series. Let us denote the set
of weakly decreasing integer sequences of length n by P. The relation (1.8) (which
follows from (2.6) by the substitutions A — A — (An, ..., An), @ — A,) can be used
to define the Macdonald polynomial for all A € P. By extending the definition of
the g-shifted factorials to all integers n by

_ _(39)

(ag™; @)oo
we can also give meaning to (a)y of (2.9) and ¢} of (2.10b) for A € P. Observe
that 1/(q;q)—n = 0 for n a positive integer and hence that 1/(gt" 1), = 0 if X is
not a partition. However, (qt" 1), /c} is perfectly well-defined for all A € P. We

(2.19) (a;q)n
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now use the above definitions to define the bilateral multiple basic hypergeometric
series

agy ..., 0r (qtn717a17"',a7“))\
2.20 v ;qt:r] Py(x).
( ) e bla---7br B /\GZP <b17...,br),\cl>\ ( )
Again we also employ the one-line notation ,VU,(ay,...,ar;b1,...,br;q,t,x). We

remark that we have chosen a slightly different (more symmetrical) form for .U,
compared to earlier definitions of Milne for ¢ = ¢ [22] and of Kaneko [18] for general
t. In view of our earlier comments, the series (2.20) simplifies to the unilateral series
(2.16) with r — r — 1 if b, = gt"~!. For n = 1 the series (2.20) reduces to the
classical bilateral basic hypergeometric series ., [8].

Kaneko [18, Equation (1.11)] proved the following multiple series analogue of
Ramanujan’s celebrated 11 summation formula:

n (qt"’i,btki/a,ameQ/afi;Q)oo
2.21 Uy (a;b;q,t = : :
(2:21) 1¥1(a;b3.0,t, 7) 1:[ (btt=i gt"=%/a, x;, bt1 =" fax;; ¢) o

=1

for [bt'="/a| < |z;| < 1foralli € {1,...,n}. Kaneko’s proof utilizes the ¢g-binomial
theorem (2.17) (obtained for b = qt"~!) and Ismail’s analytic argument. A different
proof based on a Gauss summation for Macdonald polynomials was subsequently
found by Baker and Forrester [6, Theorem 6.1]. We should also mention that the
Schur case of the theorem, corresponding to ¢ = ¢, was first obtained by Milne
using a determinant evaluation [22, Theorem 1.14].

A last comment concerning the Macdonald polynomials Py for A € P is that the
relations (2.5), (2.6) and (2.15) still hold. In the case of (2.6) we may now in fact
assume that A\, + a is any integer. In the case of (2.5),

Py(zz) = (2"21 ... 7$n)A"’P/\—An(ZJ3)

= @1z Py, (2) = 2 Py (@)

by (1.8), then (2.5), and then (1.8). For (2.6) the above claim is evident as both
sides may be rewritten by (1.8) as (zy...z,) "+ 2Py_y, (z). Finally, in the case of
(2.15),

u/\(pu)u()(p/\) — qﬂn\Alt(/\nﬂan)(E)u/\(PM_Mn)uO(P)\_/\n)

M ‘>\|+>\n|U‘7n/\nﬂnt()\n+un)(g)

=q Ux—x, (Pu—p, )uo(Pr-nx,)

1223 ‘>‘|+>\n|H‘_">\nltw,t(>\n+ﬂn)(g)

=q Uy, (Pr—x, )0 (Pu—p,)

= =u,(Pa)ug(Py)-

by (1.8), then (2.5), then (2.15), et cetera.

3. PROOFS

3.1. Proof of Theorem 1.1. We take the ; ¥y sum (2.21), replace x — zx with 2
a scalar and use (2.5). Then we apply the evaluation homomorphism u,, defined in
(2.13) and utilize the symmetry (2.15) to eliminate w,(Py), with A the summation
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index of the ;¥ series. Hence

(gt" 1, @)z uy (Py)uo(Py)
Z (b)ach uo(P,)

AEP

f[ tn—i btl—i/a azq’“t”_i ql—uiti—n/az. q)
Falen (bt1 =2, qtn=t Ja, zqtitn =t bg—Hiti—2 L Jaz: q) oo

To transform this into Theorem 1.1 we need to specialize

t = qk7 5= qoz7 a= _Cq(n—l)k:’ b= — a+ﬁ+3(n l)kr
Using (1.7) and (2.10b) in the form
1+(j—i—1)k.
ke . q S )k
31 Alad) =0 OGO g T
1<i<j<n q 4
and noting that
(3.2) (a; Q)k(aq"; O)n = (@ Q)ktns
yields
wo(Py q2kn(/\)
(3:3) 7 ( k) = (At (n-Dk. g gk
Ala,qd") (g 14, 4%)x
y H 1 q(jfi)kJr/\if)\ ( 1+(G—i—1)k+Xi—X;. q)2k 1
— G0k s k.
1<icien 1700 e
2kn () n 1— ik .
_ q e (4 D)k

= (q1+(n71)k;q’qk))\ ] 1 _qk (CNQ)(ifl)k(q; Q)ik
x H (1,q(jfi)k+/\iﬂj)( 1+(G—i—1)k+Ai—X;

1<i<j<n

75q)2k—1,

where here and in the following Py(z) = P(7;¢,¢*). Employing the definitions
(1.2) and (1.3) of the ¢g-gamma function and theta function, we thus obtain the
identity

n a+[3+(3n i—2)k+X\;.
a\/\|+2kn(>\) UA )0
(34) Z H —cqgn— z)k+)\l. )
AEP 1:1 q q
< 1l <1fq<f*’>’€“f*f>< PO gy
1<i<j<n

