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Abstract

We describe a method, based on the theory of Macdonald—Koornwinder poly-
nomials, for proving bounded Littlewood identities. Our approach provides an
alternative to Macdonald’s partial fraction technique and results in the first exam-
ples of bounded Littlewood identities for Macdonald polynomials. These identities,
which take the form of decomposition formulas for Macdonald polynomials of type
(R,S) in terms of ordinary Macdonald polynomials, are g,t-analogues of known
branching formulas for characters of the symplectic, orthogonal and special orthog-
onal groups. In the classical limit, our method implies that MacMahon’s famous
ex-conjecture for the generating function of symmetric plane partitions in a box
follows from the identification of (GL(n,R),O(n)) as a Gelfand pair. As further
applications, we obtain combinatorial formulas for characters of affine Lie algebras;
Rogers—Ramanujan identities for affine Lie algebras, complementing recent results
of Griffin et al.; and quadratic transformation formulas for Kaneko-Macdonald-type
basic hypergeometric series.
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CHAPTER 1

Introduction

1.1. Littlewood identities

In his 1950 text on group characters [85], D. E. Littlewood presented three
identities for Schur functions which can be viewed as reciprocals of the Weyl de-
nominator formulas for the classical groups B,,,C,, and D,,. The B,, case—which
earlier appeared in an exercise by Schur [121]—is given by [85, Eq. (11.9;6)]

n

(1.1.1) Yow-T— I
A "

i=1 b igi<i<n
where sy(x) = sx(21, ..., %y) is a Schur function indexed by the partition A. Almost
30 years later, Macdonald |90| proved the following bounded analogue of (1.1.1)):
dety i jn (P27 — 2171
(1.1.2) sa(z) = =% SHISTAT t ,
EA: [Lizi (@i = Dlicicjcn (@i — ) (@iz; — 1)

A1<m

for m a nonnegative integer, and observed that it implied MacMahon’s famous
conjecture [95] for the generating function of symmetric plane partitions in a box.
By reading off the ‘sequence of diagonal slices’—an idea more recent than [90], see
e.g., [L03]—it immediately follows that the generating function

(1.1.3) > g™

wCB(n,n,m)

7T symmetric
for symmetric plane partitions 7 contained in a box B(n,n,m) of size n X n X m is
given by

(1.1.4) > osala ..
)\1)<im

Hence MacMahon’s formula [95]

n

1 — gm+2i-1 1 — g3(m+i+i=1)
|| -+ _—
(1.1.5) E g = H 1— 21 H 1 — g2Gi+i-1)
©CB(n,n,m) =1

1<i<j<n
7T symmetric

should follow from the evaluation of the determinant on the right of in
which the variables z; are specialised as z; = qzi_1 for 1 < ¢ < n. Since the
unspecialised determinant is essentially a character of the irreducible SO(2n+1, C)-
module of highest weight mw,, the required determinant evaluation corresponds
to the g-dimension of this module, and follows from the Weyl character formula

[50]. To prove (1.1.2)—a SO(2n+1,C) to GL(n, C) branching formula—Macdonald

1



2 1. INTRODUCTION

developed a partial fraction method, resulting in a more general ¢t-analogue for Hall-
Littlewood polynomials.

Since the work of Littlewood and Macdonald, many additional Littlewood iden-
tities have been discovered and applied to problems in combinatorics, g-series and
representation theory. Examples include the enumeration of plane partitions and
related combinatorial objects such as tableaux, tilings, longest increasing subse-
quences and alternating-sign matrices |7,(10,12}/13.(16,17},31.32,46|66.(104, 105,
107,[127,/145|, the computation of characters and branching rules for classical
groups and affine Lie algebras [91[53,/54161],62,67.[101], and applications to Schu-
bert calculus [70] Rogers—Ramanujan identities [47.[51,/56L[127(139] and multiple
elliptic hypergeometric series [71,111]. Surprisingly, despite the interest in Little-
wood identities, ¢,t-analogues of ([1.1.2)) and other bounded Littlewood identities
for Schur and Hall-Littlewood polynomials have remained elusive. In this paper we
present an approach to Littlewood identities based on the theory of Macdonald—
Koornwinder polynomials. As a result we obtain the missing ¢, t-analogues, includ-
ing the following generalisation of Macdonald’s determinantal formula E|

THEOREM 1.1. For z = (x1,...,%,) and m a nonnegative integer,

1— qm—a’(s)tl’(s) 1— qa(s)tl(s)+l

(116) Z Py ($, 9 t) H 1— qm—a’(s)—ltl’(s)-i-l H 1— qa(s)-i-ltl(s)
A SEA SEX
A1sm I'(s) even I(s) even

= (331 e xn)% P((%BSL;B")(J:; q, t, t)

On the left, Py(x;q,t) is a Macdonald polynomial and a(s),1(s),a’(s),!(s) are
the arm-length, leg-length, arm-colength and leg-colength of the square s € A. The
(Laurent) polynomial P((E;Q,B")(x;qﬁ,t) on the right is a Macdonald polynomial
attached to the pair of root systems (B,,, B,,), indexed by the rectangular partition
or ‘half-partition” (%,..., %) of length n.

Our method also leads to alternative proofs, as well as further examples, of
Littlewood identities for the characters of irreducible highest-weight modules of
affine Lie algebras, first discovered in [9]. In particular we find that such char-
acters arise by taking suitable limits of Hall-Littlewood polynomials of type R.
For example, for the twisted affine Lie algebra Aéi) we obtain the following for-
mula for the character of the highest-weight module V (meg) in terms of modified

Hall-Littlewood polynomials P} (xz;t) and the large-r limit of the Hall-Littlewood
polynomial P((ﬁgi (z;t,t2).
2

THEOREM 1.2. Let ay,...,a, and wy,...,w, be the simple roots and funda-
mental weights of A(zi): and § = 2aqg + -+ - + 2001 + @, the null root. Set

-5

Q= — 01—y /2
b

t=c¢e and x; =e”

LA second generalisation in terms of Pfﬁ;f“ is given in Theorem 4.6
2



1.2. OUTLINE 3

and let ch V(A) denote the character of the integrable highest-weight module V (A)
of highest weight A. Then, for m a positive integer,

(1.1.7) e "0 ch V(mewo) = lim 3N PASE (/2 X5, 0)
= Z 2P (o, . aEt),
A
Algm
where (... azE,...):= (... az;ax; Y, ...) and X = Xy(x;t) is the alphabet
(1.1.8) X:(mf,twic,...,t]v_le:, ...... ,a:f,txf,...,tN_lmf)

of cardinality 2nN .

As shown by Griffin et al. [47], character formulas such as imply Rogers—
Ramanujan identities through specialisation. Following their approach, we obtain
several new examples of Rogers—Ramanujan identities labelled by affine Lie alge-
bras. For example, from we obtain the following new identity, where P (x;t)
is a Hall-Littlewood polynomial, 8(z;¢) a modified theta function and (¢; ¢)c a g-
shifted factorial.

THEOREM 1.3 (Agl) Rogers-Ramanujan identity). For m,n positive integers,
let k=m+2n+1. Then

> MPPL g ")
A

Algm
n

<qr@;qn)n—1(qn/2;q,‘€/2>oo ) 9 o L
= 220 0(q';q"'?) 0(a" % ¢")0(q" ;5 ¢").
(@)% (/% ¢/?) o0 1;[1 1<E§n

1.2. Outline

The remainder of this paper is organised as follows. In the next chapter we re-
view some standard material from Macdonald-Koornwinder theory. This includes
a discussion of ordinary (or type A) Macdonald polynomials, Koornwinder polyno-
mials and their lifted and virtual analogues, generalised Macdonald polynomials of
type (R, S), Hall-Littlewood polynomials and Rogers—Szeg6 polynomials.

In Chapter [3| we consider two important functionals on the ring of symmetric
functions known as virtual Koornwinder integrals. We review a number of earlier
results for virtual Koornwinder integrals and prove several new integral evaluations.

In Chapter |4 we present our approach to bounded Littlewood identities. The
key idea is to show that each bounded Littlewood identity is equivalent to the
closed-form evaluation of a virtual Koornwinder integral. We apply our method
to prove several new bounded Littlewood identities, including Theorem and a
q, t-analogue of the well-known Désarménien—Proctor-Stembridge determinant, see
Theorem 11

Chapter [5] contains applications of the main results of Chapter First, in
Section [5.1] we show that in the classical limit our approach to bounded Littlewood
identities implies that MacMahon’s formula is a consequence of the well-
known fact that (GL(n,R),O(n)) forms a Gelfand pair. Then, in Section
we show how our bounded Littlewood identities for Hall-Littlewood polynomials
give rise to combinatorial formulas for characters of affine Lie algebras, such as



4 1. INTRODUCTION

Theorem [I.2] This provides an alternative to the recent approach of Bartlett and
the second author based on the C,, Bailey lemma [9]. In Section we follow
recent ideas of Griffin et al. [47] and apply the combinatorial character identities to

prove new Rogers-Ramanujan identities for the affine Lie algebras BY, A;i)fp Agl)

and Dgi)rl. The Rogers—Ramanujan identities for lel), given in Theorem and
Remark generalise Bressoud’s well-known Rogers-Ramanujan identities for
even moduli [14,[15] to arbitrary rank n. As a final application, in Section
we show that after principal specialisation our bounded g, t-Littlewood identities
give rise to new transformation formulas for basic hypergeometric series of Kaneko—
Macdonald-type [58,/94].

