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Abstract. The Knop—Sahi interpolation Macdonald polynomials are inhomogeneous
and nonsymmetric generalisations of the well-known Macdonald polynomials. In this
paper we apply the interpolation Macdonald polynomials to study a new type of basic
hypergeometric series of type gl,,. Our main results include a new g-binomial theorem,
new ¢-Gauss sum, and several transformation formulae for gl,, series.

Part I. Interpolation Macdonald polynomials

1. Introduction

The Newton interpolation polynomials
Ni(z)=(x—21) - (x — xp) (1.1)

were used by Newton in his now famous expansion

k
N(l‘) = Z N(x1)8182 e 8ZNZ($)
1=0
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Here N(z) is an arbitrary polynomial of degree k and 9; (operators in this paper
act on the left) is a Newton divided difference operator

f(x17x2,...)8i _ f(...,$i+1,$i,...) - f(...,xi,xi_,_l,...).
Tit1 — &4
Various multivariable generalisations of the Newton interpolation polynomials
exist in the literature, such as the Schubert polynomials [12] and several types
of Macdonald interpolation polynomials [10] [IT], 23] 24] 25 29, B31]. In this pa-
per we are interested in the latter, providing generalisations of (|1.1)) when the
interpolation points x1, ...,z form a geometric progression

($13z27x37"') = (17Q7q27"')'

Then
Ni(z) = (x—l)(m—q)-u(x—qk_l), (1.2)

and three equivalent characterisations may be given as follows.

(1) Ng(z) is the unique monic polynomial of degree k such that Ni(¢™) =0
for m € {0,1,...,k—1}.
(2) Ng(z) is the solution of the recurrence

pri1(@) = ¢"(z — Dpi(2/q)

with initial condition po(z) = 1.
(3) Up to normalisation Ni(x) is the unique polynomial eigenfunction, with
eigenvalue ¢~*, of the operator

where f(x)r = f(x/q).

Knop [10] and Sahi [29] generalised the Newton interpolation polynomials to a
family of nonsymmetric, inhomogeneous polynomials M, (z), labelled by compo-
sitions v € N and depending on n variables; x = (x1,...,2,). The polynomials
M, (x), known as the (nonsymmetric) Macdonald interpolation polynomials or
(nonsymmetric) vanishing Macdonald polynomials, form a distinguished basis in
the ring Q(q,t)[z1,...,z,]). Remarkably, Knop and Sahi showed that all three
characterisations of the Newton interpolation polynomials carry over to the multi-
variable theory. What appears not to have been observed before, however, is that
the Macdonald interpolation polynomials may be employed to build a multivari-
able theory of basic hypergeometric series of type gl,,. For example, with M, (z)
an appropriate normalisation of M, (x), the following n-dimensional extension of
the famous g-binomial theorem holds

> a My (2) =

(‘(lj;)io“ . (1.3)

n
1=

1
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The gl,, basic hypergeometric series studied in the paper are very different to
existing multiple basic hypergeometric series, such as those pioneered by Gustafson
and Milne [7, 20} 21] or those studied subsequently by a large number of authors,
see e.g., [0, 22] and references therein.

In Part I of this paper, comprising of Sections we lay the necessary ground-
work for studying basic hypergeometric series based on the interpolation Macdon-
ald polynomials. This in itself will involve the study of another type of multi-
variable basic hypergeometric series involving the function E,,(a,b), which is a
normalised connection coefficient between the interpolation polynomials M, (az)
and M, (bx). An example of an identity for the connection coefficients is the mul-
tivariable g-Pfaff-Saalschiitz sum

a
Z EC;: Eu/v(a7b)Ev/w(ba C) = ((b)w(c)u Eu/w(av C)'
Upon symmetrisation our identities for the function E, /,(a,b) generalise multiple
series studied by the second author in [26] in work on BC,,-symmetric polynomials.

In Part II, containing Sections we define the gl,, basic hypergeometric
series and prove a number of important results, such as a multiple analogues of
the g-binomial and ¢-Gauss sums for interpolation Macdonald polynomials. By
taking the top-homogeneous components of gl,, identities we also obtain results
for sl,, basic hypergeometric functions involving the nonsymmetric (homogeneous)
Macdonald polynomials E,(z).

v

2. Compositions

Let N = {0,1,2,...}. In this paper the letters w,v,w will be reserved for
compositions of length n, i.e., u = (u1,...,u,) € N?. Occasionally, when more
than three compositions are required in one equation, we also use u, v, w, where
u and u are understood to be independent. For brevity the trivial composition
(0,...,0) € N will be written simply as 0. The sum of the parts of the composition
u is denoted by |ul, i.e., |u] =us + - + up.

A composition is called dominant if u; > u;4q1 for all 1 <4 < n — 1, in other
words, if u is a partition. As is customary, we often use the Greek letters A, u and
v to denote partitions — all of which are in N™ in this paper (by attaching strings
of zeros if necessary).

The symmetric group &,, acts on compositions by permuting the parts. The
unique partition in the &,-orbit of u is denoted by u*. The staircase partition
§ is defined as 6 = (n — 1,n — 2,...,1,0), and #° is shorthand for ("~ !,... t,1).

More generally we write a“b” = (a®1b"1,...,a%b"") for a,b scalars and u,v com-
positions.
Given a composition u, we define its spectral vector (u) by
(u) := g 13, (2.1)

where o, € &, is the unique permutation of minimal length such that u = u™o,,.
Note that (\) = ¢*t? and (0) = #°. Less formally, (u) is the unique permutation

(g“rthr, g2tk .. gtk
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of q"+t5 such that, if u; = u; for ¢ < j, then k; > k;. For example, the spectral
vector of u = (2,4,2,0,1,2,1) is given by

(u) = (¢*°, ¢*°, ¢*t*, 1, qt*, ¢*t3, qt).

The diagram of the composition u is the set of points (i,7) € Z? such that
1<i<nand1l<j<wu;. We write v C u if the diagram of v is contained in the
diagram of u (i.e., if v; <w; forall 1 <i<n)and v Cwuif v Cwuand v #u. We
follow Knop [10] in defining a partial order =< on compositions refining the above
containment (partial) order. Given two compositions u,v € N* v < w if there
exists a permutation w € &,, such that v; < u,, if ¢ < w; and v; < wy, if 1 > w;.
For example (2,1,2) < (1,3,2) but (2,2,1) £ (1,3,2).

For s = (4,7) in the diagram of u, the arm-length a(s), arm-colength a'(s),
leg-length I(s) and leg-colength I’(s) are given by [10} B0]

a(s) = u; — j, a(s)=j—1
and

Ws)=Kk>i: j<up <u}|+{k<i:j<up+1<ul
Uis)=|{k>i: w >u}|+|{k <i: up>u}

For dominant compositions these last two definitions reduce to the usual leg-length
and leg-colength for partitions [I§].

Since I’(s) only depends on the row-coordinate of s, we will also write I'(7). We
may then use the above definition for empty rows (i.e., rows such that u; = 0) as
well. It is easily seen that

(u); = gt 110, (2.2)

Two statistics on compositions frequently used in this paper are

n(w)=>"1s) and  w'(u) = a(s) = zn: (Z)

SEU sEu =1

Obviously, n/(u) = n/(u™). Moreover, if X" denotes the conjugate of the partition
A, then n’/(\) = n()\). The main reason for introducing n'(u) is thus to avoid
typesetting n((u™)’) in many of our formulae.

