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Abstract. The central charge of the Izergin-Korepin model, the corresponding quantum
spin chain, and the O{n) model is calculated analytically via the Bethe ansatz. The
calculation extends a technique recently developed for the Zamolodchikov-Fateev model.
In addition critical exponents and the central charge for these models are obtained from
numerical solutions of the Bethe ansatz equations for finite systems. As a physical applica-
tion we find the exponents »=4% and y=2 for the @-transition of polymers in twe
dimensions.

1. Introduction

Among its physical applications, studies of the O(n) model have shed light on the
statistics of long polymer chains in the »=0 limit [1,2]. For a specific choice of
interactions, the O(n} partition function can be expressed in terms of a loop model
[3]. This equivalence, along with a further mapping to the Coulomb gas, enabled
Nienhuis {1] to determine the critical behaviour of the O{n) model on the honeycomb
lattice in the range —2<n=2. Baxter [4] then obtained the exact value of the free
energy f. per vertex at the critical point via the Bethe ansatz (Ba) solution of the
related vertex model. Subsequently, the central charge ¢ was calculated from the leading
finite-size correction to the free energy per site. For a spatially isotropic system, which
is periodic and of finite extent L in one direction and infinite in the other, the free
energy scales as [5, 6]

c
fL_..,fm_g—EE as L 0o, (11)

The result {7],

|3z =207

-8 (1.2)

where n=-2cos 28 (0=< 8= ), is in agreement with a previous conjecture [8] and
with that obtained from a mapping to the Gaussian model [5] and the Coulomb gas [9].

0305-4470/92/113077+19804.50 © 1992 IOP Publishing Lid 3077



3078 S O Warnaar et al

More recently, Nienhuis [10, 11] has obtained a more general solvable O(n) model
on the square lattice. In this model the n-vector spins live on the edges of a square
lattice, and are coupled via nearest-neighbour, second-neighbour and four-spin interac-
tions between the spins around each vertex. The terms of the high-temperature
expansion of the partition sum can be represented as combinations of non-intersecting
polygons on the lattice [11]. These polygon configurations in turn can be mapped onto
the configurations of the Izergin-Korepin model [12]. In this model the edges of the
square lattice can be in three states, and 19 of the possible configurations around each
vertex are allowed, as shown in figure 1. The weights o; of the 19 vertices, in the
notation of Nienhuis [11] (2¢ — 8), are given by

w, = —sin A cos 10 +sin(y +320) cos(y —20)

wy=wy=—¢""%25in @ cos(yy —36)
Wy = W= _eiw+i0/2 sin 8 COS(!,{’ ""%0)
we=wg=1¢"*""?sin 0 sin(y+326)

wr=we=—ie "2 4in g sin(y +36)

W10 = Wy = Wy = @3 =sin{y +30) cos(y —30) )
@14 = @5 =sin(¢ —30) cos(vr —36)

w16 = w7 =sin(y +38) cos(y +56)

w1y = —sin B(cos & +ie2¥ sin 16)

W= —sin B(cos 6 —i e*' sin 39).

The number of spin components » is parametrized by é via n =—2cos 24. With the
variable ¢, called the spectral parameter, the spatial anisotropy of the interactions can
be varied. In the limit ¢ = —36 the transfer matrix reduces to a trivial shift operator.
The logarithmic derivative with respect to ¢ in this point gives the Hamiltonian of an
anisotropic quantum spin-1 chain with bilinear and biquadratic interactions, which
depending on 8 can be bath ferra- and antiferromagnetic. The form of this Hamiltonian
is given in (6.1).

The transfer matrix has been diagonalized via the so-called analytic ansatz [13].
The eigenvalues have since been obtained via both the coordinate [14] and algebraic
BA [15]. The connection between the O(n) and the Izergin-Korepin models has also
been discussed recently by Reshetikhin [16]. More generally the Izergin-Korepin model
can be identified with the twisted affine Lie algebra A” and thus belongs to the A}’
family of exactly solvabile lattice models [17].

A A e A i
P e e o o e 4

Figure 1. The vertices of the Izergin-Korepin model.
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The transfer matrix eigenvalues of the Izergin-Korepin model are given by

. R Lanr. 1y sinh(y,—3i8+iy)
At =lsin(y+20) cos(y +0)T's 11 s o " hovin)

. ! sinh{p;+3i8 +ip) cosh(w; —3ig +iy)
+[sin(y +328) cos(y ~20)]% ] 228 T4 L.
Lsin(y +36) cos(y ~36)] ,-1;11 sinh(v; —i0 +iy) cosh(v; +5i0 +ig)

. o h(v, +316 +i)
+[sin(¢ —18) cos( —20)]Fs ™" ] ST T 1.4
[sin(¢ —58) cos(p —36)] ,-l;[; cosh(z; + 50 i) (1.4)
where v, j=1,..., 1 are the solutions of the sA equations,
[cosh(v,.—gie)]L__ ! sinh(y,— v, —i8) cosh(y, — v, +1i0) (1.5)
cosh(v, +3i8) k=1 sinh(v; — v, +18) cosh(v; — v ~1i8) '

The factor s =e'? is a ‘seam’, necessary to make the connection between the O(n) and
vertex models exact for a finite system [14]. In the groundstate sector I=L, the
eigenvalues match for ¢ = 7w —2/8], and in the other sectors for ¢ =10,

The critical behaviour can be classified according to the various regimes [18]

regime I O<é<w
regime 11 —r<f<—im
regime I1I —im < 8<0.