Finally, in Chapter [6} we discuss a number of open problems arising from our
work, including several conjectures.

We conclude our paper with two appendices. Appendix [A] contains some tech-
nical lemmas related to the Weyl-Kac character formula, needed in Sections [5.2]
and In Appendix [B] we review the known connection between elliptic Selberg
integrals and multiple basic hypergeometric series, and use this to prove a num-
ber of nonterminating quadratic transformation formulas for such series stated in

Section [5.4]



CHAPTER 2

Macdonald—Koornwinder theory

2.1. Partitions

A partition A = (A1, Ag,...) is a weakly decreasing sequence of nonnegative
integers such that only finitely many A; are positive. The positive A; are called the
parts of A\, and the number of parts, denoted I(}), is called the length of A. As is
customary, we often ignore the tail of zeros of a partition. If |A\| :== >, \; = n we
say that A is a partition of n. The unique partition of 0 is denoted by 0. As usual,
we identify a partition with its Young diagram—a collection of left-aligned rows of
squares such that the ¢th row contains \; squares. We use the English convention
for drawing Young diagrams, with rows labelled from top to bottom and columns
from left to right. For example, the partition (5,3,3,1) corresponds to

and its top right-most square has coordinates (1,5). The conjugate partition X is
obtained from A by reflection in the main diagonal, so that the parts of A’ correspond
to the columns of A. For example, the conjugate of (5,3,3,1) is (4,3,3,1,1). Given
a partition A, the multiplicity m;(\) = Aj — Aj; counts the number of parts of
size 4. Clearly, 7,5, mi(A) = I(A). If A is a rectangular partition consisting of m
rows and n columns we write A = m™. If A is a partition of length at most n we

also write A +m™ for (A; + m,..., A, + m). The number of even and odd parts of
A will be denoted by even(\) and odd(A) respectively. If odd(A) = 0 we say that
A is even. Given a partitions A = (A1, Ag,...), we write 2\ for the even partition

(2A1,2X2,...). Similarly, if A = (A1, Ag,...) is even, we write A\/2 for the partition
(M1/2,X2/2,...).

For two partitions A, u we write p C A if p is contained in A, i.e., if pu; < \; for
all i > 1. For p C A, the set-theoretic difference between A and p is called a skew
shape. To avoid a notational clash with partition complementation to be defined
shortly, we write this difference as A/ instead of the more common A — p. For
example, the skew shape (5,3,3,1)/(3,3,1) is given by

(1]
1]

[

As usual, we identify A\/0 and \. A skew shape \/u containing at most one square
in each column, as in the above example, is referred to as a horizontal strip. Anal-
ogously, a vertical strip is a skew diagram with at most one square in each row.
If \/p is a horizontal strip then the partitions A and p are said to be interlacing,

5



6 2. MACDONALD-KOORNWINDER THEORY

which we denote by A\ > u. Note that A > p if and only if
MZp 2= >

If A € m™ we write the complement of A with respect to m™ as m™ — A, that is,
m* — A= (m—An,...,m— Ag;m — \1). For example, the complement of (3,2)
with respect to 43 is (4,2,1).

The dominance order on the set of partitions is defined as follows: A > p if
A+ + A = pr+- -+ pg for all £ > 1. Note that unlike [91], we do not assume
that [A| = |u|. If A > pand X # p we write X > p.

The arm-length, arm-colength, leg-length and leg-colength of the square s =
(i,7) € X are given by

a(s) = ax(s) == A\ — J, a'(s) =d\(s):=j—1,

I(s) = IA(s) == N — 1, U'(s)=10(s):=1i—1,
and correspond to the number of squares in the same row or column of s im-
mediately to the east, west, south and north of s respectively. For the square

s=(3,3) €(8,7,7,6,4,3,1) we have (a(s),l(s),a’(s),l'(s)) = (4,3,2,2), as shown
in the following diagram:

We also define the closely related ‘C,-type’ analogues
a(s) = an(s) ==\ +j —1, I(s) =Ux(s) =N, +i— 1

Diagrammatically, G(s) corresponds to the arm-length of the mirror image, say §, of
s € A upon reflection in the left boundary of A. In the previous example, § = (3, —2)
with arm-length a(8) = a(s) = 9.

B s

In much the same way, I(s) is the leg-length of the reflection of s in the upper

boundary of A. Note that for all (A, L) € {(a,), (a,1"),(a,1)}, Ax(i,5) = L (J,19).
The usual hook-length of s € A is given by h(s) = a(s) +I(s) + 1. The statistic
n(A/p), which will be used repeatedly, is defined as |73], page 6]

N — /’6/
n(A/p) = Z I(s) = Z( ’ ) l).
SEN/p i>1
For p = 0 this may also be expressed as the more familiar [91, page 3]

n(\) =Y U'(s)=> (i—1A.

SEA i>1
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Finally, we say that A = (Aq,..., A,) is a half-partition if Ay > Ao > -+ 2 A\, >
0 and all \; are half-integers. We sometimes write this as A = g+ (1/2)" with p
a partition of length at most n. Conversely, if A = p+ (1/2)", we also write pu =
A — (1/2)™. The length of a half-partition A = (A1,...,\,) is by definition n, and
m;(A) for i a positive half-integer is the multiplicity of parts of size i. We use half-
partitions to generalise our earlier notion of complementation so that m™ — X\ makes
sense for m an integer or half-integer and A C m™ a partition (of length at most n)
or half-partition (of length n). For example, 43 — (5/2,3/2,3/2) = (5/2,5/2,3/2)
and (7/2)% — (5/2,3/2,3/2) = (2,2,1). We extend the dominance order to the set
of half-partitions in the obvious manner. However, partitions and half-partitions
are by definition incomparable.

2.2. Generalised g¢-shifted factorials
Let

; = —2¢') an Z; ‘27(2;61)00
(i) s= 1[0 =20) and (o) s= 700

be the standard g-shifted factorials [43]. In this paper we mostly view g-series as
formal power series, but occasionally we require ¢ to be a complex variable such
that |¢| < 1. The modified theta function is defined as

L Z(fz)kq(;) for z # 0,

(2.2.1) 0(z9) = (2:0)0(4/2: @) 0 = )
1300 pem

where the equality between the product and the sum is known as the Jacobi triple
product identity |43, Equation (I1.28)]. We also need more general g-shifted facto-
rials indexed by partitions:

n

(2.2.2a) (zig.thh =[] (1 - 2¢OV = [1G

SEA =1

(2.2.2b)  C5 (2;9,t) == H (1- zqa(s)tl(s))

EISP " ( fiicd )
_i z )N =\
= H(Zt"L L) H i (’]) -y
i=1 1<i<j<n PN
(2.2.2¢) C;(z;q, t) = H (1 _ Zq&(s)tl—[(s)>
seA n 2-2 2—i—j
[Eren G e,
iy TN o, BETTT A,

In all three cases, the choice of n on the right is irrelevant as long as n > I(\).
We note that (a;g,t), is sometimes denoted as C%(a; g, t), see e.g., [113], and that
Cy (t;q,t) = ex(q,t) and C, (q;q,t) = c\(g,t), with ¢y and ¢} the hook-length
polynomials of Macdonald [91, page 352]. In particular, Cy (¢;¢,q) = cx(q,q) =
\(g,9) = Hx(q) with

(2.2.3) Hi(q) =[] (1 - ¢"¥)

SEA



8 2. MACDONALD-KOORNWINDER THEORY

the classical hook-length polynomial. For s € A, let
1 — ¢@()gha(s)+1

(2.2.4) ba(s;a:t) = 1= ENOEFNOE
Then
(2.2.5) balg,t) = =[[oa(siart

SEA

For both g-shifted factorials and theta functions, we use condensed notation such
as

(215 265 )x = (2154, 0)x - -+ (215 45 ) x-

It is an elementary exercise to verify the following identities, which will be used
repeatedly throughout this paper:

(2.2.6a) (a;g,t)x = (—a)'*‘qm)t’”(”)(a’l;t7q)A,

(2.2.6b) Cy(aiq,t) = C; (ast, q),

(2.2.6¢) O (a;.4,t) = (—ag) Mg V=32 ((agt) 15t q),
(2.2.7a) (a;q,t)2x = (a,aq;¢%, 1),

(2.2.7b) Coy(a;q,t) = C} (a, aq; 4%, 1),

and

- - "= a;qat)m“
228a a; 7t mr—x — (— 1 '"Ltn 1 a |)“ ”()‘ )t TL(X) ( ,
(2280 (@a. s = (g a) g Sl

" 1; 9 m"Ci a; 7t
(a;0,1) = (—q'~™Ja) Mg () y—n(x) (@154 mn Oy (a3 ¢, 1)

2.2. -
(2.28b)  C @, ¢ Ja g, 0)x

mn—X

2.3. Rogers—Szegld polynomials
For integers k,n such that 0 < k < n, let

be a g-binomial coefficient. Then the Rogers—Szeg6 polynomials H,,(z; q) are de-
fined as [132]

- m
2.3.1 H,.(z:q) = k
(2.3.) Gao=Y ]
k=0 q
for m a nonnegative integer. They have generating function |2, page 49]
H,,(z;q)t™ 1
(2.3.2) 3 (9" _ ,
= @dn (123 4)oo

and satisfy the three-term recurrence relation

Hpy1(29) = (14 2)Hp(25q9) — (1= ¢™)2Hpm1(2;q)
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subject to the initial conditions H_; = 0, Hy = 1. For 0 < g < 1, the Rogers—Szegd
polynomials satisfy the orthogonality relation

1 _ o 2dz —m
o [ Hm(za™ ) Ha (207259 [(26'% 0)oo]” — = 7™ (65O Oy
TS z

where T is the positively-oriented unit circle.
The Rogers—Szeg6 polynomials are closely related to symmetric functions and
may, for example, be expressed in terms of Schur functions as

n(})

(233) Hm(z; Q) = (q)m Z g

sx(1, 2),
= Hi(q)

with H)(q) the hook-length polynomial (2.2.3). Indeed, by (2.3.2) and the n = 2
case of [91], page 66]

n

ZH)\ 1’1,... H ,’L',“

=1
the formula (2.3.3) immediately follows.