Throughout this paper ¢ € C is fixed such that |g| < 1. Then

(b)oo = (b50)o0 == [ [ (1 — bq")
1=0
and A
Doo T ;
= s = o= = [T~ ba)
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are the standard ¢-shifted factorials [6]. The last equation is extended to compo-
sitions u by

() = (030, )0 = [ (1 = 0g" @7, (2.3)

sEu

Note that this is invariant under permutations of u

n

(0)u = 0+ = [0t 50,

i=1

Alternatively, by (2.2)), we can write

a1y _ 17 (000)i)oc
(bt )“_Z.l:[l(b<u>i)oo’ (2.4)

We also employ condensed notation for (generalised) g-shifted factorials, setting

N

(ar,a9,...,aN)y = H(ai)u.

=1

A special role in the theory of basic hypergeometric series is played by the g¢-
shifted factorial (¢)x. In the multivariable theory this role is played not by (q)u,
but by

¢, =g, t) = [T = g*@H)),

seu

Occasionally we also need the related functions

e = culg.t) = [J(1 - g"DHOH)

sEu

and
c

by = bu(gq,t) := C—/“ (2.5)
For partitions these are standard in Macdonald polynomial theory, see [I§].

3. Interpolation Macdonald polynomials

Let « = (x1,...,2,). The definition of the interpolation Macdonald polynomial
M, (z) = M, (z;q,t) is deceptively simple [I0, 1T}, 13, 29} BI]. It is the unique
polynomial of degree |u| such that

M,((v)) =0 for |v| <|u|, u#wv (3.1)

and such that the coefficient of x is q*"/(“). Note that in the one-variable case
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with N, (z) the Newton polynomial (1.2)). Comparing the above definition with
those of Knop (denoted E,, in [I0]) and Sahi (denoted G, in [31]) we find that

M,(z) = ¢ " W=D p (zt=™), F=E,G.

One of the key results in the theory is that the polynomials M,, can be computed
recursively in much the same way as the Newton interpolation polynomials. Let
s; € G, be the elementary transposition interchanging the variables x; and x;41.
Then the operator T; (acting on Laurent polynomials in x) is defined as the unique
operator that commutes with functions symmetric in z; and x;41, such that

1T, =1t and il = ;.

More explicitly,

trip1 — x;
Ty =t+ (s —1) —HL 2%
Ti+1 — L

It may readily be verified (see e.g., [I4] [T6]) that the T; for 1 < i < n — 1 satisfy
the defining relations of the Hecke algebra of the symmetric group

T T, = T T,
TiTy =TT, for |i—j|#1,
(T~ (T + 1) =0

To describe the recursion we also require the operator

fl@)r:= flzn/q, 21, ., Tno1)

and the raising operator ¢

f(@)¢ = flar)(@n —1).

According to [0, Theorems 4.1 & 4.2] and [29], Corollary 4.4 & Theorem 4.5] the
interpolation Macdonald polynomials can now be computed as follows:

Mo(l‘) = 1,

M(u27~»-aun—1yul+1) (x) = Mu($)¢

and

t—1
(u)itr/(u)i — 1
For a more general view of this recursive construction in terms of Yang—Baxter
graphs we refer the reader to [I1].

Musi ({IJ) = Mu(f) (/Tz + ) for u; < Ujq1-
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A third description of the M, requires Knop’s generalised Cherednik operators
=, [9,110]
= 1—-n 1 1
= =1 T%_l'“TlT(J}n—1)Tn_1~--Tif+f
xX; Z;
1—i 1 -1 1
=ty T (1 — )T T —
T €
for 1 < i < n. The Z; are mutually commuting and the interpolation Macdonald
polynomials may be shown to be simultaneous eigenfunctions of the =;. Specifi-
cally, [10, Theorem 3.6]

Observe that the 7; (and hence their inverses) and 7 are degree preserving
operators. The top-homogeneous degree M*(z) of M, (x) thus satisfies

My ()Y = M (x)/(u)s,

where '
Y, =t Ty T T

3

Since the Y; are precisely the Cherednik operators [4], which have the nonsym-
metric Macdonald polynomials E, (x) = E(x;q,t) as simultaneous eigenfunctions
with eigenvalues (u);, it follows that the top-homogeneous component of M, (z) is
given by E,(z) [10, Theorem 3.9]. To be more precise, since the coefficient of z*
in Fy(x) is 1, it follows that

Eu(z) = ¢"'® ii_l%a‘“lMu(x/a). (3.2)

The gl,, basic hypergeometric series studied in Part II of this paper contain the
Macdonald interpolation polynomials as key-ingredient. In developing the theory
we also frequently need specific knowledge about E,(x). Both these functions
almost exclusively occur in combination with ¢/, and it will be convenient to
define the normalised Macdonald polynomials

’ Mu
My (z) == ¢" (“)t”(“)# (3.3)
and B, ()
n(w ulL
Ey(z) := ") "
Note that in the one-variable case
1/x), u
M, (z) = x* (1/z) and E.(z) = z , u€N. (3.4)

(@)u

Also, from (3.2,
E.(z) = lir% al“My (z/a). (3.5)



8 ALAIN LASCOUX, ERIC M. RAINS AND S. OLE WARNAAR

We use repeatedly (and implicitly) in subsequent sections that {M,(x) : |u| < k}
(resp. {Eu () : |u| = k}) forms a Q(g, t)-basis in the space of polynomials of degree
< k (exactly k) in n variables.

On several occasions we also need the symmetric analogues of M, and FE,,
denoted MS) and P, respectively. Py is of course the Macdonald polynomial
as originally introduced by Macdonald [I7, [I§]. Using the same normalisation as
before, i.e.,

(A)M and Pi(z) = t"O‘)P)‘il(x)?

MSy(z) = g Mg
A Ex

the symmetric polynomials are given by

MSx(z):= Y My(x) and  Pi(z):= Y Eu(x) (3.6)

ut=\ ut=X\

(This is not the standard way to define the symmetric polynomials but provides
the most useful description for our purposes.)

A final result about the interpolation polynomials needed subsequently is Sahi’s
principal specialisation formula [31, Theorem 1.1]. Most convenient will be to
normalise Sahi’s formula by Cherednik’s principal specialisation formula for E,, (z)
[, Main Theorem]. Then

M. (2(0)) = (1/2)uEu(2(0)). (3.7)
For later reference we state the z — 0 limit of this separately
M. (0) = 7 Eu((0)), (3.8)

where M, (0) is shorthand for M, (0,...,0) and 7, = 7,(q,t) = 7, *(1/q,1/t) is
defined as .
)

Ty 1= (—1)lulgn (g (3.9)

4. The Okounkov and Sahi binomial formulas

Another important ingredient in the gl,, basic hypergeometric series are Sahi’s
[31] generalised g-binomial coefficients

H _ [ULJ _ My({u) (1)

v

Note that, since Mg(z) = 1,

From (3.1)) it follows that

[ﬂ =0 if |u| <|v|, u#wv. (4.2)
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A Theorem of Knop [I0, Theorem 4.5] states that
m =0 ifvZu (4.3)
which in particular implies that
m =0 ifot gut. (4.4)

Using (|1.2) it follows that in the one-variable case (4.1)) reduces to the definition
of the classical ¢g-binomial coefficients

m = (qu(;;l) u,v €N, (4.5)

known to be polynomials in ¢ with positive integer coefficients. For general n
and generic u and v the generalised g-binomial coefficients are, however, rational
functions in ¢ and t. For example, if u and

k) ._
u® = (ug, g1, g L U )

are both dominant, then [I3]

|:u(k):| 7 1— quk+1tn7k k-1 1— qukfuitifkrfl ﬁ 1— qukfuiJrltifk:fl
_ _ —ujti—k — —u;+1pi—k 7
1—gq palet 1 — que—uits 1 — que—u t

u .
i=k+1

Since [13], page 14]
M, ((u)) = 7, t= DIl
definition (4.1)) can also be written as

M, (1)) = (71 [“] | (46)

In [31] Sahi proved a binomial formula for the interpolation Macdonald polyno-
mials M, (x) that will be of importance later. In fact, we will be needing slightly
more than what may be found in Sahi’s paper, and for clarity’s sake it is best
to first recall the analogous results obtained by Okounkov [23] for the symmetric
interpolation polynomials MSy(z).