_ H 1- q Lg(a+ (n — )k + pi)Tq(8 + (i — 1k — pi)Tg(ik + 1)
- Fyla+ 8+ n+i—2)k)Iy(k+1)
ﬁ(_cqa+(2n—i—l)k+m; q)
V(—cqln=9%; q)
The next step of the proof relies on the following lemma. Let S,, be the symmetric
group, with elements w given by the permutations of (1,...,n). S, acts on f(x) as

w(f(z)) = fw(@)) = f(@w, - Zw,)-

X

Lemma 3.1. For k a positive integer and w € S,, let

(358,) h)\ = hw()\)
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and
(35b) hy=0 Zf ‘)\i—)\j‘E{O,...,k‘—l}.
for all1 <i < j <n. Then, formally,

-0" < ¢ — g
(3.6) > hasks = T oo I R r———

AEP Ay dn=—00  1<i<j<n

Note that because of the symmetry (3.5a) not all of the inequalities in (3.5b) are
independent. For example, (3.5b) follows from the weaker hy = 0 if \; — ;11 €
{0,....,k—=1}forallie {1,...,n—1}.

Before giving a proof, let us first show how Lemma 3.1 can be applied to trans-
form (3.4) into the statement of Theorem 1.1. To this end we identify hy4xs with the
summand on the left of (3.4). Hence, by 6] = (3), n(6) = (3) and n()\) = Doici N

hy = q_ak(g)—2k2(g)+a\>\| Pu(qk) ﬁ (_an+ﬁ+2(n_1)k+)\i§Q)oo
P (¢") 11 (=eg™; @)ec
1<i<j<n

Now clearly the first line on the right is symmetric in A. To see that also the second
line is symmetric note that by

(3.7) (a:q)n = (¢'~"/a; )u(—a)"q(*)

both HKj(q)‘-” —¢") and Il qF= DN (= RFA= X g) o) are skew-symmetric
functions (of A), making their product a symmetric function. Next observe that
thanks to the factor (¢'=%+*=%i: ¢)5;_1 also the inequalities (3.5b) hold, putting us
in a position to apply Lemma 3.1. Choosing t = ¢* in the lemma, recalling definition
(1.4), and using the above-discussed fact that the second line in the expression for
hy is symmetric in A, so that we may interchange A; and );, we obtain the second
integral evaluation of Theorem 1.1 with A replaced by pu.

The conditions on « and 3 imposed by the theorem follow from the fact that,
taking into account all the variable changes, we have effectively applied (2.17) with
x; — ¢tk and b/a — ¢t =R Gince 0 < ¢ < 1 the inequality
|bt1 =" Ja| < |x;| < 1 (with t = ¢*) therefore translates into Re(a + 3) + (n — 1)k >
Re(a) + (n — i)k + A\; > 0. Since X is a partition this yields Re(a) > —\,, and
Re(ﬂ) > A

Proof of Lemma 3.1. We take the left-hand side of the identity of the lemma and
replace A — A\ — k4, i.e., \; — A; — k(n — i). This leads to the sum >\ p hx
where the prime denotes the added restriction A\; — A\;4+1 > k. Since hy = 0 for
Ai = Aig1 € {0,...,k — 1} we may drop the prime to simply get >, phxr. Now
by the symmetry (3.5a) and the fact that hy = 0 for \; = \; we may further
replace this by (1/n!) Zi‘i’_w)\n:_m hx. Next we need the summation identity [20,
Equation (II1.1.4)]

x; — tw L
9 Sl I 2=2) -1
N . -/Ez —l‘] L 1 —t

weSy, 1<i<j<n i=1

(This follows by viewing the symmetric function on the left as the ratio of two
skew-symmetric polynomials—the denominator polynomial being the Vandermonde
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determinant. Since both polynomials are of degree n — 1 and vanish for z; = z;,
the left must be independent of  and may be evaluated by taking z = t°. For
this specialization the only non-vanishing contribution comes from the (unique)
permutation of maximum length, leading to the desired right-side.) Hence

o0 oo
(N g —tgh
Y. = (t: 1) Z ha Y w H i — g
Ay Ap=—00 Alyers Ap=—00 wES,, 1<i<j<n
R g —tqh
(B Z 2 v H P — N
Ay Ap=—00 WE S, 1<1<j§n

oo

(1 _ t)n in — tq>‘j
=nli—— > [] 5—K o O
(t;t)n

i
Alyeey Ap=—00 1<i<j<n q q

3.2. Proof of Theorem 1.4. Let the structure constants f¥, = f,(g,t) be given
by [20, Equation (VI.7.1")]

(3.9) Py(2)Pu(x) =Y X, Po(x)

Substituting this in the left-hand side of (1.9) and performing the resulting integral
by the 8 = k case of Corollary 1.3 we get

) 5 T, (ik)Ty (ik + 1)
3.10) LHS(1.9) = ¢**(:)T2K*(5) (1 — g)kn” al
(3.10) LHS(L9) T
v k
X Zf)‘#(q7q )PV ’q’ H a+(n z)kJruI q) k,
v 'L:1 nkKk

where we have used
Lylat+n) _ (4" q)n
Ly(a) (I-qn

To perform the sum over v we need the following proposition.

