BRANCHING RULES FOR SYMMETRIC MACDONALD
POLYNOMIALS AND sl, BASIC HYPERGEOMETRIC SERIES

ALAIN LASCOUX AND S. OLE WARNAAR

ABSTRACT. A one-parameter generalisation Ry (X;b) of the symmetric Mac-
donald polynomials and interpolations Macdonald polynomials is studied from
the point of view of branching rules. We establish a Pieri formula, evalua-
tion symmetry, principal specialisation formula and g¢-difference equation for
Ry (X;b). We also prove a new multiple ¢-Gauss summation formula and sev-
eral further results for sl, basic hypergeometric series based on Ry (X;b).

Dedicated to Dennis Stanton on the occasion of his 60th birthday.

1. INTRODUCTION

Let A be a partition, i.e., A = (A1, Ag,...) is a weakly decreasing sequence of
nonnegative integers such that |A| :== Ay + A2+ - - is finite. Let the length [(X) of A
be the number of nonzero A;. For z = (z1,...,z,) and [(A) < n the Schur function
sx(x) is defined as

(1.1) sx() : deticijen(@)"77)  deticijen(@) ")
. )\ .: ni. P 5
deti<i j<n (2] ) A(x)

where A(z) = [[,,;(z; — z;) is the Vandermonde product. If I(A) > n then
sx(z) := 0. From its definition it is clear that sy(z) is a symmetric polynomial in
x of homogeneous degree |\|, and that {sx| I(A) < n} forms a basis of the ring of
symmetric functions A, := Z[xy, ..., 2,]%".

A classical result for Schur functions is the combinatorial formula

(1.2) NOEDIES

Here the sum is over all semi-standard Young tableau T of shape A, and z7 is
shorthand for the monomial z{*z4?---z#" with p; the number of squares of the
tableau filled with the number i. One of the remarkable facts of (1.2) is that it
actually yields a symmetric function.

The conventional way to view a semi-standard Young tableau of shape A (and
length at most n) as a filling of a Young diagram with the numbers 1,2, ..., n such
that squares are strictly increasing along columns and weakly increasing along rows.
Given two partitions (or Young diagrams) A\, pu write p g Aif p CAand A — pis a
horizontal strip, i.e., if the skew diagram A — p contains at most one square in each
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column. Then an alternative viewpoint is to consider a Young tableau of shape A
as a sequence of partitions
(1.3) 0=\ < AW <. g\ = )

where 0 denotes the empty partition. For example, for n = 6 the tableau

1[1]1]2][2]2]4]6]
2[2[4[5]5]5
4]5]6

5/6
6]

may be encoded as
0<(3)=<(6,2)<(6,2) <(7,3,1) < (7,6,2,1) < (8,6,3,2,1).

The above description implies that a recursive formulation of the Schur functions,
equivalent to the combinatorial formula (1.2), is given by the branching rule

(1.4) sx(@1,...,xn) = Z a2 M (21, 1),
HSA

subject to the initial condition sy (-) = dx 0.
If we let 4 C X be a pair of partitions and define the skew Schur function s,
of a single variable z as

) ZA=ml i < A
S z) =
M 0 otherwise,

then the branching rule for Schur functions takes the more familiar form

(1.5) sa(x1, .. xn) = Z Sx/u(Tn)su(Te, .o Tn1).
HCA

The Macdonald polynomials Py(z) = Py(z;q,t) [11,12] are an important g, ¢-
generalisation of the Schur functions, and the Py for [(A) < n form a basis of the
ring App := A, @ F, where F = Q(q,t). A classical result in the theory is that
the Macdonald polynomials satisfy a combinatorial formula not unlike that of the
Schur functions;

P)\({E) = ZwT ZL'T?
T

where ¥r = ¢r(q,t) € F is a function that admits an explicit combinatorial de-
scription. Importantly, if T" has no more than n rows it factorises as

n
oo = [[¥ao e,

i=1

where, as before, 0 = A9 < ... < \(®) = X\ is the sequence of partitions representing
T'. Probably the simplest (albeit non-combinatorial) expression for 1y, is [12, Page
342]

Flg =) f ()
0 SO VB e e e

1<i<j<l(p)
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where f(a) = (at)oo/(aq)oo With (a)es = [[;50(1 — aq'). (Note that 1y ,, € F since
i< A) It follows from the above that the Macdonald polynomials, like the Schur
functions, can be described by a simple branching rule. Namely,

(1.7) Py(x1,...,2n) = Z x‘n’\_”lw)\/# Py(z1,...,2n1),

B
subject to the initial condition Py(—) = dy,0. Again we may define a single-variable
skew polynomial Py, (z) = Py/,(z;q,t) for p C X

Z‘/\iu‘djk/u if JIRS A
0 otherwise

(1.8) Pyju(z) = {
to turn the branching formula for the Macdonald polynomials into

(1.9) Pa(z1,. o 20) = > Paju(@n)Pu(n, .. 2n1).
nCA

In view of the above two examples of symmetric functions admitting a recursive
description in the form of a branching formula, a natural question is

Can one find more general branching-type formulas that lead to
symmetric functions?

To fully appreciate the question we should point out that it is not at all obvious
that if one were to take (1.4) (or, equivalently, (1.5)) as the definition of the Schur
functions or (1.7) (or (1.9)) as the definition of the Macdonald polynomials, that
the polynomials in question are symmetric in x.

Assuming throughout that |¢] < 1 let the (generalised) g¢-shifted factorials be
defined as follows:

(1.10a) (b)oo = (b1 @)oo := [ [ (1 = bg),
1=0
(1.10b) e

1N
(1.10c) (b)x = (big,t)x = [ (0t ).,

i=1
and let (by,...,b;)g = (b1)g -+ (bi)k and (b1, ..., b;)x = (b1)x -+ (b;)x. Then prob-
ably the best-known example of a branching rule generalising (1.9) and resulting
in symmetric polynomials is

tn—l Tn )
Etnljx;# P/\/u(xn)Mu(l‘lv .. ,J)n_l).
[lieo) "

The My(x) = My(x;q,t) are the interpolation Macdonald polynomials of Knop,
Okounkov and Sahi [5,14,15,23], and (1.11) is [15, Proposition 5.3]. For comparison
with [15], we have

My(x1,...,25) = t("_l)l/\‘P;f(tl_”xl, e 7t_lazn,l,acn).