Before we can state Okounkov’s theorem we need the symmetric analogue of the
generalised ¢, t-binomial coefficients , introduced independently by Lassalle

and Okounkov [15} 23]
()= ()= sty

(Lassalle’s definition is quite different but may in fact be shown to be equivalent
to the above.) By symmetrisation it easily follows that for any composition u in
the &,,-orbit of A (i.e., any u such that u™ = \) [3]

()-Z L)

M e v

For later comparison with the nonsymmetric case it will also be useful to define
MS) (z) = MS)\(w50,8) == 75 (gt H)AIMSA (" g7 87, (4.7)
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Theorem 4.1 (Okounkov’s binomial formula). For A a partition of at most
n parts

_ (A MSx(a(0)) \rer
MSA(CW') a z#: “ l(/“)ql,tl MSH(G<O>) MSN($)~

Okounkov’s theorem has a certain inversion symmetry as follows. Upon replac-
ing (a,7,q,t) — (1/a,axt*=",1/q,1/t) (note that (0)(q,)—(1/q.1/8) = t1=7(0)) and
using (4.7) as well as [23] page 537]

MS,(a~ 17" (0); ¢~ 1t 1) = (atgt ™) MIMS , (a(0)),

one finds

aIMS) (z) = %: ;'; (2) m MS, (az). (4.8)

Replacing (A, n) — (g, v), multiplying by (2) ' MS(a(0))/MS,,(a(0)) and then

q 1,
summing over p, results in

MSy(az) = 5 T (2)qt (’:) m MS, (az),

p
wy B

where the sum over p on the left has been performed using Okounkov’s bino-
mial formula. Equating coefficients of MSy(az) (and replacing (g¢,t) — (1/q,1/t))
results in the orthogonality relation [23], page 540]

00, - w

m

An alternative viewpoint is that Theorem [4.1| may be inverted using but
that, up to a change of parameters, this inverted form is equivalent to the original
one. As we shall see shortly, this inversion symmetry is absent in Sahi’s nonsym-
metric analogue of Theorem [£.1]

Before we can state this result we need to introduce the nonsymmetric analogue
of the function MS)(z) as follows. Extend definition to all integral vectors
I € Z" by (I) := ¢'t?7", where o7 € &, is the unique permutation of minimal
length such that I = I*o,. Here IT is a dominant integral vector, i.e., IiJr > I;:_l
for all i. Then M/, (z) = M! (x;q,t) is the unique polynomial such that the top-
homogeneous terms (i.e., the terms of degree |u|) of M/,(z) and M, (x) coincide
(and are thus given by E,(x)), and such that

M, ((—v)) =0  for |v| < |ul.

We remark that, generally, M/ ((—v)) # 0 if |v| = |u|. Unlike the symmetric case,
M’,(x) does not simply follow from M, (z) by the map (q,t) — (1/q,1/t).
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Theorem 4.2 (Sahi’s binomial theorem). For u € N*

o U M, (a(0 p
M, (az) = ;a‘ | [v} q_17t_1Man§0§; M; (z).

Replacing x +— x/a and letting a tend to zero using

lim a"IM’ (/a) = E, ()

a—

and (3.8)) expresses M, (x) in terms of E,(x).
Corollary 4.3. For u e N”

M., () :Z% E.((0)) H  E). (4.10)

E,((0)) [v

In the absence of a non-symmetric analogue of (4.7) Sahi’s result lacks the
inversion symmetry of Theorem [£.1] and by only minor changes of the proof given
in [31] one can also obtain the nonsymmetric version of (4.8]).

Theorem 4.4. For u € N"

IV _ 7y [u] My (a(0))
a"IM! (z) = ; - [J M, (a(0)) M, (ax).

The key to the proof is the following dual version of Sahi’s reciprocity theorem

[31, Theorem 1.2]: there exists a unique polynomial R, (z) of degree not exceeding
|v| with coefficients in Q(q,t,a), such that

Ry ({u)) = 7, al Mul)/@)

M., (a(0))

for all v € N™. From this one can compute the coefficients ¢, in

o JuMuz/a) -
u Mu(a<0>) ; 'llﬂ)MT)( )’

see [31] for more details.
Of course, the consistency of the last two theorems dictates that

Yo H H = G- (4.11)
— Ty [0 [w] 1 4
Theorem and equation (4.11) each imply the inverse of (4.10)).

Corollary 4.5. For u € N”

Eu() = Y £l m M, (2). (4.12)
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5. One-variable basic hypergeometric series

Suppressing the g-dependence, the standard notation for single-variable basic
hypergeometric series is [6]

o0

i [2 . } Z o, 7b’)k((—1)’“q(§))s_r+1x’“. (5.1)

-0 q,bl,...

A series is called terminating if only a finite number of terms contribute to the
sum, for example if a, = ¢~ with m a nonnegative integer.

Nearly all important summation and transformation formulas concern ,1¢,
series. A ,1¢, series such that

a1 Q1T =by - by, (5.2a)
r=q (5.2b)

is called balanced. For reasons that will become clear in Part IT we somewhat relax
this terminology and refer to a ,y1¢, series as balanced if (5.2a]) holds but not
necessarily . (On page 70 of [6] a series satisfying eferred to as a
series of type II, but we prefer a somewhat more descriptive adjective.)

In the next section and in Part IT we will generalise most of the simple summa-
tion and transformation formulas for , ¢, series, and for later reference we list
a number of one-variable series below. The reader may find proofs of all of the
identities in the book by Gasper and Rahman [6].

g-Binomial theorem. The g-binomial theorem [6l Equation (III.3)] is one of the
most famous identities for basic hypergeometric series, discovered around 1850 by
a number of mathematicians including Cauchy and Heine,

1%[“;4 _ (09)e 2] < 1. (5.3)

q-Gauss sum. The g-Gauss sum is a generalisation of the g-binomial theorem due
to Heine [6, Equation (IL.8)]

a,b c] _ (¢/a,c/b)so la
|0 ] < L g <1, (54

In our terminology, the series on the left is balanced. To obtain the g-binomial
theorem it suffices to replace b — ¢/ax and take the ¢ — 0 limit.

q-Chu—Vandermonde sums. The first ¢-Chu—Vandermonde sum is simply the ter-
minating version of the ¢-Gauss sum [0, Equation (IL.7)]

201 [a,q_k; ch} = (C/a)k. (5.5)

C a
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By replacing ¢ — 1/¢ or by reversing the order of summation a second ¢-Chu-
Vandermonde sum follows [0, Equation (I1.6)]

—k
a.q (c/a)k
cq| = XLk Gk 5.6
| sa] = 2 (5.0
The binomial formulas of Okounkov and Sahi are easily seen to be generalisations
of the ¢-Chu—Vandermonde sums. For example, Theorem for n = 1 is (5.6))
with (a,c¢, k) — (x,1/a,u) and Theorem for n = 1 is (5.5) with (a,c, k) —
(1/ax,1/a,u).

q-Pfaff-Saalschiitz sum. At the top of the summations considered in this paper is
the g-Pfaff-Saalschiitz sum, first derived by Jackson and generalising the ¢g-Gauss
sum [6l Equation (I1.12)],

a,b,qg* 1 (c¢/a,c/b)y
c,abqlfk/c’q ~ (c,c/ab)y

This sum is balanced in the traditional sense and yields the g-Gauss in the large
k limit.