(3.11)

Proposition 3.1. Let A = (Ay,..., \n) and pp = (p1, ..., un) be partitions. Then

S R Pt E o) 00 T e D,

(2)v (2827775 @) x i

Note that for given A and p this result is a rational function identity. Indeed, by
the homogeneity of the Macdonald polynomials, f¥, = 0 if [v| # [A| + [/, so that
only a finite number of terms contribute to the sum on the left. In view of this it
clearly suffices to prove the proposition for |z| < min{[t"*i =1}, (ie., |2] < [¢|* if
[t| > 1 and |z| < |¢|>"~1 if [t| < 1). This restriction on z in the proof given below
arises from the use of the g-binomial theorem (2.17).

1,j=1

Proof of Proposition 3.1. By (2.19) we first rewrite the above identity as
(3.12)

y Ztl lql/L q) n (ZtQ—i—qur‘ruj;q)oo
> P H— PP 1] o

1 ; 1 N
i (BT oo o G )
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For the sake of compactness of subsequent equations we set z = yt>"~! and then
use the 1@y sum (2.17) to expand the product over ¢ in the summand on the left.
Hence

I
LHS(3.12) me ,y u, (Py)uo(Py),

where we have used (2.5) and P, (t5) = uo(P,). By the symmetry (2.15) this yields

LHS(3.12) Zf” ﬂ o (P)uo(P,).

The sum over v can now be carrled out by (3.9), leading to

ny olnl
Lus(312) = 3 CIY T 0 (B (B (P,

By two more applications of (2.15) this gives

ny il g, u
LHS(3.12) = uo(Pr)uo(Py) Z (t );y /\(izzpﬂ)(P").

n "
From (2.8) and (2.14a) it thus follows that

LHS(3.12) = uo(Py)uo(P, Zb,,y ux(Py)uu(Py).

This nearly completes the proof. All that is needed now is the homogeneity of the
Macdonald polynomials and the Cauchy identity (2.11). By virtue of these,

LHS(3.12) = uo(Px)uo(Pu) [

i,j=1

Recalling that z = yg®"~! this is in accordance with the right-hand side of (3.12).

|

(yt?rHi-imdghiti g)
(yt2n=i=ighitri; q) o

We remark here that a dual version of Proposition 3.1 without the free parameter
z is given by Proposition 3.2 of Section 3.6.

We now return to the proof of Theorem 1.4. Replacing z — ¢®t?"~! and then
choosing ¢t = ¢*, the identity of Proposition 3.1 can be written as

;ffu(q,qk) (@5 9,9 H qot(n— z)k+u, Q) nk

1:1

n
1
— ko, k ko k
- P)\(q 34,4 )Pu(q 34,4 ) H (qa+(2”_i_j)k+)\i+ﬂj'q)k'
i,j=1 !

Using this to perform the sum over v in (3.10) results in the right-hand side of
(1.9).

In the above we have not yet addressed to condition Re(a) > —\,, — py, imposed
on the theorem. To see how this arises note that we first applied Corollary 1.3
with 8 = k and A — v. This step is justified if Re(«) > —v,,. The next step was
to perform the sum over v in (3.10). According to [20, Equation (7.4)] f{, = 0
unless ¥ D A and v D u. Hence we may without loss of generality assume that
Vp > ptn. Recalling the notation (2.1), let & and o be the partitions i = g — py,
and 7 = v — p,. From (3.9) and (1.8) we have P\P; = }_, f{, Ps. Since also
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P\Ps = Y, f{; Py we conclude that f§, = f{;. But f{; = 0if » 5 X\. Hence
f;\’u = 0if v, < A\, + pp. This last result implies that by summing over v in (3.10)
the condition Re(a) > —v,, on the summand translates into Re(a) > —\,, — .

3.3. Proof of Corollary 1.6. To obtain this from Theorem 1.4 is rather straight-
forward. Multiplying boths sides of (1.9) by (—1)I*IP,(y; ¢*, ¢) and summing over
w such that py = £(p') < m we find by the use of the Cauchy identity (2.12) that

n n 2 k+1
LHS(1.10) = M) (1 ) by gt45g,4) [T Ptk D
i=1
i 1
X Z |H|P y7q q) ’q’ H a+(2n i—3)k+Xi+pj - q) !
z,j:l
N1<m

Next we eliminate P,(¢";q,¢*) by (2.14a), use

n

1
H (qoz+(2n7i7j)k+)\i+#j ; q)k

i,j=1

- 1 ﬁ Dy(a+ (n—i)k+N;) (qotCn=i=Dk+di g k),
= (1 — q)lmi’ P Fq(oz + (2n _ Z)k 4 >\i) (qa+(2n7i)k+)\i; q,qk)u

as follows from

(3.13) (0g"s ), = “SLEE D,

(2.9) and (3.11), and replace the summation index p by p'. As a result

LHS(1.10)
o ()2 (3) py (47, ) - Fq + (n — i)k 4+ A\)Ty(ik)T, (ik + 1)
’ palet Jla+(2n—i)k+X\)Ly(k+1)
X Z |H| "4, 4")w Pu(yi 6*,q) ﬁ AT
( qk bl a+(2n )k+N; . Q7qk)u’ )
H1<n

with g = (1, ..., tm). Comparing this with the right-hand side of (1.10) it remains
to show that the last line can be written as the ,, 1 ®,, series claimed in the corollary.
For this we need

(@;q,t)v = (-1)M(@ Yt q)x and cn(gq,t) = ch(t,q),

both of which follow immediately from the definitions of the respective functions in
terms of the arm-(co)length and leg-(co)length and the fact that under transposition
arms become legs and and legs become arms. The sum over p may thus be written
as

5 (™ q", ) Puly; ¢*, q) ﬁ ~EnoimDk=di gk gy,
m c.(d*,q) S (g @nmk=digh q),
p1<n

By definition (2.16) this is seen to be in accordance with the ,,11®,, series on the
right of (1.10).
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3.4. Proof of Theorem 1.7. The proof presented below is a streamlined g-version
of the proof of Corollary 1.8 given by Kadell [13].