(1.11) My(z1,...,2n) =

From (1.11) it is clear that the top-homogeneous component of My (z) is the Mac-
donald polynomial Py(z) so that {My] I(A) < n} forms an inhomogeneous basis of
Apr.
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For A = (A\,...,A\y) and u = (p1,..., ptn—1) such that A — p is a horizontal
strip and such that A\; < m denote by m™ — X\ and m"~! — u the partitions (m —
Ansoosm—Ar) and (m — fin_1,...,m — u1). Note that (m™ — \) — (m"~! — pu) is
again a horizontal strip. It follows from (1.6) that

P(m"—)\)/(m"_l—u)(]-/z; ]-/q, 1/t) = ZﬁmP)\/u('z; 1/Q7 1/t) = Zﬁmp)\/u('z)

for A} < m. It also follows from (1.6) and (1.11) that
Moy (11, ..., 1 205 1/q,1/%) (i 1/q)

Myn—1(1/z1, ... 1/ 20_1;1/q,1/t) " "

If we replace (x,q,t) — (1/2,1/¢,1/t) in (1.11) and then change A — (m —
Anyooosm—A) and p— (m — pp—1,...,m — pp) the branching rule for the inter-
polation Macdonald polynomials may thus be recast as

Mypn_x(1/x1,...,1/xn;1/q,1/t)
an(l/gcl7 cey /an;1/q,1/t)

_ Z xn/t \4  n/Yp P (.’17 ) Mm"_l—;t(l/xlv"'a]-/l'nfl;l/qvl/t)
A (1, L an—131/q, 1/%)

(1.12)

1 mx
nCA
In this paper we consider a generalisation Ry (x;b) = Ry (z;b; ¢,t) of the Macdonald
polynomials and the Macdonald interpolation polynomials defined recursively by
the branching rule
B (b /)y .
(1.13) Ra(z1,. .. @i b) o= ,ch; CON Pyju(@n) Ry(1, ..y Tn—13b).

Our interest in the functions Ry (z;b) is not merely that they provide another
example of a class of symmetric functions defined by a simple branching formula.
Indeed, it may be shown that the more general

b e S @/ bz /1), DR (2 o a
(1.14) Ry(x1,...,xp;a,b) ._% CSORCSE Py/u(a)Ry(x1, ..., vn—1;at,b)

is also symmetric. Moreover Ry (x;a,b) is a limiting case (reducing BC,, symmetry
to &,, symmetry and breaking ellipticity) of Rains’ BC,, symmetric abelian inter-
polation functions [19,21] so that Ry (z;b) is not actually new. However, it turns
out that the function Rj(x;b) has a number of interesting properties, not shared by
Ry (z;a,b) or the more general BC,, abelian functions. For example, Ry (z;b) satis-
fies a Pieri formula that not just implies the standard Pieri formulas for Macdonald
polynomials, but also gives an sl,, generalisation of the famous ¢-Gauss summa-
tion formula. Specifically, with Ry(z;b) a suitable normalisation of the functions
Ry (z;b) defined in equation (5.1), and X an arbitrary finite alphabet, we prove
that

c\ P (cx/a,cx/b)oo
(1.15) — ) (a,b)ARA(X;c) = =
Z\:(ab) ATA xg{ (cz,cx/ab) oo

For X = {1} this simplifies to the well-known ¢g-Gauss sum

00 (a,b) c k_ (c/a,c/b)oo
(1.16) > (q,c): () = (ecfab)oe

k=0




BRANCHING RULES 5

2. PRELIMINARIES ON MACDONALD POLYNOMIALS

We begin with a remark about notation. If f is a symmetric function we will
often write f(X) with X = {x1,...,2,} (and refer to X as an alphabet) instead
of f(z) with = (x1,...,2,), the latter notation being reserved for function that
are not (a priori) symmetric. Following this notation we also use f(X +Y') where
X +Y denotes the (disjoint) union of the alphabets X and Y, and f(X + z) where
X + z denotes the alphabet X with the single letter z added.

In the following we review some of the basics of Macdonald polynomial theory,
most of which can be found in [11,12].
Let T, », be the g-shift operator acting on the variable z;:
(Tqe: (@1, zn) = f(T1, ., Tic1, GT4, Tig1, - - -, Tn).

Then the Macdonald polynomials Py(X) = P\(X;q,t) for X = {x1,...,2,} are
the unique polynomial eigenfunctions of the Macdonald operator

tw; — a;
(2.1) Dy (c) = Z (*C)mt(@) H Wi — 25 HTW“
1) ier Y170 Ger
JEI
where [n] := {1,...,n}. Explicitly,

n

(2.2) Dn(c)PA(X) = Po(X) [ J(1 = eg*#"7).

i=1

For later reference we state the coefficient of ¢! of this equation separately; if

- tr, — x;
2.3 D! .= = T
23 e (T2 )
i=1 " j#i
then

(2.4) D) Py(X) = P\(X)> gt

For each square s = (4,5) € Z? in the (Young) diagram of a partition (i.e., for
eachi € {1,...,l(N)} and j € {1,...,\;}, the arm-length a(s), arm-colength a'(s),
leg-length I(s) and leg-colength I’(s) are given by

a(s)=XNi—j, d(s)=j—1
and
I(s) =N} — 1, I'(s)=1—1,
where ) is the conjugate of A, obtained by reflecting the diagram of X in the main

diagonal. Note that the generalised ¢-shifted factorial (1.10c) can be expressed in
terms of the colengths as

(b)s = [T (1 — bg® @),
SEA
With the above notation we define the further g-shifted factorials ¢, = ¢, (g, 1),
cx = ca(g,t) and by = bx(g, 1) as

Cl)\ — H(l o qa(s)Jrltl(s)) and ¢y = H(l - qa(s)tl(s)+1)
SEA SEX
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and

Then the Macdonald polynomials Qx(X) = Qx(X;q,t) are defined as
Q)\(X) = b)\P)\(X).

We also need the skew Macdonald polynomials Py, and @)/, defined for u C A
by

(2.5a) ANX +Y) =) Pyu(Y)Pu(X)
nCA

(2.5b) AX +Y) =) Quu(V)Qu(X).
nCA

Note that P9 = Py and Q)0 = Qx, and that P/, = Qy/x = 1. To simplify some
later equations it will be useful to extend the definitions of Py,, and Q,,, to all
partition pairs A, u by setting Py,, = Qx/, = 0 if g € X. From (2.1), (2.2) and
(2.5) it follows that for a a scalar,

(2.6a) Pyu(aX) =a* 1Py, (X)
(26b) Q}\/M(G‘X) = ap\iMQ)\/u(X)v

where aX := {az| x € X}.
For subsequent purposes it will be convenient to also introduce normalised (skew)
Macdonald polynomials Py, and Q/, as

n -n C/ n -n Cu
(2.7a) Py/u(X) =" (”)CTM Pyyu(X) = "7l 2 QA/ (X)
A
—-n C/ n —-n &
(2.7) Quju(X) = 1707 1 Qa1 (X) = 72 Py (),
iz iz
where
4e)
Zl Z 1 — 1))\1
SEA =1
Note that no additional factors arise in the normalised form of (2.5):
PA(X +Y) Z Py/u(Y)Pu(X)
AMX +Y) Z Qu/u(Y)Qu(X),

and that Py,o = Px and Qy/0 = Q. If we define the structure constants fﬁ‘y =
f2,(q,t) by

(2.8) P..( ka Pa(X
then
A n(u)+n@)—n(A) _x A
f, =t ol s

with f;‘u the ¢, t-Littlewood—Richardson coefficients.
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Below we make use of some limited A-ring notation (see [6] for more details).
Let p, be the rth power-sum symmetric function

X):= Z x"
reX

and let py := [[,5; px,- Then the p\(X) form a basis of A,, where n = |X|. Given
a symmetric function f(X) we define

1523 = usth)

where ¢, is the evaluation homomorphism given by

a” —b"
(2'9) ¢a,b(pr> = 1

In particular, f[(1 —t")/(1 —t)] = f(1,t,...,t"!) is known as the principal
specialisation, which we will also denote as f((0)), and f[1/(1—1t)] = f(1,¢,t,...).
From [7, Equation (6.24)]

Q)\/p|: :| _al)\ H‘Z b/a’ p.l/?
which, by 3, = 0., also implies that
1—a a (a)x
2.1 - p _ p2n (@
(2.10) Q)\[lt:| (a)y and )\|:1 :| t exc)

This last equation of yields the well-known principal specialisation formula

Pa((o)) = 2 0
CACA

The Cauchy identity for (skew) Macdonald polynomials is given by

ZPX/M JQux/ (Y (H H txy >ZPU/A Qu/a(Y).

reX yEY

The product on the right-hand side may alternatively be expressed in terms of the
power-sum symmetric functions as

1 1—¢
exp( - TpT(X)pT(Y)>.
= 1—gq

It thus follows from (2.9) and (2.10), as well as some elementary manipulations,
that application of ¢, . (acting on Y') turns the Cauchy identity into

(2.11) ZQW[ - ]P”“(X):<x [ )ZQW{ } Po/a(X).