In [14] we considered the isotropic model (¢ = }7) and calculated the free energy and
the central charge in regime I. Here the BA roots are real and the analysis is similar
to that required for the O(n) model on the honeycomb lattice [7]. In particular, the
result for the central charge is in agreement with (1.2), as to be expected on universality
grounds. However, although allowing us to calculate the free energy, the complex
nature of the BA roots prevented us from calculating the central charge in regimes 11
and III. In this case direct numerical solutions of the Ba equations (1.5) indicated that
the ground state is described by the 2-string solution

Im v, ==xi(7+8). (1.6)

The finite-size corrections for eigenvalues associated with such roots have recently
succumbed to a new analytic method [19-21]. The main idea is to define a set of
functions, related to the eigenvalue expression, that are analytic in certain strips in
the complex plane. By choosing appropriate auxiliary functions, different strips of
analyticity can be related and the set of functions can in some sense be solved, leading
to exact results for the bulk and leading correction term in the eigenvalue expression.
In this paper we derive the free energy and central charge of the anisotropic model
(1.3) following the treatment in [21] for the 6- and 19-vertex models.

The calculations are ordered according to their degree of complexity, beginning in
section 2 with the treatment of regime I[. The regimes II and III are then treated
subsequently in sections 3 and 4. As an independent verification and an extension of
the analytical treatment we present numerical results for the central charge and critical
exponents in section 5. The corresponding quantum spin chains are discussed in section
6 and finally in section 7 we summarize our main results for the Izergin-Korepin model
in the light of other recent calculations.
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2. Regime 1

In this regime (0 < 8 <) we derive the bulk free energy and the central charge of the
Izergin-Korepin and solvable O(n) models by following the treatment given in [21]
for the six-vertex model.

We begin by introducing the spectral variable v=—~iy+ii7 and rewriting the
eigenvalue expression (1.4) in the form

38
A(v)=s"@(v-—%i()—%in-)cb(v—%i6+£iw)w
glv—3i8)
x {1+ p(v—Li)[1+ p(v+Lid)] (2.1)
where
_ D(v+lio)g(v-Lib)q(v—i0)
PO = S G T 1i0) (0 + 5i)g (0 710) (2.2)
with
g(v)= ﬁ sinh(v—v;) ®(v)=cosh* v and 0:=m—0. (2.3)

J=1

For convenience we have taken both [ and the system size L to be even.
The BA equations (1.5} now read

p{y)=-1 (2.4)

In this regime, the I = L BA roots v;, describing the largest eigenvalue, are distributed
along the real axis.

2.1. Nonlinear integral equation

To derive the nonlinear integral equation analogous to that for the six-vertex model
we begin defining two functions that are A~z (analytic and non-zero) in strips around
the real axis:

a{v)=g(v)p(v+i&) A{vy=1+p(v+if) (2.5}
where
_|tanb p(u+%i§-|~i§)]L T
g(v)= [tanh o(v—Lib+if) P35 (2.6)

and 0< £= min(16, 14). The function g(v) compensates for the bulk behaviour of the
function p(v+if) [14]).
Because of the ANz property of a(v) we can define its Fourier transform as

a(k) =2L ‘[ [In af{v)]” e ** dv [ln a(x)}]"= J a(k)e* dk {2.7)
T J e —co
and similarly for A(v). The Fourier transform of g(v) is defined to be
1 oo+ir )
q(k)=2—J. [In g(v)]" e ** dv O<r<mw
T J_w+ir
- (2.8)
{In q(v)]"=j g(k)e™ dk 0<Im(v) <
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We will now derive a set of relations involving the transforms of the above functions.
Using the definition (2.2) we write a(v) in the form

O(o+lio+ig)g(o+ L6+ lir+ig) go+id+ié)
®(v-lig+ie)g(v+Lib+ig)g(v+if+if)

a(v)=sg(v) (2.9)

where we have used the mi-periodicity of g(v) to shift the arguments of the ¢ functions.
Taking the Fourier transform and using (A.1) from the appendix then yields

_ [ inh 16k < |
k) =e~* cosh }(36— lek 4ot inh 19k |. 2.10
a(k)=¢e"* cosh 1( ) Sinh Lk cosh 10k de g (k) sinh 8k (2.10)
Next we consider the auxiliary function
1+p(s)
h(v)=—"—"= (2.11)
p(v}q(v)

which is ANZ in a strip including the real axis, allowing the application of Cauchy’s
theorem

X+iE oo—ig
J‘ [In h(v)]" e ™ dv = j [In A(0)] e ™ do. {2.12)
—oo-big —oo—i
Substituting (2.11} and using (A.1) yields?
hark Lg]
e cosh ;0k o =
= —+e* A(k)—e * A(k)—e® k}. 2.
a(k) 25inh%1rk{ cosh gk T ¢ Al me T Alk)meT alk) (2.13)