First we show that it suffices to proof the theorem for a = 0, or, equivalently,
for a = k — 1. To this end we assume a > 0 and replace y — p + a. Next we twice
apply (2.6) (with A — u) and use both (3.2) and (3.7) to write

(35 9)a(q/%i QOk—a—1 = (—xi)aq(;) (¢"/2i30) k-1

Comparing the resulting constant term identity with Theorem 1.7 for a = 0, we
conclude that the a > 0 cases follow from the a = 0 case if
n

C.T. [Pquq) (75 q,q H( 7»‘1),6_1 11 (i?q)k]

i=1 1<i<j<n

= 93,u(a) C.T. [ A4, 4%) Py (w_l;q,q’“)ﬁ(%;qkfl II (iqjjq)k]
i=1 " J g

1<i<j<n

a

with g3 , (q) = q®U#I=IAD | This is readily established by the substitution z; — 2;¢~
on the left. Although this changes the expression within the square brackets, it does
not alter the constant term. The homogeneity (2.5) of the Macdonald polynomials
now does the rest.

Below we present a proof for a = k — 1. By the comment following Theorem 1.7
this is equivalent to proving the case a = 0.

Let us denote the a = k£ — 1 instance of the expression within the square brackets
in Theorem 1.7 by S’)f’ﬂ (¢). For N a fixed integer such that y; < N denote [i the
complement of p with respect to (N"), i.e., fi; = N — pp—ij41 for i € {1,...,n}.
Then, by

(3.14) Pu(w;q,t) = (w1 2n)¥ Pa( ™ ¢, 1)
(see e.g., [6]), (3.7) and (3.2),

n

Sk (q) = (1)) gG)C) Py (2: 4, ¢*) Pa(a; ¢, ¢")
(e 1)h— zogl—F
x Hxi( AT N xf’“(’q%;q) :
iy 1<i<j<n T; 2k

Since we need the constant term of S’/{, “(q) we may replace x — gx and use the
homogeneity of the Macdonald polynomials and nN — || = |u| to get

n

(3.15) C.T.[SK . (a)]= (—1)k(3) g(B)G)+RAI=lulc . {Pk(x;q,qk)Pﬂ(x;q,qk)
n 1—k
—(n—1)k=N,_ 2k (T34
xHxi (Tiq3 @) k-1 H Z; ( 7 7q>2k]'
i=1 1<i<j<n

Our next step is to use the well-known and easy to prove fact (see e.g., [3, 9, 17])
that if f(z) is a Laurent polynomial in z, then

CTLf(@)] = lim ( 1_q /(Hx 1) .

[01" -
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According to the above we may compute the right-hand side of (3.15) by the o —
e — N — (n—1)k and p — fi instance of Theorem 1.4 (where the integral in (1.9)
is analytically continued using its evaluation). Replacing ¢° by w this yields

C.T.[S5 . (a)] = (—1)F() () (2 =2 (") HA 1wl =Nk(3)

n
(@) ik—1(a; 0)ik
x Px(¢";4,4") Pa(d"; 9, 4" HZ—
i=1
- 1
x lim (1 —w)"
w—»l( z};[l qu i— ]+1)k N+XNi+f;. q)

where we have also used (1.2) to eliminate some ¢-gamma functions. We now
eliminate i in favour of . To achieve this we replace j — n 4+ 1 — j in the double
product on the right and use (2.14b) to obtain

Pu(¢®) = VG-Vl p, (g%,
Hence

(3.16) C.T.[Sgiu(q)]:(_1)k(3)q(2)(Z)—k2(”?)+\A|—|u|—k(n—1>|u|

n
q;49)ik—1 ik
x Pr(¢";4,4")Pu(d"; 9, 4") H—)
=1
x lim (1 —w)™ ﬁ !
w—1 521 (wq(j*i)kJr/\i*Hj ; Q)k '
It remains to deal with the limit of the double product. For fixed ¢ consider
3.17 - !
S U (wqU=Dk+Aimmi; q),.”
It has a pole at w = 1 if there is a j € {1,...,n} such that (j — )k + X\; — p; €
{1 —k,...,0}. Clearly, there can at most be one such j, since

((G+ 1=k + X —pjp1) = (G — Dk + X — pj) =k +pj — pj = k.
Hence (3.17) has at most one simple pole at w = 1. Since (1 — w)™ has a zero of
order n at w = 1 it follows that the C.T. [S’i“(q)] = 0 unless for each i € {1,...,n}
the product (3.17) has a pole. Hence for the constant term to be non-zero there
must for each i be a (unique) j, say j;, such that

(318) (jl_l)k—i_)‘z_/’éh € {l_ka70}
Therefore

(i =0k +Xi = p,) = (Gisr =i = Dk + XNiga —p5,p,) €{1—k,... .k — 1}
Since /\Z — )‘i+1 Z 0 this implies that (jz - ji+1)k + ,ujiJrl — My < 0. If ]z Z ji—i—l
then pj,,, — pj, > 0 so that (j; — jiy1)k + pj,, — pj, > 0. Since this would lead

to a contradiction, we infer that j; < j;41 for all 4, which implies that j; = 1.
Substituting this back into (3.18) we conclude that C.T. [S’;_’u(q)] = 0 unless

(3.19) wi— A €{0,...,k—1} forall i€ {1,...,n}.