For u = v = 0 (followed by the substitution X — X/a and then a — ¢/a) this is
the g-binomial identity for Macdonald polynomials [4,13]

(2.12) S @aPax) =] (a2)oc

A zeX (I)oo
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For later reference we also state the more general (p,v) = (0, 1) instance of (2.11)
(bx) oo a—>b
= P X .
S L= e

For reasons outlined below we will refer to this as a Pieri formula.
Let ¢x/u = da,ulg,t) and 1/)3\/# = wi\#(q,t) be defined by

(2.13) P.(X)

zeX

b
Da/p = f Yasu and Y (a,t) = Y (t,q).

(For combinatorial expressions for all of 1y /M,z/)& I and ¢y, see [12]). Further
let gy (X) := Py (X) (t)r/(q)r and e,(X) the rth elementary symmetric function.
Then the Macdonald polynomials Py (X) satisfy the Pieri formulas

(2.14a) P.(X)g,(X) = Z Py Pr(X)

AFp
[A—p|=r

(2.14b) Pu(X)er(X) = Y 4, Pr(X
Felaan

Now observe that (2.13) for b = at yields

P, (X) H atm Zau ;L\Q)\/ PA(X),

reX

whereas for a = bq it yields

P.(X) [T (1 = bx) Zb“ MQA/[ ] A(X).

zeX
Since

Zargr(X) = H ((atzx :: and Z H (1—bx)

r>0 zeX r>0 reX
we therefore have
Pu(X)gr(X)= Y Qapu()Pr(X)
A—pl=r
and
r q_]'
RX)e(X) = (1) Quu 14| Pacx)
[A—pl=r

where we have also used (2.7b). Identifying

Qa1 = e TSR
/n 0 otherwise
and
A— .
(2.15) Q,\/ |:q — 1] (71)| Mw;\/ﬂ ifpf N
: 0 otherwise

these two formulas are equivalent to the Pieri rules of (2.14).
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The skew polynomials can be used to define generalised g-binomial coefficients
[9,10,14] as

-, el

In particular has [2] =0if u € X and
{(m)] B ﬁ 1 — gitm=k B [m}
(k)] 7 1-¢ k

with on the right the classical g-binomial coefficients [73} = [7,:] .
If )\(1) = ()\1, ey )\i—la )\z — 1, )‘i+17 ey )\1) then [9]

, A c)
1 _ q)tl—l [ } — A !/ .
( )\(z) C/A(i) A/A(z)

This, together with [9, Théoreme 9, Bis]

A . T AT
2.17 W — Wy — l_q q)\itln|: :| |: (l):|7
(27) (on =) ] =« ) S
where
(2.18) wy = wAlg, 1) =Yg N
i=1

provides a simple recursive method to compute the generalised g-binomial coeffi-
cients.

Lemma 2.1. Assume that I(\),I(n) < n. Then
(2.19a) Al 2 200D (P””ZD ift=q

] sa((0)) 1<ig<a\ [puj +n—j

and

(2.19b) Al = S'] [A] ift=1.
LA Ui

4wt =pi=t

In the above Zw:u denotes a sum over compositions v € N in the &,, orbit
of pu.

Proof. Assume that t = ¢. Then (2.16) simplifies to

A C) 1
2.20 = gnm—nN) 2 {} :
( ) |:U:| Cp M 1—gq
where we have also used (2.7b) and the fact that for ¢ = ¢ the (skew) Macdonald
polynomials reduce to the (skew) Schur functions. Let h,(X) be the rth complete
symmetric function. By application of the Jacobi-Trudi identity [12, Equation
(1.5.4)]

S\/p = 1<C}3t<n(hxi7#_,.7i+j) for n > 1()\),
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and the principal specialisation formula [12, page 44]
)

(2.21) s(0) = =TT (Dri4n—i

C)\ i=1 <Q)n7i

the generalised ¢-binomial coefficient (2.20) can be expressed as a determinant
A 3 cn—i 1
{ } _ $u((0)) det <(Q7Q)/\1+ h)\iuji+j|: })
1% S>\(<O>) 1<i,j<n (Q7 q)Mj+n_j 1- q

1 1
-
1- q (Q)r
this establishes the first claim.
The second claim follows in analogous manner. Since making the substitution

t = 1 in the right-hand side of (2.16) is somewhat problematic it is best to first use
the symmetry [14, Equation (2.12)]

(2.22) m vt D:] gt

Since

Since

Py /(X5 1,t) = ey (X)
we therefore get

)\ )\/ /7n/C/1, 1
Bl e gl
K g1 M 1,q C/J/(lvq) 1- q

)

Using
ex/p = Z HeAfui for n > 1(\),
ut=pi=1
and
1 e
er[l —q} (@)

as well as ¢y (q,1) = [[.(q)a,, it follows that

I 23 O]

ut=pi=1 ¢

Finally replacing ¢ — 1/q yields the second claim. ([l

3. SYMMETRIC FUNCTIONS AND BRANCHING RULES

In this section we consider the question posed in the introduction:

Can one find new(?) branching-type formulas, similar to (1.4),
(1.7) and (1.11), that lead to symmetric functions?
Assume that k& is a fixed nonnegative integer, and let a = (a1, as, ..., ax) denote
a finite sequence of parameters. Then we are looking for branching coefficients
[r/u(z;a) such that

(3.1a) @, wna) = Y fayp(enia) fu(@n, . ee1;a)),

nCA
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subject to the initial condition
(3.1b) Sa(=:1a) =dx0

defines a symmetric function. In the above a’ = (ai,...,a}) = g(a). Of course,
(3.1a) for n = 1 combined with (3.1b) implies that

Ir(z;a) = fajo(z;a).
If one wishes to only consider symmetric functions with the standard property
(3.2) falzr,...,xn;a) =0 it [(A)>n
then the additional condition

Pulzia) =0 i 1) — 1) > 1
must be imposed.

Because we assume the branching coefficients to be independent of n, it may
perhaps seem we are excluding interesting classes of symmetric functions such as
the interpolation Macdonald polynomials. As will be shown shortly, assuming n-
independence is not actually a restriction, and (1.11) may easily be recovered as a
special case of (3.1a).