Solving (2.10) and (2.13) with respect to A and A we find
a(k) = F()A(K) — F(k)A(k)

hiék Lk 1 ek xoonl (2.14)
k) = el 2 { FA(k) —e™ A(k }
qtk) 2 cosh 30k |sinh Lmk smh%ﬂk [ Alk) —e (k)]
where
Fk)=— sinh } ék coshi{36—m)k Fg(k)i=e_2§" F(ko). (2.15)

sinh 10k cosh 49k

Transforming back and integrating twice we arrive at a nonlinear integral equation

In a(v)=F#*ln A— F,*In E+% (2.16)
where

F(v)= 2177 Jr: F(k)e™ dk Fi(v)=F(v+2if) {2.17)
and f*g denotes a convolution

(frg)v)= Jif(W)g(v—W)dW- (2.18)

The integration constant in (2.16) follows from the limit v - 0.

+ Note that f(k) denotes the eT of the function F(v)=F(5) which is equal to f



3082 § O Warnaar et al

In order to take the thermodynamic limit (L -» o), we make the change of variables
[21]

v:=$(x+ln L) (2.19)
and define the limiting functions
a.(x)=lim a(+v)/g(xv) Ax}=lim A(xo) =1+ a.(x). (2.20)
With these definitions the integral equation (2.16} gives, in the thermodynamic limit,

(rr)mse () e 2() o
where the kernel K reads

K= (_FI;Z _52). (2.22)
Here the functions F, and F, are defined as
F,(x):=—l—F(d:—1—x)=F(ix) Fz(x):=lF(:t-—1——x+2i§) (2.23)

2p 2p 2p 2p 2p

and satisfy the symmetry relations

Fi(x)= F(-x)= F\(x) Fy(x) = Fy(—x) (2.24)
i.e.

KT(x)=K(-x). (2.25)

It is precisely this symmetry property which allows the derivation of the central charge.

2.2. The central charge

In view of the result (1.1) we are interested in the free energy per site, fi(v)=

—L7'In A(v). Now the eigenvalue expression (2.1) gives, to leading order
A(v) _q(v—}i6)g(v+1i6)
d(v+2i0—timP(v—3i0+iim) qlv—ii0)g{v+ii6)

(2.26)

Taking the Fourier transform of the RHs, substituting (2.14) for g(k), inverting the
Fourier transform, twice integrating using (A.2) and substituting the finial result back
into (2.26) yields

_ 2i [* | sindp(v—w—if)
J’L(v)—fm(u)+\/3 13 Lc [Cosh PPTEE—rS In A(w)
_sinhdp(v—w+if) = ] -
cosh 6p(v—w+if) In A(w) | dw. (2.27)

Here the bulk free energy is given by

mi\ i ®  ginhi6ksinhifk ™
= ~In| sink{ v -2 IV - dk (2.8
S=(2) ]"[s“‘h(” 4p) s‘“h(”+4p):| I_msinh%wkcosh(wk/4p) k (2.28)

for |Im(v)| < m/4p.
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Taking the thermodynamic limit in (2.27) and using the definitions (2.20) gives

fulv) =fm(v)+i—ﬁ e Im[e‘z"if r InA(x)e™ dx]

—a0

—2;—-? e 2 Im[ez"i‘fjr In A_(x)e™™ dx]. (2.29)

To bypass the direct solution of the integral equation (2.21) we consider the expression
® {{Inal\’ _ . -
I {( o ) (InA, InA.)- ('“ N )(In A. In A,)'} dx. (230
- L\IN &% In 4.

Substituting the solution (2.21) and using the symmetry property (2.25) of the kernel
K, this simplifies to

F8/3 Im[e”"if J.

—oc

[} 2
In A, (x) e"‘] dx+-1-%b- (2.31)
which we recognize as being of the required form in (2.29).

We can however, calulate (2.30) exactly. Substituting A.=1+a., making the
change of variables a.(x) =z and a@.{x) ==z and using a.(0) =3, a.(—%}=0, §=1/s,
we have

*[in(1+z) In:z 'ln(14+z) Inz _ 12
L I:ﬂ_zm—m] dz+_L [T—l—_‘_—z} dz=L(s)+ L(s" ) =17% (2.32)

The function

is related to the Rogers dilogarithm function [22] and satisfies the functional relation
L(z2)+ L{(z"Y=3=". (2.34)
Combining (2.31} and (2.32) we have
wapie [ P I Y OO 5
Im[e " J'_wlnAi(x)e ]dx—¥24\/§(1—w6) (2.35)

leading to the final result

7 cosh(2pv) (1 _3;452)

6L* w0 (2.36)

Ju(v) =ful(v) =

3. Regime II

For <0 it is convenient to introduce the variables n =—0 and #=m—7. In this
section we give the details of the derivation of the bulk free energy and the central
charge in the region jm=<n<m The extension of the calculations to the region
iw<m<ir is straightforward but tedious and subsequently we omit the details. In
either region the calculations are more akin to the treatment given in [1] for the
Zamolodchikov-Fateev model {23].
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In order to work in analyticity strips around the real axis we shift the BA roots:
v > vj+%i'n'. The eigenvalue expression (1.4) can then be written as

g(v+3i%)

A(v)=s"'®(v—LimP(v—3i75) 2o i)

{1+ p(o+4p)[1+ plv—5ig)]1} (3.1)
with

p(v)= (v +3id)g(v +3in)q(v+in)
(v -}i)q(v —if)g(v~in)’

(3.2)

The functions g{v) and ®(v) are as defined in section 2. In this case the BA roots are
(almost) located on the lines Im(v) = +47% and obey the symmetry that if p(yv;)=—1
then also p(#;) = ~1, where j=1,..., L.