3¢2{ (5.7)

Heine’s transformations. There are three Heine transformations for ¢, series. Of
interest in this paper are only two of these. The first one is [6, Equation (III.2)]

o[- e

for max{|z|,|c/a|} < 1, and simplifies to the ¢-Gauss sum (5.4)) when the balancing
condition x = ¢/ab is imposed. The second one is Heine’s g-analogue of Euler’s
o F) transformation [6, Equation (I11.3)]

" {a,cb;x} _ (azzi)/:mm {c/a, c/b;abx}

c c
for max{|z|,|abxz/c|} < 1, and simplifies to the g-binomial theorem (5.3) when
c=b0.

(5.9)

q-Kummer—Thomae—Whipple formula. Sears’ g-analogue of the Kummer—Thomae—
Whipple formula for 3 Fy series is given by [6, Equation (IIL.9)]

a,bye f1  (e/a, f)oo a,d/b,d/c e
3¢2 |: :| m 3¢2 |: d7 f ) a:| )
where f = de/bc and max{|e/a|,|f/a|} < 1. Note that both 3¢, series are bal-

anced, and that the limits ¢,d — oo (such that de/abc = z) and a,e — 0 (such
that de/abc = x) yield the Heine transformations (5.8) and (5.9) respectively.

Sears’ 4¢3 transformation. The most general result in our list is Sears’ 4¢3 trans-
formation formula [0, Equation (II1.15)]

a,b,c,q7 % } _ (e/a, f/a)i a,d/b,d/e,q7"
doe, f ' (e, fk d, aql_"/e,aql—"/f’q

for abc = defq*~'. In the large k limit this yields (5.10) whereas for d = c it
simplifies to the g-Pfaff-Saalschiitz sum (5.7).

(5.10)

de ' a

4¢3 { a" 4¢3 (5.11)
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6. The function E, ,(a,b)

A final ingredient needed in our study of gl,, basic hypergeometric series are
certain normalised connection coefficients between interpolation Macdonald poly-
nomials.

Definition 6.1. Foru,v € N" let the connection coefficients ¢y, (a,b) = cyy(a, b; q,t)
be given by

M, (ax) = Zcuv(a, b)M, (bzx). (6.1)

e £, ((0)/0)
a
Eu/v(a,b) = Ey/pla, b q,t) := =" ¢, (a,b). 6.2)
/ / E.((0)/b) (
From the definition of the coefficients ¢, (a, b) it immediately follows that
Cup(a,b) = cyp(ac, be).

Hence
Eu/w(ac,be) = c=VIE,, /, (a,b). (6.3)

Two other easy consequence of the definition are

lim B/ (a,6) = duo (6.4)
and the orthogonality relation
> Euo(@,b)Ey/u(b,a) = Suu. (6.5)
By and with (a,c, k) — (1/bx, ¢ ~"a/b,u) it can be shown that
Evjo(1,6) = (b)u_o m for u,v € N, (6.6)

In general such a simple factorisation does not hold, although some of the features
of lift to n > 1.

Lemma 6.1. For u,v € N”

Eu/o(1,0) = m (6.72)
Eu/v(o,l):::m o (6.7b)

and
Eu/o(1,0) = (b)u. (6.7¢)

The connection coefficient E, /,(a,b) thus interpolates between generalised g-
shifted factorials and generalised g-binomial coefficients.
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Proof. From (6.1) and (6.2) with (a,b) — (1/a,1)

((0y)
E (0)

IUIM

u/v 1 a’)MU(-T)7

where we have also used (6.3) to replace E,,/,(1/a,1) by a‘”"‘“'Eu/v(l, a). By (3.5)
we can take the a — 0 limit, giving

((0y)
E (0))

Comparing this with (4.12)) completes the proof of (6.7a)).
From (6.1]) and (6.2]) with (a,b) — (1,1/a)

)= St B Bl DML (/)

where we have also used (6.3)) to replace E,,/,,(1,1/a) by a'”“'“'Eu/v(a, 1). Taking
the @ — 0 limit using (3.5)) yields

((0))
E (0)

Comparing this with (4.10) results in (6.7b)).
If we take z = (0)/ab in (6.1)) and use the principal specialisation formula (3.7))

we get
b)u = Z Eu/v (a’ b)(a)v (68)

Letting a tend to 0 using lim,_.o(a), = dy,0 results in (6.7c]).
The identity is the w = 0 instance of our next result.

Proposition 6.2 (Multiple ¢-Chu—Vandermonde sum I). For u,w € N"
ZEu/U(a,b)Ev/w(laa) - Eu/w(lab) (69)

For n = 1 this is the ¢-Chu—Vandermonde sum with (e, k) replaced by
(qv=**a/b,u —w). Corollary below shows that we may restrict the sum over
vintowjvju.

Needed in our proof of the gl,, analogue of the ¢-Gauss sum in Section |9]is the
following special case of obtained by substituting b — ab, applying and
letting b — 0 using

Corollary 6.3. For u,w € N”

S e ]
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Proof of Proposition[6.4 Double use of (6.1)) gives

Z Cuv (@, b) (b, €) = cyuw(a, c).
Hence, by (6.2),
an vl by lul a1l
2(2) Bl bBnb0 = ()7 (5) Eulanc)
Scaling (a, b, c) — (ac, be, abe) and applying (6.3)) we obtain the desired result.
Proposition 6.4. For u,w € N”

con-TEo] (] e

v

_ 3 all-lelpluipl T m H . (6.10b)
v Tq) v q717t71 w

These results not only give explicit expressions for the function E, /,,(a,b) but
also show that it is polynomial in a and b, a fact that will be used later in our
proof of Proposition By (4.3) it also implies the following simple corollary.

Corollary 6.5. If v A u then E,/,(a,b) = 0.

Proof of Proposition[6.} By (3.7), (3.8) and (6.2), and by substituting (a,b) by
(1/b,1/a) using
Eu/v(b_lv a_l) = (ab)lv‘_‘ulEu/v(a» b),

the first claim can be stated in equivalent form as

o) = ) MG o, o]

If we multiply this by M, (bx) and sum over w then

S s M(br) = 3 22 (%)m M., (a(0))M, (b(0)) m » [U}Mw(bx)

;2w Tv Mv(a<0>)MW(b<0>) v q v
_ a\vlw b o(@

; M, (a(0)) L’] qfl,tfle( )
= My (ax).

Here the second line follows from Theorem 4.4l and the third line from Theorem 2]

The second claim follows from the first by substituting (a,b) — (ac,bc) and
then multiplying both sides by ¢/®I=1“l. Using the large ¢ limit can now be
taken leading to .

Our next result generalises the ¢g-Pfaff-Saalschiitz sum (5.7]), and will be applied
in Section [L0| to prove a gl,, version of the ¢-Kummer-Thomae-Whipple formula
(5.10)).
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Theorem 6.6 (Multiple ¢g-Pfaff-Saalschiitz sum). For u,w € N"

(@uw(B)u Eujw(a,c). (6.11)

2 ((Z)) Euyo(a,0)Ey u(b;c) =

v

When n = 1 this is (5.7) with (a,b,¢,k) — (ag™,c/b,cq",u — w), and for
b — oo this is (recall (6.7b])) (6.10a)) with b — c. Again the sum in the above may
be restricted to w < v <X u.