Now let us assume that (3.1a) yields a symmetric function fy(z1,...,z,;a) for
all n < N. (For N =0 and N =1 this is obviously not an assumption.) Then,

f)\(xla e 7xn717y72;a) = Z f)\/;L(Z;a)fl»t(xla .. '7$n717y;a/)

HCA
/ 1
= E f)\/,u(z;a)f;t/u(y;a)fl/(mlv"-7xn71;a )
vCpCA
is a symmetric function in x1, ..., z,—1,y (for n < N). For it to also be a symmetric
function in z1,...,2,_1,¥y, 2 we must have
fA($17 e axnflayaz;a) = f)\(‘rh cee 7xn7172,y;a)7

implying that for fixed A

S byuEa)fuia) fu(a, ... zn1;a”)

vCpCA
= Y huwafup(za)fulen,.. . eaa),
vCuCA
where a” := g(a’). Hence a sufficient condition for (3.1a) to yield a symmetric
function is
(33) Z f)\/u(z§a)fu/u(y§al) = Z f)\/u(y;a)fu/v(z;a/)
vCpCA vCpCA

for partitions A, v such that v C A.
As a first example let us show how to recover the Macdonald interpolation poly-
nomials of the introduction. To this end we take a = (a), a’ = (a/t), and

Fnla) = o) = (52 Py (),

Clearly, the resulting polynomials fy(z;a) correspond to the interpolation polyno-
mials after the specialisation a = t"~!. To see that (3.3) is indeed satisfied we
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substitute the above choice for the branching coefficient (recall the convention that
Py, = 0if p € X) to obtain

(34) 3 m Prju(2) Py = 3 W Pr(9) Py (2).

The identity (3.4) is easily proved using Rains’ Sears transformation for skew Mac-
donald polynomials [20, Corollary 4.9]

(ag/b,aq/c)x(d,e), 1 —aq/de
B8 2. Cag/bragfe). (o), P
(ag/d,aq/e)x(b,c), 1—aq/be aq/bc — a*q? /bede
=Y g e P [ ]

After simultaneously replacing (a,b,c,d, e) — (c,a/tz,cqz/a,a/ty, cqy/a) and tak-
ing the ¢ — oo limit we obtain (3.4).

If, more generally, we let (a,b,c,d, e) — (c,a/bz,cqz/a,a/by,cqy/a) in (3.5) and
take the ¢ — oo limit we find that

3 (@/2)A(a/by)y [z =bz], [y—by
— (a/2)ulafby), M 1=t [T T
a/y A a/bz y— by z— bz
—Z pw[lt =)
The Macdonald interpolation polynomlals may thus be generalised by taking a =

(a,b), a’ = (a/b,b) and
—b
Dyu(zia) = fiu(za,b) = ZIA—MIE ;ng P,\/u[l J.

[aq/de — a2q2/bcde}
1-1¢

Proposition 3.1. The polynomials Mx(x1,...,Tn;a,b) = My(z1,...,2n;0a,b;q,1)
defined by

a/Ty) 1-0b
M)\(.Tl,...,l'n;a,b)iz In/\ MEG;‘/I;;PA/;A|:H:|Mu(xla"'7xn—l;a/bab)
m

subject to Mx(—;a,b) = 0 are symmetric. Moreover, the interpolation Macdonald
polynomials corresponds to
My (21, ..., 2n) = Mx(z1,...,20;t" 1, 1),

The polynomials My (z1,...,2Z,;a,b) are an example of a class of symmetric
functions for which I(\) > n does not imply vanishing. For example,

Mi(za,b) = 2 (a)2) Py E - ﬂ _ v (@70
— =

The next example corresponds to Okounkov’s BC,, symmetric interpolation poly-
nomials [16] (see also [17,20]).

Proposition 3.2. If we take take a = (a,b), a’ = (a/t,b/t) and

Fnla) = Fup(eiah) = (2 Py 0

in (3.1a) then the resulting functions fy(x;a,b) = fa(x;a,b;q,t) are symmetric.
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Writing Oy (z; a,b) instead of fy(z;a,b), the (Laurent) polynomials O (z;a,b)
satisfy the symmetries

a [A]

Osazab) = ()01 /mb.0) = () 200001251 /0,1 /021 /0,1 /1),

(This follows easily using that Py(X;1/q,1/t) = P\(X,q,t).) Moreover, Ok-
ounkov’s BC,, interpolation Macdonald polynomials P (z;¢,t,s) follow as

Pk*(xla tx27 s 7tn71xn; q, t, S) = qin(X)OA(m; ]-7 SQtQ(nil); Q7t)

(Since Oy (ax; a,b/a) = aM Oy (x;1,b) the Ox(x; a,b) are not more general than the
Pi(x;q,t,5).)
Proof of Proposition (3.2). Substituting the claim in (3.3) and using (2.6) gives

a/z,bz)x(a/yt,byt),
> Ef bziiﬁafzt,it;y P ()P, (1)

12

_ o (a/y, by)a(a/zt, bat),,
a ; (a/y,by).(a/zt,bzt), (1) Py (t)-
This is (3.5) with (a,b,c,d, e) — (ab/qt,bz/t,a/zt, a/yt, by/t). O

Our final example will (in the limit) lead to the functions studied in the remainder
of the paper.

Proposition 3.3. If we take a = (a,b), a’ = (at,b) and

Dyu(zia) = fau(za,b) = W Py/u(a)

in (3.1a) then the resulting functions fy(x;a,b) = fa(x;a,b;q,t) are symmetric.
Proof. Substituting the claim in (3.3) and using (2.6) gives

(Z/a,by)x(bz/t,y/at)u
Z (z/a,by),.(bz/t,y/at), Pyu(1) Py ()

14

_y- W/a,b2)a(by/t, 2/ at),,
= ; (y/a, bz):(by/t, Z/at)l, P)\/H(l)PH/y(t).

This is (3.5) with (a, b, ¢, d, e) — (byz/aqt,by/t, z/at, bz /t,y/at). |

If we write Ry(x;a,b) instead of fx(z;a,b) the symmetric functions of Proposi-
tion 3.3 correspond to the functions described by the branching rule (1.14) of the
introduction. As already mentioned there, the Ry (z;a,b) are not new, and follow
as a special limiting case of much more general functions studied by Rains [19, 21].
More specifically, Rains defined a family of abelian interpolation functions

Ry (z;a,b) = Ry™ (a50,0; 4, p),

where z = (x1,...,2,). The Ri(") (z) are BC,, symmetric and, apart from param-
eters a, b, q,t, depend on an elliptic nome p. In [21, Theorem 4.16] Rains proved
the branching rule

Rz(n+1)($1, oy Tpy13a,0) = Z CE\TL)(an;aab)R;(n) (1,...,2n;a,b),
HCA
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where the branching coefficient cg\z) (z;a,b) = CE\TL) (z;a,b;q,t; p) is expressed in terms

of the elliptic binomial coefficient < ) (see [19, Equation (4.2)]) as

B a.b)(ves. vk

n A
(3.6) cg\u)(z;a, b) = < > .
M lat™ /b,t](azt™,at™/z,pqa/tb)
If we define

Ry(z;a,b) = Ry(x;a,b;q,1)

tl n ‘)‘I *(n — K
:( - ) PA((0) lim Y™ (p" s pM 4at™ = p* b/ g 1/4, 1/t p)
p*)

and compute the corresponding limit of (3.6) we obtain the branching rule (1.14)
with n —n+ 1.