3.1. Nonlinear integral equations

We begin by defining the functions

a(v)=g(v) p(v+ig+i&)[1+p(v—Lin+ig)] A(v)=1+a(v)/g(v)
o Po—gig+ig) p(v+iig +if) _
B(v)=g(v) 1+ p(o+ 57 +if) B(v)=1+p(v)/g(v)
y(v):= g(v} p(v +is +ig) C(v)=1+v(v)/g(v) (33)

1
plo—gi7 +ig)

which are ANZ in strips around the real axis. In this case

8{v)= D(v)=1+8(v)

™

=tanh" ( +i—7r+' ) = 34
8(v)=tanh p{ v+ 7 +ig e (3.4)
and 0 < £ <47. We define the Fourier transform of the function q(v) as
O+-ir
nlk) =5~ [In g(v)]" e~ dv - <r<iq
—0+ir
1 oo+ir )
qﬂk):Ej [In q(v)} e do 13w+ n)<r<-1y
-:+|r (3'5)
(ln Q(v)]"=_[ qi(k) e dk ~4n <Im(v) <g7
[In q(u)]”=J. g:(k) &' dk —i(37+ ) <Im(v) <-37.

Again we derive a set of relations involving the Fourier transforms of the defined
functions. First we note that not all the functions defined above are independent, we
have

alk)—y(k)+8(k)-D(k)=0
Bk) = y{(k)+8(k)+ C(k) =0 (3.6)
A(k) - B(k)-C(k)=0.
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Another trivial relation,
D(k)=e ™25 D)+ 8(k)] (3.7

follows using Cauchy’s theorem within a strip of analyticity. It is this relation, which
no longer holds in regime ITI, which essentially makes the difference between regimes
IT and I1I.
From the definition of the functions y{v} and &(v) it follows that
et sinh nk —e'” 4% sinh {5k
2 sinh ik cosh{wk/4p)
35 Sinh 37k 3

efky(k)= Lk +[ei{3n+w)k+eiﬁk_ei(sn—ﬂ)k]qz(k)

(3.8)

e*s(k)=Lke 46371 g.(k) sinh L3k cosh (mk/4p)

sinh {7k
where we have used the result {A.1).

We now apply Cauchy’s theorem to the auxiliary functions 5, (v)=
p(v+§im)[1+p(v—zif)] and ho(v) = {1+ p(v+3i7)[1+p(v —3ih)1}/ p(v —§i7), which
both satisfy the non-trivial analyticity property

w©oFif T oo—ig
I [in A(v)]"e * dp = J [In h(v)]" e ¥ dv. 3.9
—o0+ig —co—if
This yields, respectively,
e a(k)=—e"*f(k) (3.10)
and
e [A(k)+8(k)]=e *[A(k)+ 5(k)]. (3.11)

Now solving (3.6)-(3.11) and their complex conjugates in terms of the functions A{k)
and B(k) we find

a(k)+ y(k) = F(k)A(k)+ G,(k)A(k)+ H(k)B(k)+ H,(k) B(k)
B(k)— y(k)= H(=k)A(k)+ H;(k)A(k)+ B(k)

C{k)= A(k)— B(k) (3.12)

(k) = g i [ cosh Lk ef"A(k)—e—f"j(k)]
T =7 cosh(mk/dp) L sinh Lok 2sinh ik

with
F(k) = sinh(mk/4p)+2sinhi(59 -3m)k
' 2 sinh 19k cosh(wk/4p)
2 5(517-311')*_'..2 Yim+wdk _ —(ﬂ/4p)k_3 (m/ap)k
Glky== e ¢ (3.13)
4 sinh 37k cosh(wk/4p)
edfik

H(k)=————.

(k) 2 cosh ink

The functions G,(k) and H.(k) are defined as in (2.15).
Transforming back and integrating twice we obtain a coupled set of nonlinear
integral equations,

Ina(v)+Iny{v)= F*ln A+ G;*In A+ H*In B+ H,*In E+~1%:-b

In B(v)—Iny(v)=H=*In A+ H,xIn A+In B (3.14)
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where we have defined

F(u):=i J'm F(k) e dk

a0

G(@::ﬁji G(k) et*Hied gk G, (v)= G(v+2i£) (3.15)

1 {” R
H(u)2=2—7; J H(k) e'*v+ie) dk H{v) = H(v+2i§).
The integration constant in (3.14) follows from the v - 00 limit.