Proof. Twice using (/6.10al) we find that

Z M Eu/v(a, b)Ev/w(Ca d)

D IR e I B M

Summing over v using (4.11)), then performing the trivial sum over w, and finally
replacing v by v leads to

3 mj Eu/u(a,b)Eyu(c,d) = Z ;w EZZE; m gt m '

v

The right-hand side is invariant under the maps a < c or b «+ d. Hence,

Z ((Z;:EZ);: Eu/v(a, b)Ev/w(C, d) Z ((Z;u((d))j u/'U(C7 b)Ev/w(a, d) (6123)
Z ((3)15,))1: Eu/o(c,d)Ey ) (ab).  (6.12b)

Setting b = ¢ in (6.12a]) using (6.4]) completes the proof.

Several further multiple ¢-Chu—Vandermonde sums follow as limiting cases of
Theorem [6.61

Corollary 6.7 (Multiple ¢-Chu—Vandermonde sums II-IV). Foru,w € N"

> Euo(1,0)Ey)w(a,b) = Eypy(1,b) (6.13a)
> oo = ) o
and (@) ()
ol —fw]| (@)v a glul=lw O f U 13c
2 Bl b)[ } (0)u [w} (6:13¢)

v

For n = 1 1} reduces to (5.6) with (a,c, k) — (b/a,q"~"“"/a,u — w),
BT to B3 with (@ e.k) — (ag”,q** lafb,u — w) and GT3 to (I)
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with (a,c, k) — (b/a,bg*,u —w). We also remark that if we replace a — 1/b in
Theorem then specialise z = a(0) using (3.7) and (6.7d), we obtain

g ] Mie(0)
25 o), Bl H E,((0))

Comparing this with the w = 0 case of ([6.13h]) yields the principal specialisation
formula

M:, (a(0)) = 7, " (a)uEu((0)).
Proof of Corollary[6.7] Equation (6.13a]) follows by first rescaling the parameters

in as (a,b,c) — (c,ac,be) and then taking the ¢ — 0 limit. Equation (6.13b)
is (6.11)) in the limit (a, b, c) — (00, a,b), whereas (6.13c|) corresponds to the ¢ — 0

limit of (6.11)).

Proposition 6.8 (Multiple Sears transformation). For u,w € N”

o ) B oo ds

= Z EZZ;S’ZZ;Z)):((CC’:)):} Eu/v(l,aq/ce)EU/w(aq/ce,a2q2/bcde). (6.14)

When n =1 this is (5.11)) with

(a,b,c,d,e, f k) — (eq”,dq", aq/bc,aq” ™ /b, aq” ™ Jc,q“ " “de/a,u — w).

Later we shall also encounter the limiting case of (6.14) obtained by taking the
e — oo limit and relabelling the remaining variables

(d’ e)u(b)v U u )v u
;7‘1} m v v/w a, CLC ZTU )w v Ev/w(e,ac), (615)
where abc = de.
Proof of Proposition[6.8 First we observe that thanks to (6.3) the ¢-Pfaff-Saal-

schiitz sum (6.11)) can also be written with an additional parameter d as

Du®up aded).  (6.16)

Z ((Z;: Eu/v(ada bd)Ev/w(bd, Cd) =

Making the substitutions (a, b, ¢, d, u,v) — (c,d, aq/b, aq/cde,v,v) this leads to

E,/w(ag/de, a*q? /bede)

_ (d)w(GQ/b)v (C)T)
= (D 2= Taafo)s

v/5(aq/de, aq/ce)Ey ., (ag/ce, a*q?/bede).
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Inserting the above expansion and interchanging the order of the v and v sums
we find

LHS(6.14) = Z (aq{i)’,z)quc)u (agc/)g) Eu/w(ag/ce, a’q? /bede)

XZ

The sum over v can now be performed by (6.16]) with
(a,b,c,d) — (e,aq/d, aq/c, 1/e)

resulting in the right-hand side of the multiple Sears transform.

(@ /C E./v(1,aq/de)E, 5(aq/de, aq/ce).

Proposition 6.9 (Duality, type I). For k € N and u,w € N"*

> Eupul(@,D)Eyju(ed) = > Euple, d)Eyjw(a,b)

[v|=k [v|=lu|+|w|—k

>[Ikl =, 2 B

|v|=lu|+|w|—k
Proof. Replace (a,b,c,d) — (ae,be, ce,de) in (6.12b]), use (6.3), and let e tend to

0. Then
ZEW a,b)E, 1 (¢, d) ZEW ¢, d)Ey /s (a,b).

From it follows that E, /,(a,b), When viewed as a polynomial in a and b, is
homogeneous of degree |u| — |v|. If we therefore read off the term of degree k + |w]
in ¢ and d in the above transformation the first claim follows

The second identity follows by taking b = d = 0 and using and -

Proposition 6.10 (Duality, type II). For u,v € N

and

Eu/ola,b) = Tu Eu/w(ba;g ' t7h). (6.17)

'U

Together with (6.5) this implies a generalisation of (4.11)).
Proof. If we take the b — 0 limit in (6.11]) using (6.3) and Lemmal6.1] and replace

¢+ b, we obtain 0 e e e
%W@wum;m@<mMMﬂn

If we compare this with (6.10a)), use (6.3]) and
(a)u = Tu a‘“| (a_I; q_17 t_l)ua

the claim follows.

Let g, = g%, (g,t) be the structure constants of the normalised nonsymmetric

Macdonald polynomials
z) =Y gh,Eu(). (6.18)
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Proposition 6.11. For u,v € N”
Eujw(a,b) = a1y " (b/a)u g1, (6.19)
w

For (a,v) = (1,0) this is (6.7c) since gfj ,, = duw. With some considerable pain
(6.19) can be proved using the g-Pfaff-Saalschiitz sum (6.11)), but since it follows
as an easy corollary of Theorem [9.1] we omit a proof here.

We conclude this section with several remarks about the function E, /,(a, b) and
its symmetric counterpart. For this purpose we first introduce A-ring notation [12],
which also plays a crucial role in our proof of the gl,, g-binomial theorem in the
next section.

For A an alphabet (i.e., countable set with elements referred to as letters) let
|A] be its cardinality. If we adopt the usual additive notation for alphabets, that
is, A = 3 .4 a, then the disjoint union and Cartesian product of A and B may be

written as
A+B=> a+» b and AB=)» ) ab.

achA beB a€cA beB

For f a symmetric function, we define

fIA] = f(a1,a9,...) forA=aj+as+---,

where [, | are referred to as plethystic brackets. Let
o:[A] = ] :
= 1—za
a€A

Then the complete symmetric function Si[A] is defined by its generating function
as

o.[A] = i 27 Sk [A)]. (6.20)
k=0

More generally we define the complete symmetric function (and thus any symmet-
ric function) of the difference of two alphabets as

Hbelﬂ%(l — 2b)

o.[A—B|= . (6.21)
HaGA(l - Z(l)
Hence, if 1/(1 — ¢) denotes the infinite alphabet 1+ q +¢® + -+ -,
_ D)o
o {A B} _ Lhep(#)ec (6.22)
1—=q] Jliea(20)

Below we need (6.22)) with ¢ — ¢ and A = a, B = b single-letter alphabets.
More specifically, we consider the function

)
Q)\/[L |:(i_t:| ’