We require two generalisations of the Rogers—Szegé polynomials to polynomials
indexed by partitions. First,

m—1 m—1

234) W (a,biq) = [ ()™ Hy oy (b/azq) T] Honsny(abia)
iiozdld iicvén
m—1
a)°4™ H Hyy (/a3 q) T Humuon (abs q),
i=1
zodd 1 even

where m is a nonnegative integer. Compared to earlier definitions in [9}/139] the
parameters a and b have been replaced by their negatives. Since H,, is a self-
reciprocal polynomial, i.e., 2™ H,,(1/z;q) = Hpn(z;q), it follows that h&m)(a, b;q) is
symmetric in a and b:

h™ (a,b;q) = B (b, a; ).

Since m;(\) = 0 for i > A1, the upper bound on the products over i in may
be dropped if m > A1 + 1. For such m we simply write hy(a, b; q). That is,

(2.3.5) ha(a,b;q) = [ (=)™ N Hy 09 (0/a50) T] Honon (abi q)-
i>1 i1
7 odd 1 even

We further define

m—1
(2.3.6) hf\m) (a;t) := hg\ (a,—1;t) H Hp, o (—ast).
=1
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It follows from

(2.3.7a) H,,(0:t) =1,
42
(2.3.7b) Hp(—1;t) = (t;t%)m/2 M even,
0 m odd,
(237(3) Hm(*t;t) — (t; t2)[m/217
(2.3.7d) H,, (8/251) = (—t1/2,41/2),,.,

(see [139, Equation (1.10)]) that for special values of a and b the polynomials
(2.3.4)—(2.3.6)) completely factor. This will be important in Section in our
discussion of character formulas for affine Lie algebras.

2.4. Plethystic notation

Let &,, be the symmetric group on n letters, A,, = F[zy,...,7,]®" the ring
of symmetric functions in the alphabet zq,...,xz, with coefficients in F, and A
the corresponding ring of symmetric functions in countably many variables, see
e.g., [91,126]. We will mostly consider F = Q(q,t) and F = Q(q, ¢, to, t1,t2,t3), Or
minor variations thereof.

To facilitate computations in A we frequently employ plethystic or A-ring no-
tation [49]/72]. This is most easily described in terms of the Newton power sums

pr(x) i=zy+ a5+, r=1,

with generating function

"y
v = "~y (z) = L
2() ZZ pr(z) Zl—Z$i
r=1 i>1

The power sums form an algebraic basis of A, that is, A = F[py, pa,...].

If © = (x1,29,...), we additively write z = x1 + 22 + - - -, and to indicate the
latter notation, we use plethystic brackets:

f(x) = f(z1,22,...) = flr1 +x2+ -] = flz], feA.

A power sum whose argument is the sum, difference or Cartesian product of two
alphabets x and y is then defined as

(2.4.1a) prlz +yl = pe[2] + prlyl,
(2.4.1b) prlz —y) = pr[2] — prlyl;
(2.4.1(3) Pr[il?y] = Pr [‘T]pr [y]’

respectively. In particular, if  is the empty alphabet then p,.[—y] = —p.[y], (which
should not be confused with p(—y) = p(—y1, —¥y2,...) = (=1)"p-(y)), so that

(24.2) fl=(=2)] = flz].
Occasionally we need to also use an ordinary minus sign in plethystic notation. To
distinguish this from a plethystic minus sign, we denote by ¢ the alphabet consisting
of the single letter —1, so that for f € A
f(=z) = f(—x1,—x9,...) = flex1 + exo + ---| = flex].
Hence
pr[ex] = (71)Tpr[x]a Pr[*“f] = (71)7‘71177“[‘%]
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and
fle+el=f(-1,21,22,...).
For indeterminates a,b,t and f € A, we further define f[(a —b)/(1 —t)] by

a—b}_ar—br

2.4, [ - ,
(2.4.3) PriT T T

and note that (a —b)/(1—1t) may be viewed as the difference between the alphabets
a(l+t+t2+---)and b(1 +t+t2+---), where a(l1 +¢+t2 +---) is the Cartesian
product of the single-letter alphabet a and the infinite alphabet 1 +¢ + 2 + ---.
Alternatively, (a —b)/(1 — t) may be interpreted as the Cartesian product of a — b
and 1+t+1t2+--.. We can of course combine and , and for example

a—b}

] = prl] err[m .

1-1¢

pelz+
For r > 0, the complete symmetric functions are defined by

he(z) == Z Tiy Tiy -+ Ti,

1<in o <<

and admit the generating function

(2.4.4) o(x) =Y 2he(x) =] : _1237‘.

r>0 i>1 v
Since V. (z) = & logo.(z), it follows that

1
(2.4.5a) o1z +y] = o1[z]o1[y] = };[1 A—z)(0—g)
(2.4.5b) oz -yl = Zﬂﬁ = H i:gycz,
a—1b o [atk/] (b;1) oo

(24.5¢) |1 =11 IR

k>0

These three formulas allow various infinite products to be expressed in terms of
symmetric functions. For example, it follows immediately from the generating
function (2.3.2)) that the Rogers—Szeg6 polynomials H,,(z;q) may be identified as

142
Finally, for F = Q(q,t), wg, is the F-algebra endomorphism of A defined by [91]
page 312]

1—q"
r = -1 el = .
Wq,t P (1) 1—¢
Note that w; 4 = w;tl and, plethystically,
l—gq
(2.4.6) wgt fx) = f({—s T xD7 feA
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2.5. Macdonald polynomials

Let F = Q(g,t). The power sums py := Hj(jl) px, may be used to define

Macdonald’s g, t-analogue of the Hall scalar product on A as [91]

1—gN
<pk7pp‘ q,t 6)\[LZ>\H tk )

where z), = Hl>1 m;(A)!i™ ). The Macdonald polynomials Py(q,t) = Px(z;q,t)
are the unique family of symmetric functions such that [91]

(2.5.1) Pa(q,t) =ma+ > uru(g, t)my,
pn<A

and
<P)\(q>t)’PM(Q7t)>q7t =0 if /\#M
Here the m) are the monomial symmetric functions, defined by

= E xa’
[e%

where « is summed over distinct permutations of A = (A1, Ag,...) and z% :=

[li>) 7725% -+, By the triangularity of and the fact that the my form

a basis of A, it immediately follows that the Macdonald polynomials form a ba-

sis of A as well. When I(\) > n, Py(21,...,Zn;q,t) = 0 and the polynomials

Py(z1,...,%n;q,t) indexed by partitions A of length at most n form a basis of A,,.
The skew Macdonald polynomials Py, (q,t) are defined by

<P>\/u(q7 t)v PV(Q7t)>q,t = <P)\(Q7 t)7 PH(qa t)PV(q7t)>q7t7

and vanish unless 4 C A. For ¢ = ¢ the Macdonald polynomials simplify to the
Schur functions: Py, (t,t) = s/,

For later comparison with the Koornwinder and (R, S) Macdonald polynomi-
als, we remark that an alternative description of the Macdonald polynomials in n
variables is as the unique family of polynomials such that [91]

<PA7P;A>;,t:0 if A # p,

where, for |q|, [t| < 1, (-,-);; is the scalar product on F[z] = F[zy,...,,] defined
by
, 1 / 1 dxq dx,
=— Az;q,t) — - —=.
<fa g>q,t ’I’L'(Qﬂ'l) . f(ﬂ'])g(l’ ) (x’ q, ) x T
Here f(z=') := f(z7', ... 2,1, A(z;q,t) is the Macdonald density
(2.5.2) Awgn)= [ /82i/ti0

1<i<j<n (tzi/zj tej/Tiq)oo

and T™ is the n-dimensional complex torus:
T = {(x1,...,2) €C" : 21| =+ = |2,| = 1}.

Below we list a number of standard results from Macdonald polynomial the-
ory needed later. First of all, defining a second family of Macdonald polynomials

QA/M(Qat) = Qk/u(x;qat) as

(2.5.3) Qr/ulast) == br(4,1)

P
bu(q,t) /\/M(Qa t)v
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with by(g,t) given by (12.2.5), we have the duality |91, page 327]

(2.5.4) wqt Pa(g,t) = Qx (t, q),
as well as the orthogonality [91, page 324]

<P)\(Qa t)a Q#(‘L t)>q,t = 5>\p-
This last equation is equivalent to the Cauchy identity |91, page 324]

1Y q) oo
> Pawig, )@y, t) = [] ((m_ . )) ,
N S iY559) o0
which we repeatedly require in the dual form |91 page 329]

n m

(2.5.5) Z (=D Py (1, s g, ) Py (Y1, - Yt Q) = H H(l — 2Yj).