In taking the thermodynamic limit we again make the change of variables (2.19)
and define limiting functions a.(x) etc as in (2.20). The integral equations (3.14) are
then given by

Ina.+Inc, e~ InA, 1
Inb,—Inc, . In B. wigp| 0O
=Fdie™™ o | K * - |+t . .
Ind.+Iné, ! —e*ite InA, 7 -1 (3.16)
Inb,—Inc. 0 In B, 0
The kernel K again satisfies the symmetry property (2.25).
3.2. Central charge
To obtain the central charge, we rewrite (3.1) as
A(v+ié)s +3iq+i
(o+if) _glo+Eicie) o -

O(v—4if +iE)D(v - i +i€)  q(v+iid +ié)

Proceeding as in section 2.2, using the solution (3.12) for g.(k) and (A.3), we obtain

pi 7 In A(w) In A(w) ]
=folv)t+— - ——— - d A8
Jilv) =f() 7L J._m [smh 20({v-w—if) sinh2p(v—w+if) v (3.18)
where the bulk free energy is given by
) ir\ . in *  sinhinksinhigk e
) =—-1 h{ &+ —— h{ v+—) |- - —dk .19
Jeolv) n[sm (U 4p) sin (u 4p)] J'_(,,smh 1wk cosh{mk/4p) k (3.19)
for |Im(v)| < w/4p. In the limit of large L this gives
2 N
fL(v)zfm(v)+?c2"” Im[e“z"'é“' InA(x)e™™ dx]
. L & - 4
2 —2p0 2pit s -x
~——e " Im|e” InA_{x)e “dx]|. (3.20)
7TL -
We now consider the expression
na,+Ilnc.\' /In AN [Ina.+Inc.\ fIn AL\T
* == + Bz P = B: ’
J' lnb_ ll’l(—! InB.{ _ lnt_: lnf In B dx (321)
o |} Ind.+Iné, f[InA, Ind.+Iné. {|In A,

Inb,-Iné, / \InB. Inb,—Iné./ \InB,



Izergin-Korepin and solvable O(n} models 3087

Substituting (3.16) and using the symmetry property (2.15) of the kernel K, this becomes
F16 Im[e‘zi‘f" I InA{x)e” ] 27¢
- 7

On the other hand, substituting A.=1+a., B,=1+b_, using In C.=In A, —In B,
and making a change of variables, gives

L(s(s+1)+ L((s+ 1)/ s+ L(s*/(s + 1)+ L(1/(s(s + 1))
+L(s)+L(1/s) == (3.23)

(3.22)

To obtain this expression we have used the asymptotic behaviour of the functions
a.(x), b.(x) and c.(x). Specifically, a.(®0)=s(s+1), b.(0)=3s%/(s+1), c.(©)=s5
and a.(—0) = b (—0) = c,(—0)=0.

Combining {3.22) and (3.23) then gives

o 2 2
Im[e“if" J‘ In A.(x) e"‘] dx = ?2—4 (%—Bi_) (3.24)
—w ™
leading to the final result
wcosh(Zpv) /3 3
fulo) = o) - 220N (3.3) (3.25)

4. Regime 11T

In this section we consider the region 0 < % < 7/3. The largest eigenvalue is given by
(3.1) with the BA roots again located near the lines |Im{v)| = £i%. However, although
the location of the roots is the same as for regime II, the derivation of the bulk free
energy and the central charge for regime 1II is dfferent due to the more complicated
nature of the analyticity strips.

4.1. Nonlinear integral equations

We will use the same set of functions as defined in (3.3), but now with

— L T . T [P
g{v)=tanh p(v 4p+1§) p: P max(,n,4p)-_§<0. (4.1}
In addition the Fourier transform of the function g(v) is as defined in (3.5). The trivial
relations (3.6} still hold and furthermore, the non-trivial relations (3.10) and (3.11)
are still valid. However, as alluded to in section 3.1, it is the relation (3.7) that no
longer holds.

From the definition of the functions v{(v) and 8(v) we now have

™ sinh 4nk —e ¥ sinh %ﬁk_ei(s,,_")k -
2 sinh ik cosh(mk/4p) @
+[e¥37 Tk 4 et — et g (k) (42)

ey(k) = Lk

' h ink _
™8 (k)= — Lk e ~Hm+mk :::h 2”k—2 cosh(wk/4p)[e ™ g,(k) - ei™ g, (k)]
b
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Solving {3.6), (3.10), (3.11) and (4.2) and their complex conjugates in terms of the
functions A(k), B(k) and D(k), where it should be noted that there is no unique way
of writing the solution, we find

a(k)+y(k) = F(k)A(k)+ G.(k) A(k)+ H(k) B(k) + H,(k) B(k) = H(~k) D(k)
+ H (k)D(k) - L{k)A(k)+ I(k)B(k)+ I{k) D (k)
B(k)—y(k)= H(—k)A(k)+ H,(k)A(k)+ B(k)
+ I (KYA(K) — L(k) B(k) — I(k) D{k)
8(k)=H(k)A(k)— H:(k)A(k) - I(k)A(K)+ (k) B(k}+ I,(k) D(k) (4.3)
C(k)= A(k) - B(k)

(k) = 1 [”‘ cosh %("T“‘"?)k_egkA(k)—e'f"/i(k)]

2 cosh{wk/4p) sinh 17k 2 sinh ink
e*[A(k) - B(k)+ D(k)]=e [ A(k) — B(k)+ D(k)]
with

Flk) = sinh ink —sinh Ink —sinh (7 —29)k
" 2sinh ink cosh {7+ n)k cosh(mk/4p)

e%nk ‘_'e%nk_ ci(w-—Zn}k_'_e—i'?rk

G(k)=-

(k) 4 sinh jnk cosh i{(7 + 9}k cosh(wk/4p)

(4.4)
—Hm+mk

k)= ———————

H (k) 2cosh i(m+n)k
cosh(wk/4p)

Ink)=——F——7-—.