This is in accordance with the comments made following Theorem 1.7.



20 S. OLE WARNAAR

In the remainder we assume (3.19) to hold. Then

1
M n
Jim (1 - w) H TR N— R

=1 (wq( 23] q)k

11 L NS QN S

iy (QUIRE T ) w1 20 (wghi e g

i£j

DR s [ E—-1] 1
= (( ))n Hq( 2 )|: _)\_] H (qU=Dk+Xi=n5; )

q:9) -1 i—1 12 idg i =1 q yq)k
i#£]

= (-1 )IM+|#|+’<(Z) K2("51) = (5) (5) —k{n(N)+n(w)— (n—1)|ul}

q
Hq /\z—m |: —1 ]
-1 ;=1 ’L_)\i q
1
X — — .
15@119 (qU=Dk+Ai=ns; q) (g =R = DhFri=As; )

where we have used the easily proved

o l-w (—1)2¢("s") {k - 1}
lim — =

o=l (wgm gk (GQk | oa |,
and (3.7). Substituting the above in (3.16) and using (1.7) to eliminate the spe-
cialized Macdonald polynomials completes the proof of the a = k — 1 instance of
Theorem 1.7.

3.5. Proof of Corollary 1.9. We first invoke the following simple lemma, which
is essentially the content of parts (a)—(c) of [20, Example VI.9.1], to show that
Theorem 1.7 is equivalent to (1.13).

Lemma 3.2. Let f(z) be a symmetric Laurent polynomial. Then
k

C.T[f(x) I1 (Z,Z;q)k}nlwc.’f.[ﬂx) 11 (#,q;j;q)k].

o - T
1<i<j<n 1<i<j<n

Since Py (z)P,(z7 )hqk(x) with he given by (1.14) is a symmetric Laurent
polynomial this clearly establishes the equivalence of Theorem 1.7 and the scalar
product evaluation of (1.13).

Proof of Lemma 3.2. Suppressing their k-dependence, let us denote the expressions
within the square brackets on the left and right by L(z) and R(x), respectively.
Clearly, L(x) = w(L(z)), C.T.[R(z)] = C.T.[w(R(z))] and

zi — ¢ x;
R(z)=L(z) [] ——2.

T; —T;
1<i<j<n J



¢-SELBERG INTEGRALS AND MACDONALD POLYNOMIALS 21

Combining these facts gives

C.T.[R(z)] = i, > CT.w(R(x))]
weSy,
1 T w 4
——an [L( )w%;n (@]:Ln p— )]
1 (¢%q")n
1= gy CTE@)),
where in the final step we have used (3.8). O

Next we show that (1.13) implies (1.15). Since Py(z)P,(z~!) is homogeneous of
degree |A|—|pul, [T, ;(zi/2j, ;/2:; ¢)r is homogeneous of degree zero and hy—1,k(z)
is a polynomial with constant term 1, it follows that

(Pxn, Pu) = (Px, Pu)' 0)x1 1) = (Pahi—1k: Pu) O)x) )

From (1.13) we know that (Pxhg—_1k, P,)" = 0 unless p; —A; € {0,...,k—1} for all
i €{1,...,n}. Combined with the fact that |A\| = |u| this yields that A = p. Hence

(Px, Pu) = (Pxhi—1.k, Pu) O

Using (1.13) with A = g and a = k — 1 to evaluate the scalar product on the right
leads to (1.15).

Having shown that Theorem 1.7 implies (1.13) and (1.15) has prepared us to
show that the same theorem also implies Corollary 1.9.

Since the right-hand side of (1.16) is a symmetric polynomial in x it may be
expanded in terms of the Macdonald polynomials as in the left-hand side. The
exercise is thus to determine the coefficients ¢, (¢). Using (1.12) we obtain from
(1.16) the identity

Z C)\u P)\a > = <Rl,hk—l,ka Pu>/-

By the orthogonality (1.15) this yields

& (Puhi—1k, P\)
C,\#(Q) (P,\,—P,\)’

where we have replaced v by A. Thanks to (1.13) and (1.15), both scalar products
can be explicitly computed resulting in the expression for c’ju(q) as claimed in
(1.17).

Somewhat more general but easily derivable from Corollary 1.9 is the following
g-binomial theorem.