ACmn i=1j=1

We also need the g- and e-Pieri rules for Macdonald polynomials [91] page 340],
expressed in generating function form. First, in the g-Pieri case

at;; q)oo
(2.5.6) Pu(eia.) ][] (At oo _ > dMHey (g t) P g, ),

. (a3 q) oo =

where the Pieri coefficient ¢y ,,(q,t) is given by (91} page 342]

@ a7 @0

(tj_i+1§Q)/\ﬁuj (tj_i-i_l?‘l)ui*)\jﬂ

(qtj_i;q>)\i*llzj (qtj_i;Q),U«z‘f)\j+1 '

(@5 0n-x (@5
257) eaulet) = ]] : Sl

1<I<G<IAN)

Similarly, the e-Pieri rule is given by
(2.5.8) Pu(w;q,t) [[(1+ azs) = > aMys, (q,8) Pa(; g, 1),
i>1 N g

where [91, page 336]

/ = .
(2'5'9> w)\/u(q’t) - H 1— gri—Hiti—1 1— in—Ajtjfi :

The product in (2.5.9) is over all ¢ < j such that A\; = p; and A; > p;. An
alternative expression for 1} Ju (g,t) is given by [91] page 340]

ba(s;q,
(25.10) hyula.) =TT Py,
n\os 4,

where by(s;q,t) is given by (2.2.4) and where the product is over all squares s =
(4,7) € p C A such that i < j, p; = A; and X > .
For X\ a partition, define

1— qﬂi_Hjtj_i_l 1— in—)\jtj—H-l

1— qa(s) tl(s)-&-l

ea - | I . — I |
(2511) bA (Qa t) = bA(S7 q, t) - 1— qa(5)+1tl(s) )
SEA SEA
a(s) even a(s) even

where ‘ea’ stands for ‘even arm(-length)’.
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LEMMA 2.1. For partitions X\ = u such that

A=2[p/2] = (2[p1/2],2[p2/2], .. .),
we have
V(g t) = Gupllias) 1
MR O () bR (ant)

ProoF. The product in is over all squares s in p for which A\ and p have
the same row length but different column lengths. If A = 2[1/2] then A is obtained
from p by adding a square to each row of odd length. Hence the product is over
all squares s = (i, 7) such that p; and j are even and such that there exists a k > i
with ux = j— 1. For example, if u = (6,4,3,3,2,1) then A = (6,4,4,4,2,2). In the
diagram on the left, shown below, the squares contributing to [ bx(s;q,t)/bu(s;q,t)
are marked with a blue cross. Because each marked square (i,5) occurs in a rows
of even length and has even j-coordinate, each marked square must have even arm-
length. We can, however, include all other squares of A and p with even arm-length,
since their respective contributions to by(s;q,t) and b,(s;q,t) trivially cancel, as
indicated by the added red squares in the diagram on the right:

[ ] X
[ ] = X
] X
Hence
1
/ _ .
wk/u(Qat) - H bk(saqvt) H bea(S;q,t)
SEA SEN H
a(s) even a(s) even
( H 1— q2a(s)tl(s)+1) 1
- — 2a(s)+14(s) |  pea )
seajp LT @I byt (g, 1)

where the second equality uses the fact that A is an even partition. By (2.2.2)) we
are done. (]

If in (2.5.8) we set x; = 0 for ¢ > n and equate terms of degree |u| + n, we
obtain

PM(.’El, vy T qat) Ty Tn = wzu+1n)/M(Q7t)PN+1"(l‘1a vy Tpg Qat)
By (2.5.9)), the Pieri coefficient on the right is 1, so that [91, page 325]

(2.5.12) Py(x1,...,xn ¢, ) x1 - 2p = Pypan(z1,..., 205 ¢, t).
Closely related to the Pieri formulas is the branching rule |91, page 346]
(2513> P)\(th <oy Ins 4, t) = Z x‘nA/M/lz[})\/M(qv t)RL(xlv <oy In—1549, t)v
B=AX

where [91] page 341]
(2514) wk/u(qat) = w;\’/#’(taq)'



2.6. KOORNWINDER POLYNOMIALS 15

Together with the initial condition P,(-;q,t) = d,,0, this uniquely determines the
Macdonald polynomials.

We conclude our list of results for Macdonald polynomials with the principal
specialisation formula [91, page 338]

. 1 ("5, ),
2.5.15 PA(Lt,. ot g ) = P[5 [ ) =0 2D
( ) A ¢.t) =Py | 75 ]:¢ NI

2.6. Koornwinder polynomials

2.6.1. Koornwinder polynomials. The Koornwinder polynomials [65] are a
generalisation of the Macdonald polynomials to the root system BC,,. They depend
on six parameters, except for n = 1 when they correspond to the 5-parameter
Askey—Wilson polynomials [6].

Throughout this section z = (21,...,2,). Then the Koornwinder density is
given by
n : tFatiq
(261> A(.”L' Q7t tO;t1;t25t3 H =3 . =+ < H %a
i=1 r t r&; 7q)°° 1<i<j<n (t(E1 LL']» 7q)oo
where
(@75 Qoo = (@6, 775 @)oo
(v fMI) = (wizj, zix; o w2 2 )
For complex g,t,to,...,ts such that |ql,|¢|, |to],.-.,|ts] < 1, this density may be
used to define a scalar product on C[z*!] as
<f’ g><(1tlt);toft1,t2,t3 : / f (m q,t; t0>t17t27t3) dT( )
where
1 d d
(2.6.2) dT(z) = e

2nnl(27i)n ETE

Let W = &,, x (Z/2Z)"™ be the hyperoctahedral group with natural action on
Cl[z*]. For X a partition of length at most n, let mY¥" be the W-invariant monomial
symmetric function indexed by A:
S
[}

Here the sum is over all a in the W-orbit of A. In analogy with Macdonald poly-
nomials, the Koornwinder polynomials Ky = K(z;q,t;to,t1,t2,t3) are defined as
the unique family of polynomials in AB®» := C[z*]W such that [65]

K, = mKV + g c,\umzv
pn<A

and

(2.6.3) (K, K,)™

q,t;to,t1,t2,t3

=0 if A# pu.

From the definition it follows that the K are symmetric under permutation of
the ¢,. The quadratic norm was first evaluated in [35] (self-dual case) and [120)]
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(general case). For our purposes we only need

n i—2
(n) (t, totatatst™ % @)oo
2.6.4 1,1 = : _ 7
( ) < >q tito,t1,t2,t3 Z];[l (q’ tz; Q)oo Hogr<sg3(t7"tstz_l? Q)oo

known as Gustafson’s integral [48].
The BC,, analogue of the Cauchy identity (2.5.5) is given by |98, Theorem 2.1]

(265) > (DM Kpn a(w3q,t5t0, 1, 2, t3) Kn (y5t, 5 to, t, ta, ts)

ACmn
n n m

:Hﬁ .CE1+.T *yj*yj_l):HHIi_l(lfxiyj:),

i=15=1 i=1j=1
where y = (y1,...,%m) and (1 — ab®) := (1 — ab)(1 —ab™1).

2.6.2. Lifted and virtual Koornwinder polynomials. The lifted Koorn-
winder polynomials K = IN(,\(q,t,T; to,t1,te,t3) = k)\(l';q7t,T;t07t17t27t3) are a
7-parameter family of inhomogeneous symmetric functions [108]. They are invari-
ant under permutations of the ¢, and form a Q(q,t, T, to, t1,t2,t3)-basis of A. For
example, Ky = 1 and

3
_ 1— tot1t2t3T
K = ( tr>.
N e t0t1t2t3T2/t2 Z

r=
As a function of the t,, the lifted Koornwinder polynomial K has poles at
(2.6.6) totitaty = g OO VI — 2oNimi N P2
for all s = (i,7) € A. Importantly, according to [108, Theorem 7.1], for generic
q,t,to,...,ts (so as to avoid potential poles)
(2.6.7) Kx(af,...,x5;q,t,t";to, t1, Lo, t3)

Ky(z1,...,xn;q,tto, by, ta, t3) if I(N) < n,

0 otherwise,

where, for f € A (or f € A, see below), f(z1,...,zk) := f(x1,...,2,0,0,...).
Let A be the completion of the ring of symmetric functions with respect to the
natural grading by degree, i.e., A is the inverse limit of A, relative to the homo-
morphism pp, p, : Ay, = Ay, (M > n) which sends my (21, ..., Tm) to mx(z1,...,2,)
for I(A\) < n and to 0 othervvlbe. Then the virtual Koornwinder polynomials
K, = IA(,\(q,t,Q;to,tl,tg,tg) = IA(,\(x;q,t,Q;to,tl,tmtg) (which are again sym-
metric in the ¢,.) form a Q(q,t, @, to, t1, ta, t3)-basis of A, such that for A C m™,

(268) .[A()\(.’ﬁl,...,l'n;q,t,qm;to,tl,tg,tg)
= (3?1 . '.Tn)men,)\(.’L‘h ey T q7t;t0,t1,t2, t3).