(k) coshi(m+ nlk

The functions G.(k), H.(k) and I,(k) are defined as in (2.15). It is the last equation
of (4.3) that allows the freedom to write the above solution. We note, however, that
only the form chosen above leads to a symmetric kernel.

The set of nonlinear integral equations

In a(2)+1n v{v)
=F*InA+G;*in A+ H*In B+ H,*In B—H*In D

mig
n

+Hy*In D-I;*ln A+ I,;*In B+1+In D+ (4.5)

In g(v)}—~1n y(v)
=H+*InA+H;*In A+In B+, *InA—IL*In B—I+In D

~In8(v)=-H*In A+ H,xIn A+I*In A= I*ln B~ I;*In D
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follows after transforming back and integrating twice. Here we have defined

F(v)=— Jm F(k) e™ dk

27 J_
1 [~ . .
G(v) :=2—J Gk)e* 9 dk G(v):= G(v+2i¢)
T oo
L fe (46)
H(v):=2—J H (k) ei*®=iel gk He(v)= H(v+2i§)
TJ)ow
1 [ :
I(v):=-2—-J‘ I{k)e'™ dv I (v)=I{v+2i¢).
7)o
The integration constant in (4.5} follows from the v— oo limit.
In the thermodynamic limit the above integral equations (4.5) are given by
lin a.+in c.| [ TR fin A, \ i
Inbh,-Inc, 0 In Bi\ 0
-Ind, 0 In D, i 0
= +die * _ + K * N +ﬂ?5 . 41
Ind,+lnée, —g*2ier In A, n | -1
Inb.—né, 0 In B, 0
\ —Ind, | V0 \In D,/ \ O/
The kernel K again satisfies the symmetry property (2.25).
4.2. Central charge
Proceeding as in section 3.2 we find
2 o
fL(U)=fm(v)—_ZE g2 Im[e‘z""EJ’ In A (x)e™™ clx]
s -0
2 -2pv 2pié w -x
+——e " Im|e InA_(x)e “dx{. {4.8)
1TL -0
where f..(v) is as given in (3.19)
Rathar than tha avnraccinn (171} wa sancidar
Rather than the expression (321} we consider
[Ina,+Inc,\ ' {InA\" Jlna,+Inc {lnA,\'T]
Inb,—Inec. In B, Inb,—Inc.| | InB,
= ~Ind In D ~Ind In D,
J’ __n ::_ _x _ _‘ :i:_ - dx. (49)
ol md,+Inc. In A, Ina.+né. || In AL
Inh,—Iné. In B, Inb,-In¢, /i nB,
_\ ~Ind, / \ln 5J \ ~Ind, / \ln 5J J
Substituting (4.7) and using the symmetry of the kernel K this becomes
N e . 2areh®
+16 Im[e;Z‘E"J’ InA.({x)e ”]dx+ mé . (4.10)
o n

Instead of the identity (3.23) we are led to
L{s(s+ 1IN+ L((s +1)/5%)
+L(s*/ (s+ 1))+ L(1/(s(s + 1)) +2L(s) + 2L(1/5) =37° (4.11)
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where we have used that the asymptotic behaviour of the functions a.(x), b.(x) and
c.(x) is as in section 3.2 and 1/d_ () =35, 1/d. (-0} =0.
Combining these last equations gives

=] 2 2
Im[e”if*’ Lo In Ai(x)e"‘]dx - i% (2 —%) (4.12)

and finally

a cosh(2pv) (2_3’_‘!’_2)

Sulw) = fiul0) -2 -

(4.13)

5. Numerical results

In spite of the fact that the Ba has allowed us to compute the central charge for this
class of models it is clear that the analytical technique is quite involved. For this reason
we have supplemented the analytical study with extensive numerical calculations. These
allow us: (i) to verify independently the analytical results; (ii) to extend the analysis
to critical exponents, which would otherwise require extensive additional analysis; and
finally (iii) to verify plausible but unproven assumptions concerning the auxiliary
functions.

Our analytical results in regime I basically confirm those obtained earlier in [7]
and do not leave many open questions. Therefore we have concentrated our numerical
efforts primarily on regime 11T and somwhat less on regime I1. The results for the finite
size corrections of the largest and other eigenvalues yield besides the central charge
also the critical indices x of the model from the relation [5]

e 2mx
6L L~
Thus the critical exponents are obtained from the difference of the finite size amplitude
between the largest eigenvalue and the other eigenvalues. For convenience in the

presentation we will take the two contributions to the finite size amplitude of (5.1)
together in an effective central charge

Cori=c—12x (5.2)

InA~-Lf.+ (5.1

equal to 6/ times the amplitude of the /L term.
In regime II the largest eigenvalue in the sector with I BA roots yields the effective

central charge

3. 3¢ 3(mto)L-1)?

ceff:i_w(i'r+6) m

(5.3)

The finite system results readily converge to these dependences so that these results
can be given with confidence even though they have been obtained from numerical
calculations. Clearly for I = L the analytical result (3.25) is recovered.