4. THE SYMMETRIC FUNCTION Rj(x;b)

Define
T = (_1)\/\|qn(/\')t—n(z\).
In the remainder of the paper we consider the symmetric function

RyA(X;b) = 7'/\_1 lim R\(X;a,b)

tl n ‘)\|
=7 () o) (n:=1X])
x lim lim Ry™ (X p A at™ = pP 40/ 4;1/4, 1/ p)
a—0p—

which, alternatively, is defined by the branching rule (1.13). Because R) is a limiting
case of the abelian interpolation function Ri(n) many properties of former follow
by taking appropriate limits in the results of [19,21]. For example, if D, (b,¢,d) is

the generalised Macdonald operator

Du(b,c,d) = Z(—1)‘%(‘5‘)]"[“%?1"[(1—bxj)H(c—bdtl ") Ty

n % ’ J 5 %
IC[n] j% JEI €l
then Rx(X;b) for X = {x1,...,x,} satisfies two g-difference equations generalising
(2.2):
(4.1) Dy (b, ¢, 1)RA(X;b) = Ra(X;5bq) [ (1 — eq™it™™)
i=1
and

(4.2) Dy(b,c,d)R,(X;b) = (¢;t)n ﬁ(l — bx;)

tnfl) (Ctnil/d))\
% EI —bd)~ w7 (cq H L RA(XD).
et Ty (ct™ Y (ctn=1/d), Ut (X:0)

(For d = 1 these two formulas agree by a limiting case of the Pieri formula (5.4).)

Below we will first prove a number of elementary properties of the functions
R)(X;b) using only the branching rule (1.13). Like the previous result, most of
these can also be obtained by taking appropriate limits in results of Rains for the



BRANCHING RULES 15

abelian interpolation functions R:(")(X ;a,b). Then we give several deeper results
for Rx(X;b) (such as Theorem 5.1 and Corollaries 5.2, 5.4 and 6.2) that, to the

best of our knowledge, have no analogues for RK(") (X;a,b) or Rx(X;a,b). First
however we restate the branching rule (1.13) in the equivalent form

(bz/t)u
(bZ)A

(4.3) RA(X;b) =) Py ()R (Y5b),

where X =Y + z.
When X = {z} we find from (4.3) that

From this it is clear that R (cz;b) = c* Ry (2;bc) and that in the ¢ — oo limit
Ryy(cz;b) is given by (—b)_kq_(g). It also shows that

R41)(2:0) = Ry (23 bq).
All three statements easily generalise to arbitrary X.
Lemma 4.1. For ¢ a scalar,

R(cX;b) = Ry (X;be).

Lemma 4.2. For ¢ a scalar and n := | X/,

lim Ry(cX;b) = Tgl(tl_n)wpmm).

CcC— 00 b

Lemma 4.3. Let n := |X| and A a partition such that I(\) = n. Define p :=
(M —1,...,2, —1). Then

This last result allows the definition of Ry (X;b) to be extended to all weakly
decreasing integer sequences A = (Aq,..., \p).

Proof of Lemmas 4.1-4.3. By (4.4) all three statements are obviously true for X a
single-letter alphabet, and we proceed by induction on n, the cardinality of X.
By (4.3),

(bez/t),,

(bez)a Pyju(cz) Ru(cY';b).

(4.5) Ry(eX;b) = Z
"
Using (2.6) and the appropriate induction hypothesis this yields

RaeX;b) = NSO b oy B (Vi) = B RA (X b0,
A

establishing the first lemma.
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Taking the ¢ — oo limit on both sides of (4.5) and then using induction we get

lim Ry(cX;b) = bll=Rle=lel 2 py (1) lim R, (cY;b)
c—00 " X c—00

1—-n By
:Tgl(t b ) ZPX/H(tnil)P#(tnia'"7ta1)
"

N s ()}

where the last equality follows from (2.5).

To prove the final lemma we consider (4.5) with ¢ = 1 and, in accordance with
the conditions of Lemma 4.3, with A, > 1. Since Py, (a) vanishes unless A\ — v is
a horizontal strip this implies that v,,—1 > 1. The summand also vanishes if I(v) >
n—1 so that we we may assume that I(v) =n—1. Definingn = (v1—1,...,vp_1—1)
and p= (A —1,..., A, — 1) and using induction, as well as

b2/ 1 (bzqt),
(bz)x 1—bz (bzq),

and Py (2) = 2P, n(2),

we get
z x (bzq/t)y
X;0) = P Y;b
w6 = 5 (11 755 ) Gl munfemtvinn
z€Y nCu
x
zeX
where in the final step we have used (4.3) and X =Y + 2. O

Proposition 4.4 (Principal specialisation). For A\ such that [(\) < n,

o PR((0) e
Ry ({0);0) = (b;\"—l),\ - (btn=1)5 (;\/\.

By Lemma 4.1 this may be stated slightly more generally as

Py (a(0))
(abt"=1)y

(4.6) R (a{0);0) =

Proof. Tterating (1.13) using
ZP/\/V(X)PV/M(Y) = P)\/;L(X + Y)v

we obtain the generalised branching rule

e (b/t)
Ra(z1,...,zm, t" 7, 1, 10) = 2}; W Py /(O R (21, .., 2msb),
for I(\) < n+m. When m = 0 this results in the claim. O

Proposition 4.5 (Evaluation symmetry). For A such that [(A) < n set
<A> = (qkltn_la <o 7q>\n_1ta 1)
Then
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Proof. We may view the evaluation symmetry as a rational function identity in b.
Hence it suffices to give a proof for b = ¢'=™ where m runs over all integers such
that A1, g1 < m. But (see (1.12) and (1.13))

Moy 2(1/x1, ..., 1/xy;1/q,1/t)

R X 1-m —
M) = W s e 1, 1/0)

and
My (1/X51/q,1/t) = ] 2™ (@1 1/@)m
zeX
so that we need to prove that

Mipn—x(a{p)) _ Mo - (a(N) (agt" "), (ag'~™t" 1),
Mm”—)\(a<0>) Mm"—u(a<0>) (aqtn_l))\ (aql_mtn_l)u.

Making the substitutions A — m™ — X, g +— m™ — p and a — ag~™t'~" we get
My(a/{w) — — Mu(a/(N)  (¢"™t"H/a), ("' /a)x A= luD)

My(ag=mtt=(0)) My (ag=mtt=7(0) (¢min=/a)y (171 /a),

Finally, by the principal specialisation formula for the interpolation Macdonald
polynomials [14],

Mi(a/{0)) ("t a)a

My(ag~ ™t 7™(0)) — (¢™t"""/a)x g

so that we end up with

My(a/{w) _ Mu(a/N)

Mx(a/(0))  My(a/(0))

This is the known evaluation symmetry of the interpolation Macdonald polynomials
[14, Section 2]. O

It is clear from (4.3) that R)(X;0) = P»(X) with on the right a Macdonald
polynomial. The Macdonald polynomials in turn generalise the Jack polynomials
P/{a) (X), since P)(\a)(X) = lim,_; Pr(X;q,¢"/*). Combining the last two equations
it thus follows that

P{(X) = lim B (X;0:4,¢'/°).