Corollary 3.3. Let = (pu1,...,1n) be a partition and a and k integers such that
a€{0,...,k—1}. Then

n
> S @ P30, 6%) = Pu(wiq,¢") [ [(@isq a( -’>ka1’
i=1 Ti T

AEP
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where

DA T ) | R
)‘“() H [a—&—m—/\iL

(qU=DkFHi=hs; q) (qrFFU=DRFA= A gy

X — — .
e R

Here we again adopt the convention of Theorem 1.7 that ¢}’ k(q) = 0 unless

a+pu; — X €{0,....,k—1} foralli € {1,...,n}.
Proof. Replace A — A — (k—a—1) and  — ¢*~*"!z. Using (2.5), (2.6) and (3.7)
it then follows that we reduce to the case a = k — 1. O

3.6. Proof of Theorem 1.10. Key in our proof is the following sum over the
structure constants of Macdonald polynomials.

Proposition 3.2. If A\ = (\1,..., ) and p = (u1, ..., 1s) are partitions then

t), "y o (@ )N
(3.20) Z A q/ t(l—n)\u\pu(té)(q : )A H (q _ ) M

C)\ i,j=1 (qtjil;q))\m—ll«j

Below we present two proofs of this result. The first and longer proof explains
the origin of the above identity. The second and shorter proof uses Corollary 1.9
but obscures what is really going on. First, however, we show how (3.20) leads
to Theorem 1.10. Multiplying both sides of (3.20) by Py(z) and summing over A
yields

tn71 Py(z . tj_i_l; —Hj n—1)|p L
5 @A) (q(qtj ,qfiA s — e PM(&(Q) 1 @o(g/t

A R
A i,j=1

where we have used (3.9) and definition (2.16). Summing the ;P series by the

g-binomial theorem (2.17) completes the proof.

—q,t,x),

First proof of Proposition 3.2. The proof hinges on the simple identity

v 5 (P, Py
(3.21) X = ﬁ\a 2PP>/’

where, as before, the partitions A and 7 are the complements of A\ and v with respect

o (N™), with 11 and A\ not exceeding N. The identity (3.21) may seem to lack
the necessary symmetry, but we note (see also the proof below) that (Py, P\)' =
(Ps, Ps)’.

The following proof of (3.21) is correct for all ¢ provided we take the more general
definition of the scalar product (1.12) in terms of an n-dimensional integral as given
in [20, Equation (VI1.9.10)]. However, since (3.21) is a rational function identity it
certainly suffices to establish its truth for just ¢ = ¢¥. We leave it to the reader to
either take t = ¢* in all of the remainder or to assume the generalized definition of
the scalar product (-, -)’.

From the orthogonality of the Macdonald polynomials with respect to the scalar
product (-, -)" it follows that

(PAPyu, P))'

= (P,,P,)
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Let f(z) = f(xl_l,...,xgl) and e,(r) = x1...x,. Then, by (-f,-) = (,-f),

enén =1 and (3.14),
N <RLPI%P;\>, - <e P, Pz/a nP)\> <P/\P/17PV>/ _fV <PV7PV>,
WP, Py (eNPyLeNPY) (PP (PP

We now take z = t"¢q~" in the identity of Proposition 3.1 and make the substitution
(3.21). Also using [20, Equation (VI.9.6)]

(P\,Py) (qt" 1), ¢y PA(t9)

(Py, Py)’ B (gt™1)a g Pu(té)

then gives

Z 4tn L Vg Ui T T ),
¢ Ntn), o o AL (N2 )5y,

1,7=1
Next we replace the summation index v by o and eliminate 2 and A in favour of v
and A using [6, Equation (4.1)]
ML) gn(OV) = NIA] (@) ()
(a’))\ ( q/a) (qliNtnil/a))\

and [6, Equation (4.5)]

Y
¢ = (—)MnO=N () gro)-nia @ v
=1 - (gt"1,q~N)x
Therefore

n, n J—i—1.

Z hY q/t (1 n)‘H‘P t5 )\ H qt 4 ) Ai UJ’
i,j=1 qtj Z7q))‘ —Hj

where we have also used that f7, = 0 unless |u| + v = 1Al and

B:@n—r (Bi@)n (¢ "/b; @)
Next note that summing over the partition o is equivalent to summing over v.

Indeed, (N™) D ¥ implies that also (N™) D v. But since A =0ifv; > A\ = N=)\;

we may simply sum over all partitions v = (v, ..., Z/n). Flnally renaming A as A
completes the proof. O

(@;Q)n—r  (a;q)n (¢17"/b;qQ)x <é)k

Second proof of Proposition 3.2. Since f,, = 0 unless [A| = |u| 4 |u|, only a finite
number of terms contribute to the sum on the left. Hence for fixed A and p equation
(3.20) is a rational function identity. It thus suffices to give a proof for sufficiently
many values of ¢, and in the following we will show that (3.20) is true for t = ¢*
with k a positive integer.
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We take (1.16), replace = by ¢' %z and then expand the product on the right
using (2.18). Hence

RHS(1.16), pq1—+ = Pu(zq" ":14,6") 1®0(¢" % —5 ¢, ¢", 2)
1—-k

_ (lfk)|p,|P . k (q 4,4 )VP . k

q 21q,¢%) Y S P (1, q

a ) ,(q,q") ( )

v

—URI ST A (g qk)(q 4, 4%y Y (g, 4.
2 S ) )

1—

Equating coefficients of Py(z;q, ¢*) with the left-hand side of (1.16) (with x —
xq'~F) yields

1 k k
0 )y (1) (A &
(g )L v ()
Z m c,(q,q%) @

By (1.7), (3.1), (3.7) and (3.13) this is in accordance with equation (3.20) for
t=q*. [

4. BACK TO ASKEY

It seems appropriate to end this paper with another one of Askey’s conjec-
tures. By examining a special limit of the Askey—Habsieger—Kadell integral (Con-
jecture 1.3 with A = 0) Askey was led to conjecture the sum [3, Conjecture 7|

N n
>\+CL*1 N*)\i+bfl
D SR | { G [ QRN I ) GRS R O
..... Ap=01i=1 v 1<i<j<n

_ ﬁ (a)(i—l)k(b)(i—l)k(a + b)N+(i_1)k(ik)!
i1 (a + b)(nJri,Q)k(N — (Z — 1)]{)>'k"

This is contained in Askey’s last g-integral [3, Conjecture 8] proved by Evans [7],
Kadell [15] and Tarasov and Varchenko [25, Theorem E.8]. Although we are at
present unable to use the Macdonald machinery to deal with Askey’s last conjecture,
we will show that the multivariable basic hypergeometric series studied in this paper
can certainly deal with (4.1).