Another set of eigenvalues is found if two of the Ba roots are taken to be real while
the remainder still lives on the 2-string. In the sector I =L the ¢ is then decreased
by 12, and for /=L -2 by 36, irrespective of 8 and ¢.

In regime 111 the picture is considerably more involved. In the first instance the
finite-size amplitude for systems with small or zero value of the seam parameter ¢
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converge very slowly. Even from strips of hundreds of sites wide, only one or two
decimal places could be obtained with confidence for any given value of & and ¢.
Nevertheless, by combining the results for different values of these parameters and
assuming that the finite-size amplitude is a simple rational function, we find for the
largest eigenvalue in each sector

2 2
3L-D 347

w w8 (3:4)

Cofi ™ 2+

with
¢=—(1+|L-1))e.
Again in the ground state sector [ =L the analytical resuit (4.13) is recovered. For
larger values of ¢ the convergence suddenly improves and the finite-size amplitude
readily converges to a different limit
. MNep—m—a|L=1) 3L-1%0

Caqr=2-3(1+|L—-1I)"+ (7t 0) + - {(5.5)

now with
¢ =—(1+|L-1)6.

The convergence is quite rapid and has been verified in very many cases in the proposed
region of validity. We note that it is as yet unclear why the simpler equation (5.4) and
therefore (4.13) breaks down. We have observed that the maximal deviation of the
Im »; from the value (7 + 6)/4 increases with ¢. Though most of the roots approach
this line in the thermodynamic limit, those at the ends of the string remain at a non-zero
limiting distance from it. Therefore the strips of the complex plane in which the function
p (3.2) is ANz, decrease and eventually vanish with increasing ¢. Even though this
appears to be a serious problem, the failure of the final result does not even nearly
coincide with the closing of these strips.

Again other eigenvalues of the transfer matrix can be constructed by taking some
of the e*% real (positive or negative) rather than in complex conjugate pairs. With two
real roots, for example, we obtain

2
2+3i for ¢ = -340
cg=1 ™ (5.6)
" —25+3“5;3””')2 for ¢ = —39. .
w(m+8)

6. Quantum spin chain

The quantum spin chain associated with the AS” model of Izergin and Korepin [12]
has recently been discussed for both periodic [24] and open [25] boundary conditions,
with in the latter case additional boundary terms included to ensure U,[su(2}]-
invariance. For twisted boundary conditions, the A Hamiltonian is given by

L

r21 - 1 : L 1

H=¢ Y {cos367+cos387; —4sin’ 30 sin 30 sin 6(7j 7] + 7/7;)
j=1

—45in® 16 cos 16(87)*+2sin’ 18 sin 8( 7} — (7)°]
+lisin 28[ 71 (87 — S7) + (S5 — 8]) 7] +2 cos §6 77 (Si ~ 7))
+cos 26 —2 cos 16 — cos 36} (6.1)
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where S = (8%, §%, §7) is a spin-1 operator and
7,=8 8§, =1 +7] 77 =887, (6.2)
The twisted boundary conditions are defined by
1n =S Stai =Sl %iSin=e"? S, (6.3)

with periodic boundary conditions recovered when ¢ =0.

The prefactor £ in (6.1} is e =1 for #< 0 (antiferromagnetic region) and £ =—1
for >0 (ferromagnetic region). The eigenstate energies of (6.1) follow from (1.4) in
the usual manner:

d
E=—1igsin B cosid—In A(y) (6.4)
d¢ y=-10

yielding

1
E= 8 gy —— .5
 8in’ 6 cos 2 ,Zl cosh 2v;,+cos & (6.5)

where the roots v; are determined by the Ba eguations (1.5).

.-.__1

Using {6.5) and the resulis {2.36), (3.25) and {4.13), the leading-order behaviour
of the ground state energy per site, €, = Eo/ L, is given by

) [ (™ sinh 8k cosh {(7—8)k e ow }
= sin 0 cos 36| — - T 6
fo=Sm 0083 J'_m sinh 7k cosh 2(7 — )k 6L 3(=—8) (6.6)
for regime I (0< 0= 7),
, [ (< sinh(7+ 0)k cosh i(7+8)k mc o ]
= sin 6 cos 36 —— 7
foTsin Fcosz \.4[00 sinh 7k cosh (7 +38)k 6L m+386 (6.7)
for regime 1 (—7 = @ < —%7) and
« h ok h g1k
902 sn# Q %ﬂ[‘ f S[n ©os 2(1T ) k TT=C _ﬂ.,-' (6-‘6}

"1 )_wsinh 7k cosh (17+36)k

for regime 11T (—§7 < 6 <0), with ¢ <—8.