Curiously, there is an alternative path from Ry (X;b) to the Jack polynomials as
follows. For X an alphabet let

e {5 )[rex)
1—2
Proposition 4.6. We have
PV(X) = lim Ry(X; 154, ¢%).
q—)
Proof. Let X =Y + z be a finite alphabet.
Replacing (b,t) — (1,¢*/*) in (4.3) and taking the ¢ — 1 limit yields

R (X) = (1= )= P () RO (v),

where P/{‘/XL is a skew Jack polynomial and

R{V(X) = lim RA(X; 1 ¢,4"%).
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Using the homogeneity of P)(\‘/)‘) the above can be rewritten as

R (X Z pm( : ) REO(Y).

Comparing this with
P > PGB (Y)

the proposition follows. ([l

5. CAUCHY, PIERI AND GAUSS FORMULAS FOR Ry (X;b)

Probably our most important new results for Ry(X;b) are generalisation of the
skew Cauchy identity (2.11), the Pieri formula (2.13) and the ¢-Gauss formula
(1.15).

Before we get to these result we first need a few more definitions. First of all, in
analogy with (2.7), we set

Ra(X;b
(5.1) RA(X;D) := ") 7“, :0)
Ex
so that (4.3) becomes

Rxi) = 3 GEE Py IR, (130,

Furthermore, we also define the skew functions Ry, (X;0) by

(52) RA/;L(X?b) = Z (?Zﬁ;) PA/V( )R#/V(Y;b)

and
RA/#(ﬂb) = 5>\M-
In other words,

Ra/u(X +Y30) = > Ry/u(X;50)R,./ (Y5 b)

and R)\/“(X7O> = P)\/#(X)

Theorem 5.1 (Skew Cauchy-type identity). Let ab = cd and X a finite alphabet.
Then

A

b/c)y
B < 11 m) Z EZC;# Q“/*{ _C]RV/A(X;d)-

rzeX

Note that for b = 0 the theorem simplifies to (2.11). We defer the proof of (5.3)
till the end of this section and first list a number of corollaries.

Corollary 5.2 (Pieri formula). Let ab = cd and X a finite alphabet. Then

(5.4) R.(X;d) H EZ? Zi;oo _ Z 52;3 Q)\/u[ ]R)\(X b).
rzeX ’ o0 A
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This follows from the theorem by taking 4 = 0 and then replacing v by pu.

When b,d — 0 equation (5.4) yields the Pieri formula (2.13) for Macdonald
polynomials. When b,¢ — 0 and a — 1 such that b/c = d equation (5.4) yields
(after replacing d +— b)

(5.5) > RIRCSELTEN | F=

zeX

For p = 0 this is the ¢g-binomial formula for Macdonald polynomials (2.12), and for
b =0 it is Lassalle’s [9]

3 m PA(X) = P,(X)

A

1
U

The Jack polynomial limit of (5.5) is of particular interest. To concisely state
this we need some more notation. Let

A\ A

( ) — Tim [ ]

1% q—1 1% q’ql/a
or, alternatively [3,8,18],

P)(\a)(a:1—|—1 ST+ 1) Z( >°‘)P,Ea)(x1,...,xn)
I

P(a)(ln P (1)
where n is any integer such that n > [()\). Further let
(b a)x = [0+ (1= i) /),
i>1
with (b)) =b(b+1)---(b+k—1),
A(e) = [I(als) + 1 +1(s)/a)
SEA
and
PV (X)
ch(a)
Using all of the above, replacing (b,q,t) in (5.5) by (¢°,q,¢"/®) and taking the

(formal) limit ¢ — 1 with the aid of Proposition 4.6, we arrive at the following
identity.

PI(X) =

Corollary 5.3 (Binomial formula for Jack polynomials). For X a finite alphabet

Bra)x (AN Say o ()% B
S () P =row I =

reX

Another special case of (5.4) worth stating is the following multivariable exten-
sion of the 1¢; summation [2, IL5], which follows straightforwardly by taking the
a,d — 0 limit,

(5.6) Z A=l Z?Z Qw[o ]RA(X ) —p) Tl (co)

reX

This provides an expansion of the right-hand side different from (2.13).
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If we let v = 0 in Theorem 5.1, use (2.10) and then replace (a, b, ¢) — (¢/ab, ¢, c/a)

we obtain
Z( c )‘)‘7“' (a,b)x Ra/p(X;c) = H (cz/a,cx/b)o

)\ ab (a,b), % (cx,cx/ab)os

For i = 0 we state this separately.

Corollary 5.4 (sl,, ¢-Gauss sum). For X a finite alphabet

(5.7) Z(i)l/\l(a,b),\R,\(X;c) - 11 (cz/a, cx/b)o
A e

% (cx,cx/ab)o '

As mentioned in the introduction, for X = {1} this simplifies to the standard
g¢-Gauss sum (1.16) thanks to (4.4). More generally, if we principally specialise
X =t17(0) = {1,t71,...,t17"} and use (4.6) the sl,, ¢-Gauss sum simplifies to
Kaneko’s ¢-Gauss sum for Macdonald polynomials [4, Proposition 5.4]

ct! =\ M (a, b)x m (et " a, et T b) oo
Z( ab ) (c) Py((0)) :H T e A
I\ A i=1 (C , € /a )oo
As another consequence of the theorem we obtain an explicit expression for

the Taylor series of R, (X;b) in b. For u C X let (1)5/, be defined as (1)y/, =
lim,—1(a)x/(a),. That is

(1))\/“ — H (1 _ qa/(s)tfl/(s)).

SEXA—
Corollary 5.5. We have
_ A
(55) Ru(X38) = 3 0 (1), | Pa(x),
ADdp

or, equivalently,

T . — )\
PIRCGD = 5 Wy HiZes!
[IA—p|=r

Proof. Replacing (¢, X) — (a/b,bX) in Lemma 4.1 and expressing the resulting
identity in terms of the normalised function Ry(X;b) (see (5.1)) we get

a\ I
(5.9) R,\(aX;b):<g> Ry (bX; a).

Combined with (5.5) this implies that

(5.10)  Ru(aX;b) = (%)““ (H ((abg;);:) ;bugz;z m P, (X).

zeX

The summand vanishes unless ;1 C A and so we may add this as a restriction in the
sum over A. Then the limit ¢ — 1 limit may be taken without causing ambiguities,
and the claim follows. O

Corollary 5.5 implies the following simple expressions for Ry(X;b) when t = ¢
(Schur-like case) or t = 1 (monomial-like case).
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Proposition 5.6. Let X = {x1,...,x,}. Then

1 gt
Gl R =g e ()
and
n x;h '
(5.11b) RA(X3b) = > (H (bxi)m) ift=1.

ut=x Ni=1
Proof. Since the two claims are proved in almost identical fashion we only present a
proof of (5.11a). The only significant difference is that the omitted proof of (5.11b)
uses (2.19b) instead of (2.19a).
Assume that t = ¢. Let v =X —(0,1,...,n— 1) and suppose that v, > 0. Since
for any k£ > 0, one has the expansion
xk—i—n—l

i k+r—1
_ k+n—1+r
T~ 2 { r }

r=0

the matrix (x?ﬁn_l /(bx;),,) factorises into the product of rectangular matrices

k-1
n—l—i—r . d b'r‘fk
(zl );_:%J’,'iﬂ? an < L" — k}) r=0,1,..
k=v1,...,un
According to Cauchy—Binet theorem, the determinant on the right-hand side of
(5.11a) factorises into a sum of products of minors of these two matrices.