Let us begin by introducing the series

- R RN |
r+1Pr $q, %
[ bl,...,b

n

. (a,... aT"‘rl’q))\iZ)\i 2kN; [ 1—k4+X; =\,
= Z H — I[[ &M@ 0

ALy, An=04=1 s by 1<i<j<n

for k a nonnegative integer and n a positive integer. When k = 0 this of course
trivializes to the n-th power of an ordinary ,1¢, series. We now claim the following
n-dimensional version of the g-Pfaff-Saalschiitz summation.
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Theorem 4.1. For N a nonnegative integer there holds

T a, ba qu .
2| ¢, abgl—N+2(n—1k /¢’ 749

+k(§)ﬁ (4 @ik (a,5,4~ 5 q) nipn
S\ (@ @k (e, abg =NF2=Dk Jerq) ik
(cq(l_i)k/(k Cq(l_i)k/b;Q)Nf(nfl)k )
(Cq(n—i)k7 Cq(2—n—i)k/ab; Q)Nf(nfl)k ’

Note that for N < (n — 1)k the right-hand side vanishes as it should. Indeed,
because the summand on the left is zero for [A\; — A;| € {0,...,k} or max{A;}}'"; >
N, there are no non-zero contributions to the sum when N < (n — 1)k.

To see how the theorem relates to (4.1) we let b tend to zero and then replace
a — ¢ and ¢ — ¢~V ~?. By the usual manipulations involving ¢-shifted factorials,
this leads to

(4.2)
N n
Aita—1] [N=X\+b—-1 , Y
bA; i kN [ 1—k+X;—Ai. ,
Z 11« { } [ N, } H (g 5 q)2k
..... An=01i=1 q 11<i<j<n

n

™) 40k H (00" @) -k (@ @) N -1 (@5 @ik
= (@ ) i)k (G O V- -1k (@ D

which is the obvious g-analogue of (4.1). For k = 1 (4.2) is equivalent to [19,
Theorem 6] of Krattenthaler.

Proof of Theorem 4.1. The theorem is really nothing but a rewriting of the Pfaff—
Saalschiitz sum for Macdonald polynomials due to Baker and Forrester [6, Equation
4.7]

a,b,qN 0t (C/a b/a)nn
872 e abtr—1q1 =N Jc 0, 0t° ~ (c,c/ab)nny

Taking ¢ = ¢* and using (3.3) this can be written as

k), g2k )+

3 (a,b,754,4")aq
— ("D, e abg! =Nk [erq, gF)

> H (liq(j*i)k“r)\i*/\j)( 1+(G—i—1)k+X;—Xj . Q)Qk L
1<i<j<n
_ (¢/a, b/a;q,q") () H 1— " (9 i—1)k(@ @ik
(c,b/ab;q, q*)nny -5 1—q* (@ @)k '

Multiplying both sides by

o (agt R pg(mmk gmNEAEE g)

paley (q,cq = abg =N /¢; q) (n—iyk

(4.3)
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and using (2.9) and (3.2), this becomes
FobqUmmk g NFA=mk ) ik @

" (g™
;1;[1 (q,cq"~ ")’qu1 N/ @) x+n—iyk

% H FNi(1 - q(j—i)k—&-)\i—)\j)<q1+(j—i—1)k+>\i—)\j;q)
1<i<j<n
(¢/a,b/a; q,q")(nmy
(c,c/ab; q,q%)(nm)

2k—1

y ﬁ 1— " (g (ag" %, bk, g~ NIk ) (0o
S l=g* (g q) (cqt- ")",abq1 N/e; q)(nﬂ) '
Because (4.3) is zero for N € {—(n — 1)k,...,—1} the above sum is true for all

integers N such that N+ (n—1)k > 0. Next we replace a — aq("~Dk, b — bg(n=Dk,
¢ —cq" V% and N - N — (n — 1)k. This yields

Zﬁ (a0, N5 ), +(n—i)k g
By

=1 (g, ¢, abg =NT2 DR e )y iy

« H q2k:/\i(17q(j7i)k:+)\i7)\j)(q1+(j i—1)k+Xi—X;. Q)21

- (1 —¢" (9 (a,0,a7N;9) (n—ipk
L—g* (g:q)r (¢, abg'=N+2=Dk /i q) iy,

(cq =% /a,bqg =% Ja; q) N _ (1)1
(cq(n=0k, cq=n=Dk /ab; q) n_ (—1)

where N should now be a nonnegative integer. Defining

k(] ﬁ (a,b,a7 N5 q)x, ¢

q,c abq1 N+2(n— 1)k/c q)

<TI0 - )@ e
1<i<j<n

the left-hand side of (4.4) is nothing but ), hayrs. Since hy satisfies (3.5a) and
(3.5b) we may utilize the unilateral version of Lemma 3.1 obtained by replacing the
sum on the left of (3.6) by >, and the sum on the right of (3.6) by Z/O\i“__kn:o.
Provided we take ¢ = ¢* in the unilateral form of (3.6) and use the symmetry of
hy, we obtain Theorem 4.1. O

hx=q
1=1

Acknowledgements. I thank Hjalmar Rosengren for helpful discussions.