When @ = 0 the virtual Koornwinder polynomials can be expressed in terms of
Macdonald polynomials as [108, Corollary 7.21]

t twix;
K (l’ q,t70 tO,tl,tQ,tg) P)\ xT: q7 H Hr O( xz? )OO ($1I];q)oc
i>1 (31 @)oo i<j (i3 q)oo
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from which it follows that
(269) lim (1'1 "'zn)me"—)\(xlv'- xn;qvt't07t17t27t3)

m— 00
(tr trig
= Pa(z1,. .., 200, HM I (tzij3 @)oo

(271 9)oo 1<i<i<n (iTj5q)oo

The lifted and virtual Koornwinder polynomials admit a lift of the Cauchy
identity (2.6.5) to A, ® A, as follows, see [1L08, Theorem 7.14]:

(2.6.10) Z(—l)l)\‘f(/\(ﬂf;75,qu§fo,t1,t2,t3)f(/\/(y;q,tyT;fo,tl,tmfs)
)
4,521

This may be used to derive the following symmetry relation for virtual Koornwinder
polynomials.

PROPOSITION 2.2. The virtual Koornwinder polynomials satisfy
Ra(w;0,t, Qi tos b1, 2, 1)

- (toxi, t1%4; @) oo
= Ky(z;q,t,Qtot1/q; q/t0,q/t1, t2, t3
(73,1, Quot /o, 4/t 2 )H(qxi/to,qm/tl;q)m

PrROOF. We start with (2.6.10)) and identify the double product on the right as
o1]—xy]. Carrying out the plethystic substitution
to—t/to  t1 —t/ty ,

> =:
y—=y+ 1—1¢ + 1—¢ Yy,

and applying the symmetry [108], Equation (7.2)]

to—t/to  t1—t/t
1—t 1—t

(2.6.11) fﬁ({y—i— };q7t7T;to,t17t2,t3)

= K)\(ya Q7taTt0t1/t’ t/t07t/t13t23t3)7

we obtain

(2.6.12) Y (-D)WK(zit,q, Tsto, tr, ta, t3) K (y; g, t, Ttoty [t /1o, /11, 12, t3)

A
(tox“tlx“t)oo
- 1 — z;y;).
}:[1 (ta;/to, tw;/t;t) H ( i)

izl

Here the right-hand side follows from (2.4.2)) and (2.4.5):
to—t/t() tl—t/t1)1|
1=t i-t
t/to — to t/t —t
1t }Ul[m 1—t }

(tozis t1zist) oo
1— =y,
1T @ = i) 21;[1 (tai/to, tzi/t1;t) oo

i,521

o1[—zy] = o1 [—m(y +

= o1[—ay|oy [m
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After replacing (to,t1,T) +— (t/to,t/t1,Ttot1/t), the identity (2.6.12)) takes the
equivalent form

Z(_l)v\lk)\('ra t7qa TtOtl/ta t/t07t/t17 t27 t3)l~(>\'(y’ q, thv tht17 t2a t3)

A
tax; /to,tx; /t1;t
:H(xz/ 0, xz/ 15 )oo H (l_xiyj)-
i>1

(toxs, t1zs3t) oo

ihj>1
Expanding the double product on the right by the Cauchy identity (2.6.10)), and
extracting coeflicients of Ky (y;q,t,T;to,t1,ta,t3), yields

Kx(x;t,q, Ttot1 /t;t/to, t/t1, Lo, t3)

= K (x;t,q, T to, t1, b, t3) [ |

(tx/to, tos /1) oo
(tozi, t1zist)oe

After the substitution (¢,q,T) — (g¢,t,Q) we are done. O

2.7. Macdonald—Koornwinder polynomials

2.7.1. Macdonald polynomials on root systems. Below we closely follow
Macdonald’s exposition in |92]. For basic definitions and facts pertaining to root
systems we refer the reader to |50, Chapter III].

Let E be a Euclidean space with positive-definite symmetric bilinear form (-, -)
and R a root system spanning F. The rank of R is the dimension of E. All root
systems will be assumed to be irreducible, but not necessarily reduced. The root
system dual to R, denoted R, is given by

RY ={a": a € R},
where vV 1= 2v/(v,v) = 2v/|]v||? for v € E.

A pair of root systems (R, S) in E is called admissible if R and S share the
same Weyl group, W, and S is reduced. Given such an admissible pair and a € R,
there exists a unique u, > 0 such that u;'a € S. Moreover, the map a — u, '«
from R to S is surjective (injective if R is reduced) and commutes with the action
of W. Hence u, is fixed along Weyl orbits, and us, = 2u,, if «, 2 are both in R.
Two admissible pairs (R, S) and (R’, S’) are said to be similar if there exist positive
real numbers a, b such that R' = aR and S’ = bS. Then bul, = au, for o/ € R’
and « € R such that o/ = aa. Since we only require the classification of admissible
pairs of root systems up to similarity, and since roots of equal length are conjugate
under the action of the Weyl group and hence in the same Weyl orbit, we may fix
the value of u,, for roots of shortest length. The classification then breaks up into
three cases.

(1) R isreduced and S = R (and hence u, = 1).

(2) R is reduced but not simply laced, and S = RY. Unlike Macdonald,
who normalises the length of short roots in non-simply-laced reduced root
systems as /2, we take the length of the short roots to be 1 when R = B,,
and v/2 in all other cases. In particular this implies that BY = C,,. Writing
Ulong aNd Ushorty for u, indexed by long and short roots respectively, we
then have: (i) wiong = 1 and ushore = 1/2 for (R, S) = (B,,C,), (ii)
Ushort = 1 and ujong = 2 for (R, S) = (C,,,B,,) or (R, S) = (Fq,FY), (iil)
Ushort = 1 and ujong = 3 for (R, S) = (G4, GY).
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(3) R is the non-reduced root system BC,, and S is one of B,,,C,,. In both
cases we fix S C R, so that u, € {1,2} for S = B,, and u, € {1/2,1} for

S =C,.
For (R, S) an admissible pair of root systems of rank r, we fix a basis of simple roots
A ={aq,...,a.} of R and write a > 0 if & € R is a positive root with respect to
A. The fundamental weights wy, ... ,w, of R are given by (a;/,w;) = d;;. As usual,

we denote the root, coroot and weight lattices of R by @, Q¥ and P respectively.
We also write Q4 = Y., Z>ow; for the cone in @ spanned by the simple roots,
and Py = >!_, Z>ow; for the set of dominant (integral) weights.

Let A be the group algebra over R of P, with elements e*, and A" the algebra
of W-invariant elements of A. A basis of AW is given by the monomial symmetric
functions

mKVZZe“, )\EP+,
I

with p summed over the W-orbit of A.

The (R,S) Macdonald polynomials defined below depend on the variables ¢
and t,, a € R, such that t, is constant along Weyl orbits. Hence there is only one
tq in case (1), two in case (2), and three in case (3). In each case we write this set
of ty’s by t. The generalised Macdonald density (compare with ) is then

1/2 «. Uq,
(2.7.1) Alg,t) =[] (t2<;/2€ 14" )0

ack (talay €3G )oo

where ta, := 1 if 2a ¢ R. Assuming |q|, |ta| < 1, this defines the following scalar
product on A:

1 _
(fs@aqt = |W|/ngA(q,t)dT,

where integration is with respect to Haar measure on the torus 7'= £ /@ and, for
f= ZAEP fret, f = Z/\eP fre . The (R, S) Macdonald polynomials Py (q,t),
indexed by A € P, are the unique family of W-symmetric functions

(2.7.2) Pug,t) = m + 3 (g, yml?
<A

such that

(Pr,P)gs =0 if A#p.
The sum in (2.7.2)) is with respect to the dominance (partial) order on P, defined
by A > pif A —p € Q4. Of course, when dealing with the Py(g,t) as polynomials,
the restrictions |ql, |to]| < 1 imposed above may be dropped, and typically we view
q and the t, as indeterminates.

Below we are interested in the generalised Macdonald polynomials for (R, S)
one of the four admissible pairs (B, By,), (Bn,C,), (Cy,B,) and (D,,D,,). More-
over, in the Hall-Littlewood limit, ¢ — 0, (in which case the S-dependence drops
out) we also consider R = BC,,. In the following we assume the standard realisation
in R" of B,,, C,, and D, consistent with our normalisation of short roots in (2):

(2.7.3a) A:{al,...,an}:{61762,...,%_176”,6”}, R=B,=C,
(2.7.3b) A:{al,...,an}:{61—62,...,%,1—en,en,l—i-en}, R=D,.
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We further parametrise the set of dominant weights P, as (see e.g., [88l page 470])
(274) )\161 + -+ )\n6n7

where A = (A1,...,,) is a partition in the case of C,, and a partition or half-
partition in the case of B,,, D,,, with the exception that for D,, the part A\, can
be negative: —A,_1 < A, < )\n,lﬂ It is not difficult to check that (2.7.4) can be
rewritten in terms of the fundamental weights as

(2.7.52) (A1 —A)wi + -+ (A1 — An)wn—1 + 2\nwn, R =B,,
(275b) ()\1 — )\2)&)1 4+ 4 ()\n,1 — )\n)wn,1 + )\nwn, R = Cn,
(2.7.5C) ()\1 — )\2)&)1 —+ -4 ()\n,1 — /\n)wn,1 + ()\n,1 =+ )\n)wn, R=D,.