On the other hand, by (1.1) and (2.19a), the expansion (5.8) gives

R,\(X;b)A(x)ZZbl“_’\‘(l)ﬂ/A det (W) det (:L-i;tj—i-n—j)?

= 1<i,5<n 1<4,j<n

where we have also used (2.21) and (5.1). Using v instead of A, and n = pu —
(0,1,...,n — 1), this becomes

RA(X;b)A(x) = det ([m_ﬂbmw) det (z),

1<i,j<n Vj 1<i,5<n
nov
which is precisely the Cauchy-Binet expansion. The restriction v, > 0 is lifted

using Lemma 4.3. g

Recall that the Macdonald polynomials are the eigenfunctions of the operator
D}, see (2.4). Because Py(X;q,t) = Px(X;q 71, ¢ 1) this can also be stated as

D) PA(X) = wyPr(X),

where D). := D! (g~ !;¢t7!) and w) is given in (2.18).
A second consequence of Corollary 5.5 it a generalisation of this identity as

follows. Let
Ai(z;t) == H i~

=1 Ti — Tj
i
and
n _ in bIl
DL(b) := > At 1)((1— p )qul’wu p >

=1

so that D}(0) = D}.

n
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Theorem 5.7. For X = {x1,...,z,} we have

D} (D) RA(X ;) = waRA(X;b).
Proof. Define the operator &, as

n.foZ (z;t™ 1 T_1,zi—1).

Combining the (q,t) — (¢! t_l) instance of [9, Proposition 9] with (2.22) gives
N 2@
EnPA(X)=(1-9) Zq A A(i)/A[ \ }PMI')(X%

where )\(l) = ()\1, ceey >\i—17 )\i + 17 >\i+1v ey )\L)
Since
Dy (b) =Dy, (0) = bg ™' &y
this implies that
1 e A
D} (b)PA(X) = wyPA(X) —b(1 —q) Zq o n(l),\m/){ \ ]Pm) (X).
By Corollary 5.5 we can now compute the action of DL (b) on Ry (X;b):

DL (R, (X:5) = 3" b#1(1) m DL (b)PA(X)

ADdp

= Z b‘““'(l),\/u [2] wAPA(X)

ADp
i O] A
l_q ZZbD\ #‘Jrl ;i 1t (I)A(i)/#[ A :||: :|P)\(7:)(X)
=1 A\Dpu a
I A
= (D)5 | JwaPA(X)
ADp K
[A—=p] ,—Xigi—n A )‘(7«)
SICED 95 S Anl Tt OV ol 1) LIS
i=1 ADp @Il H

where we have also used that (1)y/,(1),/, = (1)x/, for v € u € X. Recalling the
recursion (2.17), the sum over ¢ on the right can be performed to give

DLORL(XH) = w, 304 (1), m PA(X).
ADp

Again using (5.8) completes the proof. O

As a third and final application of Corollary 5.5 we are in a position to derive
a simple expression for D, (b, c,d)P,(x), to be compared with (2.2) (obtained for
b=0) and (4.2).

Proposition 5.8. For X = {z1,...,x,} we have

Dby, d)PU(X) = (1) S (o) O D @Dy )

N =p! (Ctn 1))\ (d)ﬂ
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Proof. First we use (2.7b) and (2.15) to put the proposition in the form

(5.12) Dy, (b,c,d)P, (cit)n y_ b thi 1) (dx Q)\/H|: _1}P/\(X)'

ADu M (@A) b

To prove this we similarly normalise (4.2), so that

(5.13) Dy(b,c,d)R, (X H 1—ba;)

v T cqt b, (ct”_l/d),t qg—1 )
X Z bd ln— Tl, tn 1) (Ctnfl/d)y QH/V 1_¢ RH(va)

First we consider the right-hand side of this identity without the overall factor
(¢;t), and with ct"~! replaced by c:

Eliminating R,,(X;b) using (5.8) yields

n

g, = H(l — bx;)

i=1

D] glu—v| T (€@)v (¢/d)p g—

x;;b d 7, (©), (¢/d), (Dw{ ]QW{ — ]PA(X)
nCA

To simplify what follows it is helpful to first consider the more general function
gl/(ea fa g) deﬁned as

o () v vy (df/€)v (cq)y (e,c/d)y (f)
' (H (bgq) o )Zbk (dg/e)~"! )

=1 (df/e)x (cg)u (e,c/d)y (fu
X Qx/u [igf/e]%/uﬁ f]PA( )

Obviously,
= lim g,(e, 1,1).

€e—00

By the Pieri formula (2.13)

(df/e)y (ca)v (e.c/d)u (f)r
(df/e)x (cg)u (e,¢/d)y (f)y

X Qp/a [f 1 f/gq} Qx/p [f/g(ll : jf/e} Qu/v ﬁ:ﬂ P,(X).

gule, f,9) =" (bg)""I(d/e)V(g/ )l

RN

Thanks to Rains’ generalised ¢-Pfaff-Saalschiitz sum [20, Corollary 4.9]

sa) N, [1to,,[1of] - Gho[1]
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with (a,b,¢; A\, u,v) — (f, f/9q,df /e;n, A, 1) we can perform the sum over A. Then
renaming the summation index n as A results in

gule, £,9) = _(bgg)*™! (df/e)y (ca)v (e;c/d)u (f/99)

Wi (df/e)x (cq)u (e,¢/d)y (F/90)u
d/e d/e —df/e
x QW[ _ﬁ }QM [/1_{/‘1] PA(X).

In the Sears transformation (3.5) all occurences of P may be replaced by Q.
Applying this normalised form of (3.5) with (a,b,c,d) — (¢/q,cgq/f,1/g,¢/d), we
obtain

gule. f,9) = (bgg)* !

A

(df/ea CQ)V (da C/G)A (1/97 CQQ/f)lL
(df/67 Cg))x (d’ c/e) (1/97 ng/f)l/

<@y |1 q, [T 0, ),

It may not seem that we have achieved much, but letting f = ¢ = 1 and then
taking the large e limit we find

gt

This essentially establishes the claim. Indeed, by an appeal to (5.8) the left-hand
side of (5.13) is

Da(b,¢,d)R,(X;50) = > bl=(1),,), m Do (b, ¢, d)P,,(X).