INTERPOLATION MACDONALD POLYNOMIALS 21

where Q) /,(7) = Qx/u(7;q,t) is a skew Macdonald polynomial defined by

A[A+B] = ZQW

and Qx(z) = baPx(x). If f, = f},(q,t) are the g, {-Littlewood-Richardson coef-
ficients
= Z fPalx)
)

then, by [I8| page 344],
Q}\//,L Z fp,yQu

where by is defined in ([2.5). Combining this with [I8] page 338]
1—a (a)x

7 — () 2A
Qx L — t] g

it follows that

a—b ’ i) (b/a)y
Qw{ } A 'HZH) é/ A (6.23)

where we have also used the homogeneity of Q,,(z) and the fact that :‘l, =0
unless |A| = |u| + |v|. If we now define

/
f)\ — tn(u)+n(v)—n()\) ) A
pv s c ¢ T
nCv

and ,
n —n C
Q)\/M(I) =t (1) ()\)CT)\ Q)\/u(x)a
"

then (compare with (6.18)))

ZfA Pa(x

and

a
Q)\/H |: 1

Comparing (6.24)) with (6.19) we are led to conclude that E, ,,(a,b) is the non-
symmetric analogue of Qy/,[(a —b)/(1 —t)]. Indeed, from (3.6)) it follows that

Q/\/M|: :| Z Eu/v a, b

vt=p

— ﬂ = alA=lH ;@/@V £, (6.24)

where u™ = A. This in turn implies that the multiple g-Saalschiitz sum (6.11]) and
Sears transformation ((6.14]) are the nonsymmetric analogues of [26], Corollaries 4.9
& 4.8] respectively.
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Up to trivial factors the generalised g-binomial coefficients arise as evaluations
of the interpolation Macdonald polynomials M, (z), see or . It is thus
natural to ask for generalisations of the M,(x) that yield the E,,(a,b) upon
evaluation. In fact, in the symmetric theory such functions have already been
constructed in [27]. Specifically, &,,-invariant rational functions f,(x;a,b;q,t) =
fu(x;a,b) were defined satisfying the following three conditions. (In comparison
with [27] the roles of a and b have been interchanged.) (1) The function

n
fu(z;a,b) H (gt"™ a/zz 1
i=1

is holomorphic in C*, (2)
fu(b{N);a,b) =0 unless pp C A,
and (3)
lim f.(z;a,b) ﬁ " 1a/xl =0 unless A C pu.
i=1

z—a(\)

Up to normalisation this uniquely fixes the functions f,(z;a,b). Moreover,

Qw[“ b} Fu(biN); 0,8) drey.

where d) and e, are simple factors. In the nonsymmetric theory similar rational
interpolation functions can be defined, which generalise the M,, and which yield
the E, . (a,b) upon evaluation. We hope to report on these functions in a future
publication.

Part II. g[,, Basic Hypergeometric Series

Finally everything is in place to develop the theory of gl,, basic hypergeometric
series based on interpolation Macdonald polynomials.

7. Introduction

The multiple-series identities of the previous section involving the connection
coefficients E,,/, (a, b) generalise all of the terminating identities listed in Section
The identities for gl,, basic hypergeometric series proved in the next few sections
will generalise the non-terminating identities in the list, except for .

Below two different types of gl,, basic hypergeometric series will be considered.
At the top level are series of the form

a1,y ..y Qpr_1)y
2 (by (1 b1, b ii—l) Eu/ole, dMu(2), (7.1)

where u,v € N, and where the parameters satisfy the gl,, balancing condition

al--~aT_1d:b1---bT. (72)
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From (3.4) and it follows that (7.1]) for n = 1 simplifies to

o(a, .. ar1,1/2), @ {aqu.. ar—1q9°,q" ), d/c }
(Qabla'--7b7")v e blq 7"'7b7"qv

which for v = 0 is simply

7'+1¢7'|: =1y 1/37 d/c C$:| .

bl,...,b

Note that the gl,, balancing condition (7.2]) implies that the ,11¢, series are bal-
anced in the sense of ([5.2a)).
At a lower level are gl,, series of the type

Jul (@1, ar_1)y [u .
Z (bla---abr—l)u |:U:| Mu( )7 (73)

u

obtained from by taking d = b, = 0, so that no balancing condition holds.

In this paper we will consider the series and (and some related se-
ries discussed below) as formal power series. However, for max{|cx1|,...,|cx,|}
sufficiently small the gl,, series may also be viewed as gl,, functions.

Typically, if a classical summation or transformation formula for nonterminating
basic hypergeometric series is balanced (like the ¢-Gauss sum or the ¢-Kummer—
Thomae-Whipple transformation) it admits a gl,, generalisation involving series
of the type (7.1). If, however, the parameters in the identity can be chosen freely
(like in the ¢g-binomial theorem or Heine’s o¢; transformations) it, at best, admits
a gl,, generalisation involving series of the type .

Replacing (b, ¢,d, z) — (bre,ce,de,z/e) in , and using and ., it

follows that

lim el” |Z G al"' r—)u Eu/o(ec, ed)My(z/e)
1

c—0 T 17b etn— 1)
A1y ey Qpe)y
*Z bl 1) Eu/v(cad)Eu(w)
" 1yeeesy0p—

We will refer to the series on the right (or special cases thereof) as sl, basic
hypergeometric series. Obviously, by the above limiting procedure, any gl,, series
identity implies a corresponding sl,, series identity.

Replacing (by, ¢, d, u,v) + (b t!=" ct'=", dt1=" v, w) in (7.1)), multiplying by
t(n=Dlwl and specialising = = (u) we obtain the terminating series

(a1, . yar-1)y [u

Ty ———————— E ¢, d

; v (b17~-~7b'r)v v v/w(a )

subject to the balancing condition . The ¢g-Chu—Vandermonde sum
and the transformation provide example of the above series. We shall find
in the next few sections that both (6.13b)) and (6.15)) arise by the above type of
specialisation from gl,, basic hypergeometric series identities.
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8. A gl, g-binomial theorem

Our first main result is a generalisation of the celebrated g-binomial theorem
. An equivalent way of stating this theorem follows from the substitutions
(a,z) — (¢¥/x,ax), where v is a nonnegative integer. Then, after a shift in the
summation index,

)

S o

= v] (@u (@ (a7)o

where m is the g-binomial coefficient (4.5). Recalling (3.4), this may also be
stated as

uiau m Mu(z) = a"My (2) (&i));o’

for v € N. The following theorem provides a gl,, analogue of the type .
Theorem 8.1 (gl, ¢-binomial theorem I). Let

X=xz1+ - +z, and  V={()1+ 4 (V)n, (8.1)
where v € N*. Then

Z alv! {Z] M, (z) = al"IM, () H % (8.2)

i=1

X-V
:a‘lev(Jf) Ua|: 1 _q:|
Note that the product in the first expression on the right can be written in

several different forms since
n n n
+ 1

| T | (R N e | (A S ()
i=1 i=1 i=1
We also note that unlike the case n = 1, where v is readily eliminated from the
identity by shifting the summation index, depends nontrivially on v € N”
when n > 1.
Before giving a proof we state four simple corollaries of the gl,, g-binomial
theorem.

Corollary 8.2 (gl, ¢g-binomial theorem II). We have
il () — TT @™ Do
zu:a u(‘r) 21;[1 (al'i)oo .

This is of course nothing but the v = 0 case of Theorem (and corresponds
to ([1.3)) of the introduction). In view of (3.4) it is, however, closer to the standard
formulation of the g-binomial theorem ([5.3]).