7. Summary and conclusions

Collecting our main results for the bulk free energy, the central charge and critical
exponents of the Izergin-Korepin model with twisted boundary conditions we have

Silv)= —-ln[sinh( v —%}) sinh( v+£):‘

_j‘” sinh 38|k sinh (7 —18|)k e_‘ﬁ die 7€ cosh 2pv
—w sinhiwk cosh(mk/4p) Kk 6L?

+o(L7?) (7.1)

where p = 7/ (37 —38) for regime 1, and p =|7/(7+36)| otherwise.
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The dominant size dependence is controlled by the central charge ¢

2
regime I c=1 3¢ (7.2a)
0
. 3 3¢°
regime I1 = e 7.2b
g T2 w(m+0) (7.26)
3 2
2+ d; forgp=<-@
regime I11 c= 4 5 (7.2¢)
o-m®
or ¢ = —4@.
w(m+6)

There are several checks on these results. For v =0 we recover our previous
expressions for the bulk free energy (and for the central charge in regime I) obtained
via the root density approach [14]. Also for v =i(w—#)/4 [11] we obtain the known
results for the honeycomb lattice [4,7]. In addition, the Izergin-Korepin model
coincides with the Zamolodchikov-Fateev model [23] at 8 =+1m [11,25]. At ¢ =—-1ix
we find agreement with the results derived in [21] for the bulk free energy and the
central charge of the Zamolodchikov-Fateev model with twisted boundary conditions
at y=}= (in their notation). We have also confirmed the above results by extensive
numerical solutions of the Ba equations.

From (7.2) it follows that the central charge of the solvable square lattice O(n)
model, n = —2 cos 26 is given by

_ 2
regime [ e=1 —M (7.3a)
70
, _3 3(m+20)
regime I1 =3 —w(qr-*-ﬂ) (7.3b)
regime 111 c——l-i—ﬁz*—m {7.3¢)
8 B a(m+0) ¢

These results confirm the conclusions based on numerical results obtained from the
loop version of the O{n) model [18] and from the BA equations [14, 10].
Critical exponents of the O(n) model for regime II are given by
_(m+O)N? (m+26)
47 dg(m+8)
for N=1,2,..., besides an exponent x =1 independent of # These results confirm
the observation [18] that this model appears to behave as a product of a critical Ising
model and an O(n) model in regime I, with & increased by .
In regime II1 we find from (5.4) and (5.5) the O(») model exponents
__®¥ 1 N
Cw(w+8) 4 4n -
and in addition, from (5.6)
—(w+30)°
40(n+@9)
w+46
T+ 8

(7.4)

X

(7.5)

Xn

for0<—
(7.6)

thg w3

for #=—
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A point of particular physical interest in this regime is # = — {7, where the model
describes the O-transition of self-avoiding walks [18]. Specifically we find for this
transition the exponents x,; = —35, X7 =1 and x. =32 as obtained from the sectors
N =1, 2, 4 of (7.5) respectively. (At this value of # the eigenstate at the basis of {7.6)
reduces to the N =2 solution of (7.5).) These exponents are different from those
obtained by Duplantier and Saleur [26] in another model describing the same
phenomenon. The relative stability of these two candidates for the @-point has been
discussed in [18], with the result that, at least within the particular class of models
considered there, which contains both universality classes, the point discussed in [26]
has three relevant thermal fields, while the point in regime III has only two. This
indicates that a generic ®-point is governed by the latter. Here we confirm that the
next thermal exponent (x,=13) is indeed irrelevant. The lack of unviersality that we
seem to find shows up in the bulk exponents, and not only in the surface exponents.
This is in contrast to the discrepancy between the ® and @’ points, which has been
resolved recently [27].

We have also derived the ground state energy and the central charge of the related
quantum spin chain. The results derived in section 6 are in agreement with the
Zamoldochikov-Fateev results at the corresponding points. In particular, we note that
at @ =37 we recover the known results for the ground state energy and the central
charge of the ferromagnetic Zamolodchikov-Fateev chain [28] (at e=—1 and y =47
in their notation}. _

Our resulis for the Izergin-Korepin model disagree with those obtained for the
periodic AP model [24]. In particular, the value ¢ = n has been derived for the more
general A?) models assuming a specific distribution of Ba roots for the largest eigenvalue
[24], with roots on the real axis and on the line Im v = 1. We have found no evidence
for this distribution in the n =2 case. Rather, the largest eigenvalue is characterized
by real roots in regime I and by a two-string in regimes II and 111, verified by complete
diagonalization for small systems, and by independent numerical studies [18]. Con-
sequently we find that the central charge assumes the regime-dependent values c=1,
% and 2. An investigation of the more general AY’ models is currently in progress.
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Appendix 1. Collection of relevant integrals

Here we collect some integrals used in the main part of the paper:

f* oo 1 {B-mm/adk

b kg, ke T gem+h T (AL
Vo arid® % asinh(nk/2a) (m=3) <p<tm+) (A1)
[ sinh 2ak o e = im sinh(mv/3a) A2) .
J_.cosh 3ak V3a cosh(wv/2a)

f* o0
1 ., 1
"wdk=———— Al
J_mcoshake 2a cosh(me/2a) (A3)

with in each case o > 0.
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