Finally, writing z; = e (for 1 < ¢ < n), we will denote the four families of interest
by

P)(\B"’B")(x; q,t,t2), P)(\B"’C")(x; q,t,ta),
PP (0,1, 1), PP»P (9, 1),
where z = (x1,...,2,) and
(2.7.6) t=ta,, ty=ta,.

There are several relations between these polynomials. For example [34, Equation
(5.60)],

(2.7.7a) PfD"’D")(x; q,t) = PA(B"’B")(:E; q,t,1)
if I(\) < n, and
@27.70) PP (g ) + POPY (q,t) = PP (w50, 1),

@710 B e t) - RO @i ) = P (.t ')
n
L = al?)
i=1

if A is a partition or half-partition of length n. Here A\ := (A1,..., An_1,—An).
Hence

(2.7.8) Pj(\D”’D")(:E; q,t) = P)(\D"’D”)(:T:; q,t), Ti= (1, T, T, ).
Similarly, comparing the Koornwinder density (2.6.1)) with (2.7.1)), it follows that
(2.7.9) P)(\C’“B") (T;q,t,t2) = K (:c; q,t: +¢"/2, :I:té/z)

(see also [34]). Although the (B,,B,) and (B,,C,) Macdonald polynomials are
indexed by partitions or half-partitions, they too can be related to Koornwinder
polynomials [34]. Before describing this relation, we briefly discuss another family
of polynomials incorporating both B,, families.

IThe map Ap — —Ap corresponds to the Dynkin diagram automorphism interchanging wy,—1
and wn.
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2.7.2. The Macdonald—Koornwinder polynomials K)(z;q, t; t2,t3). Our
description of Macdonald polynomials attached to root systems is by no means
the most general and modern setup, see e.g., [26,|93,130]. Beyond Macdon-
ald’s original approach we have already covered the Koornwinder polynomials, and
in this section we discuss one further family of B,-like polynomials, denoted by
Ky (z;q,t;t2, t3). In the notation of [130} Definition 3.21] they correspond to the
Macdonald-Koornwinder polynomials P;r with initial data given by the quintuple
D = (B,,A,t,P,Q). Here A is the basis of simple roots of B,, given in , P
and ) again denote the weight and root lattices of B,,, and ¢ stands for ‘twisted’.

The polynomials K (z;q,t; ta,t3), where x = (z1,...,2,) and A = (A\q,..., )
is a partition or half-partition, are B,,-symmetric functions in the sense of
such that

(2.7.10) <K,\($;q,t;tg,tg),Ku(x;q,t;t27t3)>221t27t3 =0 for X#p.

Here, for f,g € ABC»,

(2.7.11) ) Dy = / F(2)g(x)A(w; q,t; ta, t3) AT (x)
with
n 1/2 (xix )oo
510 534
A(x;q,t;to, t3) Z— 4
]':[1 t217 ,t3w i;‘])oo 1<Egn (tl'it ;EaQ)oo

In the notation of the previous section this corresponds to (R7 S) = (By,By) and
1/2 a.

M= T it T o

« short « long

where t = (ta s ta,  ta, ) = (t,t2,t3). It thus follows that
(2.7.12a) PP (@q,t,10), = Ka(@:q, 1512, ¢?)
(2.7.12b) PP (15q, 8 1) = K50, 8 ta, tag™?).

The next lemma shows that the K)(x;q,t;ta,t3) can be expressed in terms
of Koornwinder polynomials, allowing us to prove results for the former using the
latter.

LEMMA 2.3. For X\ a partition or half-partition

Kx(z;q,t;t2,t3)

Kx(z3q,t;—1,—q"/2, t5,t3) X\ a partition,

n

B K)\f(%)n(a:;q,t;—q, 2 1,15 H 1/2 1/2) otherwise.
=1

For t3 = ¢'/? or t3 = toq"/? this is equivalent to [34, Equations (5.50) & (5.51)].
PrOOF. The triangularity with respect to the monomial symmetric functions

for B,, is clear, and in the following we show that K)(x;q,t;t2,t3) as given by the
lemma satisfies (2.7.10). Viewing the integral on the right of (2.7.11]) as a constant
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term evaluation, it follows that (2.7.10) holds when A is a partition and p a half-
partition. By (2.6.3) with {to,t1} = {—1, —¢'/?} it is also clear that it holds when
A and p are both partitions. In the case of two half-partitions

(n)

<K)\(I7 q, t;t27t3)’ K, (x q, t7t27t3)>q tito,ts

= | K,(z;q,t;—q,—q"? to, t3) Ko (254, t; —q, —q"/ %, ta, 3)
']I"IL

" + .+,
XH e, —1/2)% 11 wdT(:p),

+ +
(tzxi ’tsxi 1) oo 1<i<j<n (t:ci z; 14 oo

where v := X — (3)" and w := p — (3)™. Since

1/2
e e
(_q x;,—q xi 7q)oo
and

(—2F, 254" 0 = (272 @) s,

the second line of the integrand is precisely the Koornwinder density
A(ﬂ?, q, t7 —q, _q1/27 t27 t3)
Hence

(n)

(E(x;q,tta, t3), Kpu(x; 9, 1; t2,t3)>qtt2)t3
(n)

= <Kv(x; q, t; —q, _q1/27 t27 t3)a K (1' q, t; —q,—q 1/2 s L2, t3)>q ti—q,—ql/2 ts ts"
By (2.6.3) this vanishes unless v = w, i.e., unless A = p. O

That
1/2 —1/2
Ky 1y (@30, —q, *q1/27t2,t3)H($¢/ t; / )

i
is the natural extension of K (z;q,t;—1, —¢'/2, 5, t3) to half-partitions A may also
be understood from the point of view of virtual Koornwinder polynomials. Taking

($7 Qatoatl) = (xlv sy Ty qm7 _]-7 _q1/2)
in Proposition (2.2)) leads to

(2.7.13)  Ki(z;9,t,¢™;—1,—¢"? ta, t3)

n
- [A(A(x;qat,qm_l/Q; —q, _q1/27t25t3 H 1 +l‘
=1

Since the left-hand side of (2.6.8) is well-defined for A a partition and m a half-
integer, we can use that equation to eliminate the virtual Koornwinder polynomials
in (2.7.13). Also replacing m™ — X by A, this results in

n

1 2 —1 2

Ka(w;q,t-1,—q"% t, 1) = K _(1)a (250,85, —q"/2 o, t5) [ (277° + 27 1/7).
=1

We conclude this section with the analogue of - ) for K (x;q,t;ta,13).
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LEMMA 2.4. For m a nonnegative integer or half-integer and \ a partition,
(2714) lim (CEl '~~xn)men_>\(x;q,t;t2,t3)

m—r00
n
:P/\(x,qt)H(fﬂi,t:sxi;Q)oo H (t2i255 q) oo
U @50t (@i g)e

PrOOF. For m an integer this is just (2.6.9) with {to,t1} = {1, —¢'/?}. For
m a half-integer it follows from Lemma [2.3] that

(21 2p) " Kmn—\(x;q,t; ta, t3)

n
_1
= (@1 2n)" T K g 1yna (@50, 6 —¢, =g 2 o, 1) T [ (1 4+ @),
i=1

Letting m tend to infinity using (2.6.9) with {to,t;} = {—q, —¢'/?} results in the
right-hand side of ([2.7.14). ([l

2.8. Hall-Littlewood polynomials

2.8.1. Hall-Littlewood of type R. The ordinary (or A,,_;) Hall-Littlewood
polynomials are defined as [91, page 208]

o 1 A A xi—ta?j
281 Py mnit) = o Zw( 11 )

wed, 1<i<j<n

where ) is a partition of length at most 1, v (t) == [ ;50 (t; t)m,x) /(1 = )™ (A and
mo(A) :=n — I(A). They correspond to the Macdonald polynomials for ¢ = 0, i.e.,
Py(z;t) = Pa(z;0,t), and for ¢ = 0 reduce to the Schur functions.

Taking ¢ = 0 in the (R, S) Macdonald polynomials of Section yields the
more general Hall-Littlewood polynomials of type R. (The root system S no longer
plays a role when ¢ = 0.) More simply, however, the Hall-Littlewood polynomials
of type R can be explicitly computed from

(2.8.2) P\(t) = Wj(t) > w < A

/2
weEW aso 1 —1tag

—totyPee

e e Y

70(

The normalising factor W) (t) is the Poincaré polynomial of the stabilizer of A in
w.