This must be equal t0 gy |oein—1 times (¢;t),, thus proving (5.12). O

We remark that by a slight variation of the above proof it may also be shown
that (4.1) is the d = 1 instance of

e (bd) (bdgzi)oe
D, (b, c,d) (R#(X,bd)i]:[l (b21) o0 > (bqazi)Oo

5.1. Proof of Theorem 5.1. To prove the theorem we first prepare the following
result.

1 (X bdg) H — cgMit" )
i=1

Proposition 5.9. For u,v partitions
Z\: EZ)):\\ PA//L< )Q)\/u [1:5}
= s s e P () 1)

Note that for v = 0 this is

(a,b)x c\ _ (c/a,c/b)s (a,b)y
2o, Pail) = (crcfab)m (c/0)"

which, for p = 0, simplifies to the ¢-Gauss sum (1.16).
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Proof of Proposition 5.9. Key is the Cauchy-type identity for skew Macdonald poly-
nomials due to Rains [22, Corollary 3.8]:

(5.15) Z N (a, b A/#[l ]Qx/y[lid]
gy <a7b>,¢ M (@)
- (E> (e/e, fle)u <%> (e/d, f/d),

() ekt (12 (1)

T4

provided that the sum on the left terminates and the balancing condition abcdq =
eft holds. The prefactor Z refers to the sum on the left for y = v =0, i.e., to

_ Al (a, b))\ 1—c —d
g ;q (e Fx M1 o
— By (avba c, d))\ p |: 1 :|
2}\: ! (6, f))\ A 11—t
Since (), vanishes if [(\) > 1, and since

() (k) Py [1;} ~ (o

if follows that for (b,c) = (¢~ V. t)

(a,d,q V) ¢~ _(e/a,e/d)n
7= Z (@.c.adg" N ),  (ere/ad)y

where the second equality follows from the ¢-Pfaff-Saalschiitz sum [2, Equation
(I1.12)].

To make the same (b, c¢) = (¢~ V,t) specialisation in the right-hand side of (5.15)
we first replace the sum over A by A C v (using the fact that P, /,\(X) = 0if A Z v).

Then
(b _ ' (s) =1 (s)
SEV—A

is well-defined for b = ¢=. It thus follows that for for (b,c) = (¢7,t) (5.15)
simplifies to

) 1—-d
Z |/\‘ a q )\ P)\/l"( )QA/V |:_:|

g ")

:( )ll‘l( i (q)"’| (a,g7 ™)y (e/a,e/d)n
t) e/t f/t)u (e/d,f/d), (e e/ad)n

dtN\ M (e/dt, f/dt)x 1-d
) P 1]
for adg'~" = ef. Eliminating f, taking the limit N — oo and using (2.6) this
results in the claim with (b, ¢) — (d, e). O

We are now prepared to prove Theorem 5.1.
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Proof. We proceed by induction on n := | X|. For n = 0 we get the tautology

/g fa=e]_0ldug fa-c
B/c)y M T=t] /o), M1 —t|
For n > 1 we compute the sum on the right-hand side of (5.3), assuming the formula

is true for the alphabet Y. (Recall that X =Y +z.) Using the branching rule (5.2)
and

(5.16) QA/,,[ — }Pm ) = a"1Qy, [ Céa]PA/n(az)

we obtain

Suv(X;a,b,c) =

b/c QA/V[ }R,\/u (X;0)

Z v bé/ Vf(’g/)t)m [ fga}m/maz)m/u(y;b).

The sum over A can be transformed by Proposition 5.9 with (a,b,¢) — (b/c, c/a, bz)
and g — 7. As a result

cz,dz) oo b/e)y(dz a—c
Suu(X;a,b,c) = Eaz bz§ > ((lé/i)i(d,gh Qy/x [1—1&} P,/x(2)Ryu(Y5b)
) oo P v
- EZZZ ﬁ;“ > (C(IZ;% Pu/a(2)Sua(Y,a,b,¢),
) oo Ty v

where once again we have used (5.16), and where d = ab/c. By the induction
hypothesis, S, x(Y,a,b,¢c) may be replaced by the right-hand side of (5.3) with
(X, \,v) — (Y,n, ), leading to

(cz,dx) oo (b/c)u dz/t [a—c
SuaV(X;avb’ C) = H ax b.’E Z b/C Qu/n 1_1¢ PV/A(Z)R)\/U(Y;d)'
zeX L J

One final application of (5.2) results in

(cx,dz) oo a—c
S;L,L/(X;aaba C) = H ax bﬂ? Z u/n 1_¢ Rz//n(X;d)v
reX n - -
which is the right-hand side of (5.3) with A — 7. O

6. TRANSFORMATION FORMULAS FOR sl, BASIC HYPERGEOMETRIC SERIES

In this final section we prove a number of additional identities for basic hyper-
geometric series involving the function Ry (X;b). For easy comparison with known
results for one-variable basic hypergeometric series we define

ax
D z; X
]

a go . n\)i—n sl
- () T
By ’ 5
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where X is a finite alphabet. There is some redundancy in the above definition since

by Lemma 4.1 2Ry (X;b5) = Ry (2X;bs/2). Since Ry(X;b) vanishes if I(\) > |X],
and recalling Rz)(z;b) = 2% /(b2), (see (4.4)), it follows that

iy - pBY ALY (IHE) A
k=0

b17~-~7bs (b17"'7b8)k
. al,...7a,«.
—T¢S|:b1"."bs7zj|7

with on the right the standard notation for one-variable basic hypergeometric series
(with dependence on the base ¢ suppressed). The reader is warned that only in
this degenerate case do the “lower-parameters” by, ...,bs enjoy full &, symmetry.
Using the above notation the ¢-Gauss sum (5.7) may be stated as

(6.1) 2q>1[a’b~ ¢ ;X] _ [ lelecn/be

c’a pex (cz,cx/ab)oo
To generalise this result we first prove the following transformation formula.

Theorem 6.1. For f =de/bc and i a partition,

(a,b) fla—cf/a ,
z}\: (d))\A Q/\/N|: 1—¢ :|R)\(X7€)

_ (B (fz,ex/a)s (a,d/c)x e/a—cf/a .
= (d/c)u<$1€_£ (esc,fx/a)oo)z\: (d)/\ Qk/u{ 1—¢ }RA(X,f).

Note that the substitution (b, ¢, e, f) — (d/c,d/b, f,e) interchanges the left- and
right-hand sides.

Proof. We replace i — v and then rename the summation index A on the right as
. By the Pieri formula of Theorem 5.2 (with (a,b,¢) — (be/d, e,a)) the term

Ru(x: ) T e

s (ex, fx/a)oo

on the right-hand side can be expanded as

L

resulting in

(a,b)x fla—cf/a .
z)\: (d))\ Q)\/l/|: 1_¢ :|R)\(X,€)
_ (b (@)r(d/c)u fla—e/a e/a—cf/a
W & (@, e R e
By (5.14) with (a,b,c¢,d) — (d/c,b,d,e/ab) the sum over u can be carried out,
completing the proof. [

]RA(X§6)'

For 4 = 0 Theorem 6.1 simplifies to a multiple analogue of the ¢-Kummer—
Thomae-Whipple formula [2, Equation (II1.10)] (corresponding to the formula be-
low when X = {1}).
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Corollary 6.2 (sl, ¢-Kummer-Thomae—Whipple formula). For f = de/bc,

a,bc f _ (fr,ex/a)oo a,d/b,d/c.g.
(6.2) 3‘1’2[d,e»avX}—<H(ex,fx/a)m)3%{ af o ]
zeX

For d = ¢ this reduces to the ¢-Gauss sum (6.1).
If we let ¢,d — 0 in Theorem 6.1 such that d/c = bf /e and then replace (e, f) —
(c,az), we find

LA=nl (a,0)x [A .
; (a, b)u LJ Ral¥0)

(I o) o (2) " e o

For ;1 = 0 this is a multiple analogue of Heine’s 3¢ transformation [2, Equation
(I11.2)).

Corollary 6.3 (sl, Heine transformation). We have

a,b cx/a,azx)so a,abz/c c
] = (] (o) g e
c iox (e, 2) 00 az ' a
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