A well-known finite form of the g-binomial theorem gives the expansion of the
g-shifted factorial (a), as a power series in a [I, Theorem 3.3]

(@) =3 (~a)7q) [“] weN.

v=0

Theorem extends this to a g-shifted factorial indexed by compositions.
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Corollary 8.3. Foru e N”

(a)y = ZJ:TU al! m . (8.4)

Proof. Take Theorem with (z,a,u,v) — ({u),at’=" v,w). Using (2.4) and

(4.6) yields
Sroatt[o] o] = o G o) (55)

The identity (8.4) is the special case w = 0.

The sum (8.5) also corresponds to the b — 0 limit of the ¢-Chu—Vandermonde
(16.13b)). We stress however that the above proof is independent of the results of
Section [6] as the proof of Theorem given below only uses vanishing properties
of the Macdonald interpolation polynomials.

Corollary 8.4 (sl, Euler sum). For v € N"

n

> m Eu(@) = E,(0) [] (xil)w. (8.6)

u =1

For n =1 and v = 0 (or u — u + v) this is Euler’s g-exponential sum [6]
Equation (I1.1)]

o0 u 1

BN it e

u=0
For general n it can also be found in [3} Equation (3.30)].

Proof. Replace z +— z/a in (8.2) and let a tend to zero using (3.5).

Our final corollary contains a generalisation of the 1¢; summation [6, Equation
(IL.5)].

Corollary 8.5. Forv e N”
u = T’U v - < .
— (at" ) (V] -1 41 L (at" ) o

i=1

Proof. This results by inverting (8.2) using (4.11)).
Proof of Theorem[8.1] By ((6.20) the right-hand side of (8.2)) can be expanded in

terms of complete symmetric functions as

M, (z) i ak*lvlgy {X — V] :

k=0 1—q

Comparing this with the left-hand side of (8.2)) and equating coefficients of a*, we
are left to prove that

> [ = m@s T

[ul=k+|v|
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Both sides are polynomials in = of degree k + |v| so that it suffices to check that
the above is true for z = (w) where w is any compositions such that |w| < k+ |v|.
In other words, introducing W = (w); + - -+ + (w),, and using (4.6), we need to

show that Wy
o 3 -l
ulmhtlo] ALY Y 1=a

holds for all w such that |w| < k + |v].

Since |u| = k + |v| it follows from that the left-hand side vanishes if
|w| < k+ |v|. If on the other hand |w| = k+ |v] then, again by (4.2)), only the term
u = w contributes to the sum. The previous equation can thus also be stated as

(Bl o

v

where x(true) =1 and x(false) = 0.
By (4.4) both sides are identically zero if v+ € w™. It is thus sufficient to show
that

W -V w _
sk[ ]:W” Dy (jwl = &+ [o])

1- q Ty
for v C w™ such that |w| < k + |v|. Assuming these conditions we find
W-Vv
= —Y,
l—gq

where Y =Y; +--- 4+ Y, with

v, = ot O 240 1:qwi = g g L il (8.8)
The crucial observation is that
Y| < k if |w| < k+ |v|, (8.9a)
Y=k  if jw|=k+]v] (8.9b)
From it follows that
o.l-Y] = [J(1 - y2)
yEeY
so that
Sk[-Y] =0 if |[Y| <k (8.10a)
Se[=Y] = (1) [ v if Y] = k. (8.10b)

yeY

(More generally S[—Y] = (—1)*ex[Y], with ex[Y] the elementary symmetric func-

tion). Equations and (8.10a) imply that S.[-Y] = 0 for |w| < k + |v|, in
3.7)

accordance with (8.7). Furthermore (|8.9b|) and (8.10b)) imply that for |w| = k+ |v|
Sk _ k H Tw t(n 1)k

yeyY

again in agreement with (8.7).
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9. A gl, ¢-Gauss sum

To generalise the ¢-Gauss sum we substitute (a, b, ¢, k) by (¢*/x,b/a,bq",u) in
(5.4), shift the summation index and recall (3.4)). Hence

By (6.3) and this can also be written as

= (), _ (aq’,bx) o
;) b u/v a, b) ( )_ Mv(m) Ma

for v € N.
Theorem 9.1 (gl, ¢-Gauss sum I). With the notation of Theorem

(a 0)i, 0T;) 0o

(Bt" ) -
zu: (b, Euyo(a, b)My( G e (9.1)
= M, (2) o1 {‘1‘:2 (XV)}

Note that the series on the left satisfies the gl,, balancing condition (7.2). By

(6.3) and (6.7a)) the gl,, ¢-Gauss sum simplifies to the gl,, g-binomial theorem (8.2
when b tends to zero. We also remark that the gl,, ¢-Gauss sum may be viewed as

a nonterminating analogue of the ¢-Chu—Vandermonde sum . Specifically,

taking (u,v,z) — (v,w, in -, usmg l-) and ( ., and ﬁnally scaling
(a,b) — (atl_",btl_”) using (6.3]) yields (6.13b|

Proof of Theorem[9.1]. If we take Corollary . multiply both sides by b/“IM,,(z)
and sum over u, we obtain

;a—llev/w(L a) zu:(ab)“ m M, () = Eu:b“” m M, (2)

Both the u-sums can be performed by the gl,, g-binomial theorem (8.2]) so that

By (2.4) and (6.3]) this can be rewritten as

which is (9.1)) with (a, b, u,v) — (b, ab,v,w).

Again we give a number of simple corollaries.
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Corollary 9.2 (gl, ¢-Gauss sum II). We have

n
(at™™ i ,abx;)

luf _ \PJuw )oo
zu:a abt" 1 Mu( H (abt™ 7, axi) oo (9:2)

z:l

Proof. By (6.3), (2.4) and (8.3)) this follows from the (v,b) — (0, ab) case of (9.1)).

Corollary 9.3 (sl,, ¢-binomial theorem I). We have

ZEu/vab ﬁ

z:l

Eu(x) o [“ - 2 x]. 9.3)

For n =1 and v = 0 this is (5.3 with (a,2) — (b/a, ax).
Proof. In (9.1)) we scale (a, b, z) — (ac,be,z/c). By (6.3]) this results in

Z lul 22; 0 Eu/v(a,b)M w(z/e) = UMy (z/c) H cfv)i

z=1 v xz)oo.

Taking the ¢ — 0 limit using (3.5) yields (9.3).
For later reference we also state the (a,b,v) — (1, a,0) case of (9.3).

Corollary 9.4 (sl,, g-binomial theorem IT). We have

S (@)uEula) = [ 5 (9.4

This is the nonsymmetric analogue of the Kaneko-Macdonald ¢-binomial theo-
rem for symmetric Macdonald polynomials [, 19]

n

2 _(@Pa(@) H

A i=1

(9.5)

It is in fact easily shown that (9.4)) and (9.5) are equivalent:

Z APA Z Z u+E Z(a)uEu(z)'

A A ut=X u

Corollary 9.5. Proposition|0.11] is true.
Proof. If we multiply (6.19)) by E,(z) and sum over u using (6.18)) we obtain

n

Z Eu/v(a,b)Eu(z) = Ey(2) Z(b/CL)wEu(ax) =Ey(2/a)

w i=1

Since this is (9.3)) the proof is complete.
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Let ,
—n(u C

P)\/,u(x) = tn(/\) (l)CTMPA/u('T)7
A

where Py, () is a skew Macdonald polynomial (i.e., Py/,(x) = Qx/u(x)b,/bx).
For later reference we note that

C
Pa/u(x) = 2N =2nl) 21 Cnu Qx/p(2) (9.6a)
CACA

P o
= ) Py /ele) (6.60)