REFERENCES

1. G. E. Andrews, R. Askey and R. Roy, Special functions, Encyclopedia of Mathematics and
its Applications, Vol. 71, (Cambridge University Press, Cambridge, 1999).

2. K. Aomoto, Connection formulas of the q-analog de Rham cohomology, in Functional Analysis
on the Fve of the 21st Century, Vol. 1, pp.1-12, S. Gindikin et al. eds., Prog. in Math. 131
(Birkhauser, Boston, MA, 1995).

3. R. Askey, Some basic hypergeometric extensions of integrals of Selberg and Andrews, SIAM
J. Math. Anal. 11 (1980), 938-951.



10.

11.

12.

13.

14.
15.

16.

17.

18.

19.

20.

21.

22.

23.

24.
25.

26.

¢-SELBERG INTEGRALS AND MACDONALD POLYNOMIALS 27

. R. Askey, Ramanujan’s extensions of the gamma and beta functions, Amer. Math. Monthly
87 (1980), 346-359.

. R. Askey, Beta integrals in Ramanujan’s papers, his unpublished work and further examples,
in Ramanugjan revisited, pp. 561-590, G. E. Andrews et al. eds., (Academic Press, Boston,
MA, 1988).

. T. H. Baker and P. J. Forrester, Transformation formulas for multivariable basic hypergeo-
metric series, Methods Appl. Anal. 6 (1999), 147-164.

. R. J. Evans, Multidimensional beta and gamma integrals, in The Rademacher legacy to math-
ematics, pp. 341-357, G. E. Andrews et al. eds., Contemp. Math. 166 (AMS, Providence, RI,
1994).

. G. Gasper and M. Rahman, Basic Hypergeometric Series, Encyclopedia of Mathematics and
its Applications, Vol. 35, (Cambridge University Press, Cambridge, 1990).

. L. Habsieger, Une gq-intégrale de Selberg et Askey, STAM J. Math. Anal. 19 (1988), 1475-1489.

L. K. Hua, Harmonic analysis of functions of several complex variables in the classical do-

mains, Translations of Mathematical Monographs, Vol. 6 (AMS, Providence, RI, 1979).

K. W. J. Kadell, A proof of some q-analogues of Selberg’s integral for k = 1, STAM J. Math.

Anal. 19 (1988), 944-968.

K. W. J. Kadell, A proof of Askey’s conjectured q-analogue of Selberg’s integral and a con-

jecture of Morris, SIAM J. Math. Anal. 19 (1988), 969-986.

K. W. J. Kadell, An integral for the product of two Selberg—Jack symmetric polynomials,

Compositio Math. 87, (1993), 5-43.

K. W. J. Kadell, The Selberg—Jack symmetric functions, Adv. Math. 130 (1997), 33-102.

K. W. J. Kadell, A simple proof of an Aomoto-type extension of Askey’s last conjectured

Selberg q-integral, J. Math. Anal. Appl. 261 (2001), 419-440.

J. Kaneko, g-Selberg integrals and Macdonald polynomials, Ann. Sci. Ecole Norm. Sup. (4)

29 (1996), 583-637.

J. Kaneko, Constant term identities of Forrester—Zeilberger—Cooper, Discrete Math. 173,

(1997), 79-90.

J. Kaneko, A 1¥1 summation theorem for Macdonald polynomials, Ramanujan J. 2 (1998),

379-386.

C. Krattenthaler, Schur function identities and the number of perfect matchings of holey

Aztec rectangles, in q-Series from a Contemporary Perspective, pp. 335-349, M. E. H. Ismail

and D. W. Stanton eds., Contemp. Math. 254 (AMS, Providence, RI, 2000).

I. G. Macdonald, Symmetric functions and Hall polynomials, second edition, (Oxford Univer-

sity Press, New-York, 1995).

I. G. Macdonald, Hypergeometric series II, unpublished manuscript.

S. C. Milne, Summation theorems for basic hypergeometric series of Schur function argument,

in Progress in approximation theory, pp. 51-77, A. A. Gonchar and E. B. Saff eds., Springer

Ser. Comput. Math. 19 (Springer, New York, 1992).

W. G. Morris, Constant Term Identities for Finite Affine Root Systems: Conjectures and

Theorems, Ph.D. dissertation, University of Wisconsin—-Madison, 1982.

A. Selberg, Bemerkninger om et multipelt integral, Norske Mat. Tidsskr. 26 (1944), 71-78.

V. Tarasov and A. Varchenko, Geometry of q-hypergeometric functions, quantum affine alge-

bras and elliptic quantum groups, Astérisque 246, (SMF, Paris, 1997).

Z. Yan, A class of generalized hypergeometric functions in several variables, Canad. J. Math.

44 (1992), 1317-1338.

DEPARTMENT OF MATHEMATICS AND STATISTICS, THE UNIVERSITY OF MELBOURNE, VIC 3010,

AUSTRALIA

E-mail address: warnaar@ms.unimelb.edu.au