For our purposes we need to consider (2.8.2) for R one of BC,,,B,,C,,D,.
As in Section we express these four families using variables z1,...,z, and
partitions or half-partitions A, rather than roots and dominant weights. Accordingly

we write P;\R)(xh ce oy Tni gy tyta, ..., t,), where r = 3 in the case of BCn, r = 2 for
B, and C, and r = 1 for D,,. In each case we again assume and (| -,
and identify z; = exp(—e¢;). As a basis of simple roots for the root sybtem BC,, we

take the B,, basis 1| (as opposed to a C,, basis), and identify (¢, an,t;fﬂ) =
(t, —ta/ts, —t3). Then takes the equivalent form

1
(tats;t)p—inyoa(t)

) L 1 — tgxl 1 — t3$l) (tﬂl‘i — l‘j)(l — txixj)
2w ( H 1—a? H\n (@ — ;) (1 = 2ixy) )’

(2.8.3) PP (w5t by, t5) =
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with W the hyperoctahedral group and A a partition of length at most n. Alterna-
tively (see e.g., [134]),

(2.8.4) P (2t g, t3) = Ky (230,£0,0, b, t3).
For t = 0 this admits the determinantal form
1
2.8.5) PEC) (40,1, t3) = ———
( ) A (LI,' 2 3) AC(JS)
x det (2, TN~ tow) (1 - tazg) — TP (@ — o) (2 — 1)),

1<i,5j<n

where
n

H(l—x?) H (vi—x;)(wiw;—1) = det (2] '—z" 7T

1<i,5<n
i=1 1<i<j<n SIS

(2.8.6) Ac(z) :

is the C,, Vandermonde product.
LEMMA 2.5. Let

B (1 = tox) (1 — taay 1—twx;
(2.8.7) ®(x;t,to, t3) :H 21) 3%:) 1T i

- 1-— l‘ - & 1-— .’Eil‘j
i=1 1<i<j<n

For m a positive integer,

n

(2.8.8) Pr(anCn)(x;tatz,t?,) = Z D(x%;5t,ta,t3) Hﬂcfsim.
ee{x1}m i=1

ProoF. By (2.8.1) and (2.8.7),

S (AH tQigz_ — tszy) 0 (mixj)amixj))

wES, 1<i<ji<n (w; — 25)(1 — zy5)

B tr; —x;
= ®(x;t,ta,t3) Z w(x ’ H zz_%])

weES, 1<i<j<n

= o\(t)®(z;t, o, t3) Pa(z 13 t).
Hence
1

P(Bc") itto,ly) = ————
A (31, 2, t3) (tatsst)n_i(x)

D O(at o, ) Pa(z 5 t).

ee{£1}"
The claim now follows from P« (z;t) = [[;_, 2", and the fact that n —I(A) =0

7

for A = m™ with m > 1. O

In the case of C,, we can be brief. The identification of parameters (2.7.6) again
applies, and from the ¢ = 0 case of (2.7.12h)),

(2.8.9) PO (25, t) = PP (a5, £,
= P{O B (250, t9) = K (230, 40,0, +5°).

Accordingly, (2.8.5) for t3 = —ts is a one-parameter deformation of the symplectic
Schur function (85,

1 “Ai—1 Ajd2n—j41
(2.8.10) SPap(T) i= Ao 1<(;1€;<n(i IR g ).
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The Hall-Littlewood polynomials P;\Bn)(l’;t,tg) are given by the (2.8.3)) for
ts = —1, where now A is a partition or half-partition. In the latter case vy(t) is as

defined on page [23| but with Hi>0 a product over half-integers. By (2.7.12)) we also
have

(2.8.11) PP (st ty) = PP B (250, 8, 1) = K (2;0, 8 12, 0).

When t =t = 0 the B,, Hall-Littlewood polynomials simplify to the odd orthogo-
nal Schur functions 85|

2.8.12 SO2p+1.0(2) == det {E»_Aj—i_j_l . x?\j+2n_j
+ i

Ap(z) 1<iyjgn ¥ ! ’

where

n

(28.13) Ap(e) = [[(~z) ] @i—zp@ie;—1)= det (27" —a7"7).

1<i,5<n
i=1 1<i<j<n SHIS
The B,, analogue of Lemma [2.5]is given as follows.

LEMMA 2.6. For m a positive integer,

n

B, —e;m/2
P((%)W),(a?;t,tg): Z @(xe;t,tg,—l)Hmi /2,

ce{1}n i=1

Finally, the D,, Hall-Littlewood polynomials PiD”)(m;t) are given by (2.8.3)
with (t3,t3) = (—1, 1), provided we multiply the right-hand side by 2 when I(X) < n,
and W is taken to be the group of even signed-permutations, i.e., W = &,, x
(Z/2Z)"1. As described on page A can be a partition or half-partition with A,
an exceptional part that can take on negative integer or half-integer values as long
as |An| < Ap—1. When ¢ = 0 this yields the even orthogonal Schur functions [101]

s09n A () == ZA;(;E) (153271 (x?j+2n*j*1 n w;,\ﬁjq)
where
(2814)  Ap(a):= ] (wi-a)(@ir;—1) =5 det (@] +a7"77).

1<i<j<n

Again we have a simple analogue of Lemma [2.5

LEMMA 2.7. Let e = (€1,...,&,) € {—1,1}" and sgu(e) := [[\-, €;. Then, for
m a positive integer,

n

Dn —&Eim 2
P((%)n)(a:;t) = E D(x%;t,1,-1) Ha:i em/2,
ee{£1}" i=1
sgn(e)=1
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2.8.2. Modified Hall-Littlewood polynomials. The simplest definition of
the modified Hall-Littlewood polynomials is as a plethystically substituted ordinary
Hall-Littlewood polynomial (see e.g., |91, page 234)):

x

(2.8.15) Pi(z;t) == PAql—_J;t) and Q) (x;t) := QA({%_t};t)’
where Q(x;t) := b\(t)Px(z;t) and
oa(t) == [Tt hm. v)-

i>1
This definition obscures the important fact that the modified Hall-Littlewood poly-
nomials, and hence sums such as

(2.8.16) > tNEP (a2t
A

A] gm

(see (L.1.7))), are Schur positive. To exhibit the combinatorial nature of and
similar such expressions for the characters of affine Lie algebras given in Section[5.2]
we need the Lascoux—Schiitzenberger description of the modified Hall-Littlewood
polynomials in terms of the charge statistic on tableaux |74].

A filling of the Young diagram of a partition A with positive integers such that
rows are weakly increasing from left to right and columns are strictly increasing from
top to bottom is called a semistandard Young tableau of shape A\, see e.g., [40,91}
126|. The (weak) composition p = (u1, f2,...) such that p; counts the number
of squares filled with the number i is called the weight (or filling/content/type) of
the tableau. If we denote the set of semistandard Young tableaux of shape A and
weight p by SSYT(), i), then the Schur function sy may be expressed as

(2.8.17) sa(z1,x2,...) = Z zT,
TESSYT(A, ")

Here 27 is shorthand for 2%¢8"(7) g0 that 27 = o = 24 ah? .- if T € SSYT(-, ).
Lascoux and Schiitzenberger equipped the set of semistandard Young tableaux
with a statistic, called charge. For our purposes it suffices to consider tableaux
in SSYT(-, ) such that p is a partition. To compute the charge of such a tableau,
we first form the reverse reading word, w = w(T'), by consecutively reading the
rows of T" from right to left, starting with the top row and ending with the bottom
row. For example, the reverse reading word of

1[1]2]3]4]
2[3
6

‘mﬂkw»—l

is 432111322645. In a clockwise manner, wrap the letters of w = wy ... wy around
a circle, putting a marker between the first letter w; and last letter wy. Repeatedly
going round the circle in clockwise manner, read the letters of w starting with w;.
Label a total of p] letters as follows. If a letter ¢ has just been labelled k, then the
first letter ¢ + 1 read after that 4 is labelled k if it occurs before the marker and
k + 1 if it occurs after the marker. To get started, label the first 1 that is read by
0. For the reading word in our example this gives
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51| 4
4 31
6o 2
2 1o
20 1
3 1

Keep repeating the above labelling procedure with the remaining unlabelled letters
of w until all letter are labelled, in such a way that p} letter are labelled in the ith
step. The completed labelling of the word in our example is

51 | 4o
1 1

31 1o

or, in one-line, notation 42312110191031202062415:. The charge, ¢(T), of T is the
sum of the labels of its reverse reading word. For the tableau in the example,
o(T)=241+140404+0+14+04+0+2+1+1=09.

Using the charge statistic, the modified Hall-Littlewood polynomial @/, can be
expressed as [231[33],74]

Q:,t (I; t) = Z tC(T)Sshape(T) (I),
TESSYT(-,p1)

or, equivalently, as
Quz:t) =) Kau(t)sa(x),
A
where K, (t) is the Kostka—Foulkes polynomial
Ky(t):= > 0,
TESSYT (M)

The coefficients K, (t)/b,(t) in the Schur expansion of the modified Hall-Little-
wood polynomials PL (z;t) are rational functions instead of polynomials, but, viewed
as a formal power series in ¢,

Ky, (t
)\H( ) = Zaktk, ap € Z}O.
bu(t) &5

Alternatively, we have the combinatorial expression [63}[144]

n
(2.8.18) Q\(T1, ..., xn;t) = Z H G- s (T35 1),

Ozu(”')C“-CM(l)CM(O):)\ =1
where

(28.19)  gaul(zit) = quz ﬁ};t> — Pl T [ o Jl |
i>1 0 [
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is the h-Pieri coefficient for Hall-Littlewood polynomials

1
Pu@it) [T 7= = 2wz ) Palast),
i>1 ADp

see 143|. Note that for n = 1 this trivialises to the principal specialisation
formula page 213]
(2.8.20) Qh(zt) = 2NN (1, ¢, 4%, .. .5 q) = 2P,

In Section we will show how (2.8.18)) can be used to simplify some of our
character formulas when restricted to the basic representation.




CHAPTER 3

Virtual Koornwinder integrals

3.1. Basic definitions

For {f\} a basis of A,,, A or AB®» and g an arbitrary element of one of these
spaces, we write [fy]g for the coefficient ¢y in g = >, cxfx. Although typically
fo =1 we will still write [fo]g to avoid ambiguity as to the choice of basis.