Further assume the balancing condition bgbivgviwow; = ¢qt. Then the following
skew Cauchy-type identity is implied by [28, Corollary 3.8]:

|,\\ (vo, v1)A 1-b
Z e P T 0 T
_ (q/bO)m'(UmUl)u (Q/bl)‘yl(UO;'Ul)y
(g/bowo, q/bown),, (g/brwo, q/brwi),

bobywo, q/bobrwi) s 1-— 1-b
bob Al (g/bobiwo, =
X Z 1/4) (00, 01)> vINT ¢ QM/A T |

provided the sum on the left terminates. The normalisation Z is given by the sum
on the left for p = v = 0. Choosing

(b07 b17 Vo, V1, Wo, U}]) = (b/aa d/C, tna q_k7 qtl_n/bd, qkac)

with k a nonnegative integer and taking the large k limit yields
1 (t™)x a— c—d
— P
Z/z)\:(bdtnfl)/\ /\/H|: ]QA/V[ —t]

_ ("), (") (act™ 1)y a— _d
= Gadn ), (bt 1), 2 (@ P §77) Q|75 @0

where Z’ again denotes the sum on the left for yu = v = 0. Explicitly,

7 _ Z (b/a,d/C)A P)\(ac<0>) _ ﬁ (adt”*‘i,bctnﬂ:)oa
A 7

(bdtn—1) - (act™ 0 bdt ) o
where the second equality follows from Kaneko’s ¢-Gauss sum for Macdonald poly-
nomials [8] Proposition 5.4]. Consequently, (9.7) may also be written as
—d] 11 (0d(N\)i)oo
P
2 | T @ = J 16002
(ad(p)i, bc ) [ } [ - d] T ()
frd PV Q .
(Zl_[l (i, ¢ Z / u/ t Zl_[l (ac{A\)i)oo
As our final corollary of the gl,, ¢- Gauss sum we will show that this has a nonsym-
metric analogue. In analogy with (9.6D)) let

() Eul(0)
A (0

Eu/v(a,b)
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Corollary 9.6. Forv,w € N and |ac|, |ad|, |bc|, |bd| sufficiently small so that the
sum on the left converges

ZFu/Uab Eujw(c,d) ﬁ d{11)i)oc
1=1

>7,oo

_ (ad{v);, be{w);) oo . .
_(H ()4, tH{w):) oo >ZFw/u b)Ey u(c, d)

i=1

(u)
uz)oo'

n
:1

(2

Proof. Application of (6.1) to both sides of the gl,, ¢-Gauss sum results in

= Eu/o(@,;b)cuw (1, )My (cx) ZCW 1,¢)My(cx) H o U>zaa-ri)oo.

u,w z:l

The right-hand side can again be transformed by the ¢-Gauss sum (9.1)) with
(a,b,x,v) — (a/e,b/c,cx,w) so that

Z(ﬁ ) Ew/o(a, b)cuw(l, ¢)My (cz)

o _ Z( a{v)i, b{w)i/¢)oo

(w)
L i)
where we have also used (2.4). Next we equate coefficients of M, (cz) and substitute
(a,b,c) — (ad,bd,d/c). After carrying out some simplifications using (6.2) and
(6.3) the result follows.

n
1=

)cvu(l7 c)Ew/ula/c,b/c)My(cx),

10. A gl,, -Kummer—Thomae—Whipple formula
By the substitutions

(a,b,d,e, f) — (1/x,bq",dq", eq", a)

and the use of ((6.3]) and , the Kummer—Thomae—Whipple formula ([5.10) can
be written in the form

b (0)o =
> Eu/v(a, ac)My(z) = @0y (ea 2:: Eu/v(e, ac)My(z).

Theorem 10.1 (gl,, ¢-Kummer—Thomae—Whipple formula). Forv e N"
and abc = de

b)u
Zu: (d,e(ﬁ)ll) Eu/o(a, ac)My(z)

D (at™ ey oo (d/c)y
d/c (H ", az;) oo> 2 @apr 1y, Bure(€aOMulo)

z:l
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Note that the condition abc = de corresponds to the gl,, balancing condition
and that the transformation may alternatively be written as

(b)y(d, etm1),

(T )\ 5o @eudat ),
B (H(e<v>i"mi)m);(d/C)U(d,at”1)u Euyu(e, ac)Mu(z),

i=1

Z ®)u(d, et"")y Eu/v(a, ac)My ()

with the product on the right corresponding to oy [(a — €)(X — V)/(1 — ¢)] in the
notation of Theorem Bl

The above theorem generalises a number of earlier results. For example, re-
calling and taking the limit e — ac (so that d — b), and finally replacing
¢ +— b/a we obtain the gl,, ¢-Gauss sum of T heorem Furthermore, making the
substitutions (a,e,u,v,z) — (at’™", et' =", v, w, (u)), and using (2.4), and

(6.3), we arrive at ( m
Proof of Theorem [10.1] 1f we replace (a,c,d) — (d/c,d,ac/d) in (6.16) and define

e = abc/d we obtain

Z (L(ic/l)czv Eu/v(a,e)Ev/w(eg aC) = W Eu/w(a,ac). (101)

Now denote the left-hand side of Theorem [10.1] with v replaced by w as LHS. By

@),

LHS = Z (d,e(f’zul)u Eu/w(a’7 aC)Mu(x)

b w d/c v 1
N (C(l/)c)w Z ((c/i)z (etn—1), Eu/v(a,e)E, (e, ac)My ().

The sum over u can now be performed by the gl,, ¢-Gauss sum (9.1) with b +— e.
Hence

s = (g ) ST %) T Bt

i=1 i=1

Finally using (8.3 this yields the right-hand side of the theorem with v replaced
by w.

A number of new results follow from the gl,, ¢-Kummer-Thomae-Whipple for-
mula.

Corollary 10.2 (gl, Heine transformation). For v € N*

- ()" @ (H o ) chm " ma
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An equivalent way to state the above transformation is

- ( Jul—v]| ab/c u( 1)11 u

— M, ().
H (C< Z (ab/c)y(atn 1), |v (z)
For n =1 the gl,, Heine transformation simplifies to (5.8 with (a, b, ¢, ) replaced

by (¢"/z,bq", cq”, ax).

Proof. Let (¢,d) — (0,0) in Theorem such that d/c¢ = ab/e. By (6.3) and
(6.7al) the gl,, Heine transformation with ¢ — e follows.

Corollary 10.3 (sl,, ¢-Euler transformation). For v € N”

(@) (@) (T ()
; (C) Eu/v(b C)E b (H ) g (C)u Eu/v(avc)Eu(x>'

i=1

For n = 1 this is with (a,b,c,x) — (aq’,c/b,cq’,bx), and for v = 0 it is
the nonsymmetric analogue of [2, Proposition 3.1]. The sl,, Euler transformation
is easily seen to be equivalent to the g-Pfaff-Saalschiitz sum . Indeed, if we
take the latter, multiply both sides by E,(x) and then sum over u using we
obtain the former. We also note that for ¢ = 0 the sl,, g-Euler transformation
becomes

St e = ()" Gz (M52 Soton oo

i=1

When n = 1 this is trivial since both sides are summable by the ¢-binomial theorem
(5.3). Curiously, for n > 1 it no longer appears possible to explicitly perform the
sums in closed form.

Proof. Corollary follows from Theorem by replacing (z,e) — (z/a,ae),
then taking the limit @ — 0 using (3.5)), and finally making the substitutions

(z,b,¢,d,e) — (bx,a,c/b,c,a/b).
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