Our approach to bounded Littlewood identities relies crucially on properties
of two linear functionals, denoted Iy and Iﬁg) and referred to as virtual Koorn-

winder integrals, acting on A and AB®» respectively. Let f € A. Then the virtual
Koornwinder integral I is defined as [108, page 110]

(311) IK(f7q7t7T7 t07t13t23t3) = [RO((Lth;tO;t17t27t3)]f7

where K is the lifted Koornwinder polynomial. Similarly, for f € ABC» and
x = (x1,...,%,) [108] page 95|

(3.1:2) I (fra.tito,tr o, ts) == [Ko(x3q, i to, T, ta, 1)),
By (2.6.3) and Ky = 1, it follows that
n 1,
(3.1.3) Iﬁq)(f;q,t;to,thtz,t?,) = € f(@))
(1,1)
1
= f(@)A(x;q,t5to, t1, b2, t3) AT ().
(1,1) Jon
Also, by (2.6.7)), for f € A and generic q,t,to, t1, t2, t3,
(314) Igl) (f(xita s ax7:|l:7 q,t; to, t17t2)t3) = IK(f7 qatvtn;thtlatQati’))'
REMARK 3.1. Invoking the ring homomorphism ¢ : Ay, — AB®» given by
o(ma(z1,...,220)) = ma(zE,. .. i)

so that ker =(e; —egp_; : 0 <1 < ny),it will be convenient to extend I(n) to
( P ) K
also act on Ay, (or more simply f € A). That is, we set

(3.1.5) I?)(f;%t%fo,tl,tmt?a) = [Ko(x;q7t;t0,t1,t2,t3)]f($1i,...,mf),
for f € Agp, or f € A).
Since for such f
Iﬁz‘l) (f(xla .. a'rQn); Qat7 t07t17t27t3) = I(?) (f(xitv R 7$7:‘1:)7 Q7t;t05t1at2at3)a
we will often not distinguish between (3.1.2) and (3.1.5) and simply write

1 (f3 85 to, b, o, t3),

where f can be either a symmetric or BC,-symmetric function.

29
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The reader is warned that for specialisations that hit the poles (2.6.6]) of the
lifted Koornwinder polynomialﬂ should be treated with great caution as the
right-hand side may not be well-defined. In such cases T needs to be specialised
before the ¢, (or at least before some of the t,). For example, if T = ¢" and
{to,t1,ta,t3} = {1,—1,t%/2 —t1/2} =: {£1,£t'/2}, then the lifted Koornwinder
polynomial K is ill-defined if

I(A) — 3mi(A) <n <I(A).
Accordingly, for (3.1.4) to hold we must first specialise T' = t" before specialising
the t,.. For example, since
(1=T)(T/t+1t)(t—13)
(I=t) A +)(t —t3(T/t)?)

Ki2(q,t,T; £1, +t5) = my2 —

(and Ko = 1), we have

(1=T)(T/t+1)(t—t3)
(L=t +t)(t —t3(T/1)%)
This gives Ik (m12(q,t,t;+1,+t2) = 1, which trivially agrees with

IK(m12; qvtaTa :l:]-a it?) =

3.1.6 1% maz2;q, t;£1, +tg) = W 1;q,t; 1, £t5) = 1.
K K

However,

(3.1.7) I (myz2;q,t, Ty +1, £61/2) = 0.

For specialising in the ‘wrong’ order we can use [112], Lemma 5.10].

LEMMA 3.2. For fized n, letty---t3t" =2 = t*, where k is a nonnegative integer.
Then

lim I (f;q,t,T;to,t1,t2,t3)
TSin

= %Igg)(f;qvt;t()atlat27t3)
St —t/t
+ 315 (f[xit+“.+‘rf+Z%tr];Q7t;t/t07t/t1,t/t2,t/t3).
r=0

REMARK 3.3. To be consistent with our convention that
+ + -1 -1
f('rla"'axk):f(xlaxl 7"'7377%33]@)

and f(zy + -+ ) = flor + -+ + xx], we interpret flzf + - + zi] as flvg +
oyt o ot

Continuing our previous example, for
(3.1.8) {to, t1,ta, ts} = {£1, £t1/2} = {1,¢,tY/2, et}/?2}
we plethystically have

3
ty—t/t, 11—t e—et V2412 gl/2 _gpl/?
3.1.9 = + + =1+c¢,
( ) TZ:% 1—-1t 1—1t 1—t 1—-1t 1—-1t
Since ¢?~>i7J is a nonpositive integer power of ¢ this can never happen when the product

tot1tats contains a positive power of q.
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so that
: . . 1/2
II}EIK(faqvta Tv:l:la:tt )
= 11D (frq,t, 41, £612) + LI (F1 + €] g, 8, 8, +£1/2)
= L1 (Frg,t,£1,£62) + L1 (1(1,=1); ¢, 8+, +11/2).

If f = my2 then f(l?_l) = —L By Ig))(f;Qatvt0>t17t27t3> = f and " this
yields

lim [ ; T,+1,+ /2y =1 1-1)=0
Tl . K(m127Q7ta ) ) t )7 2( ) )
in accordance with (3.1.7)).

LEMMA 3.4. For u a partition and generic q,t,ts,ts,
(3.1.10) Ix(flx+elsq.t,T;—t, —t"2 to,t5) = Irc(f1q,t,t/2T5 =1, —t"/2 15, 13).

PrOOF. Let f € A. From definition (3.1.1) of the virtual Koornwinder integral
and the symmetry (2.6.11)) of the lifted Koornwinder polynomials, we infer that
(see also [108] Equation (74)]@

to—t/ty  t —t/ty
1—¢ 1—¢

(3111) IK(f|:(£+ };qat,T;t/t()vt/tl,tZat(B)
= Ik (f;q,t,tT [tot; to, t1, o, t).
If we specialise {tg,t1} = {—1, —t'/?} = {g,et'/?}, so that

to—t/to ti—t/t1 e—et ett/?—etl/?

1—t —¢ 1t 1-¢ °°©
equation (3.1.11)) simplifies to (3.1.10)). O

3.2. Closed-form evaluations—the Macdonald case

In this section we consider several closed-form evaluations of virtual Koorn-
winder integrals over Macdonald polynomials.

THEOREM 3.5. For u a partition,

(32.1) Ix(Pu(q,t);iq,t,T; £tY/%, £(qt)"/?)

(T%q,t%),  C, (qt;q,t%)
qT?/t;q.12),  Cy (t2;q,12)

where, for ' an even partition, v := (¢’ /2) = (u1, u3, ... ).

= x(i' even) (

As usual (£t'/2,£(qt)*/?) in the above is shorthand for
(12, =12, (@)%, (at)'/?).
Theorem which for T = t" is known as the U(2n)/Sp(2n) vanishing integral,

was conjectured in [LO8| Conjecture 1] and proven in [113} Theorem 4.1].

2In |108] Equation (7.4)] the denominator term (1 — ) should be corrected to (1 — t¥).
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THEOREM 3.6. For u a partition,

(322) IK (F)/L(q7 t)v q, ta Ta 71a 7q1/2a 7t1/27 7(qt)1/2)
(T;ql/Q’tl/Q)# C;(—ql/Z;ql/Q,tl/Q)

= (=1 .
(1) (—ql2TJ072 g2 4173), C (8172; g2, 1172)

This theorem was first stated (up to a trivial sign-change) as the conjectural
[111] Equation (5.79)]. By [112] Theorem 8.5], which implies [111, Conjecture
Q6], it now also has been proven.

From a symmetry of the virtual Koornwinder polynomials, the virtual Koorn-
winder integral satisfies the duality [108, Corollary 7.6]E|

t ) 1/21—¢q
q 1—-1
where s, = —(qt)'/?/t,.. Applying this to (3.2.1), and then replacing (¢,t, T, ) by

(t,q,1/T, ') using (2.2.6)), (2.2.7b), (2.4.6), (2.5.3) and (2.5.4)), yields the following
dual virtual Koornwinder integral.

Ik (f5q,t, Tito, t1,ta,t3) = Ik (f{—5( 1":|;t7qa 1/T; 80751,82,83>,

COROLLARY 3.7 (|113| page 741]). For p a partition,

(T%¢% )2 Cop(G0 1)
3.2.3) Ix(Pu(a,1);0,t, T £1, £1%) = x( even w2 .
( ) K( #( ) ) (/u‘ )(qTQ/t;qQ’t)H/Q Cﬂ/2(t;q2,t)

We need two variants of this for Iﬁf). For A a partition of length at most n or
a half-partition of length n, define

H (qtjfifl’tjfi+1;q2))\iﬂ\j

3.2.4 A (g, 1) = T
( ) A (q ) (qt]*’,tjﬂ;q%)\,;—)\j

1<i<jg<n

It is important to note that AE\n)(q, t) depends on the relative differences between
the \;, and that for A a partition

(" a* ) Cx(a:dt)
(@1 6% )x  CY (t¢3,1)

THEOREM 3.8. For p a partition of length at most 2n, let

(3.2.5) A (g,t) =

fo=(p1 — H2n, - f2n—1 — H2n,0).
Then
LY (Pu(at, ... afiq,t); .t 1, £tY/2)
— (1) 1P (Py(af, a1, 15 q,8); g, 8 8, £1/2)

yn—170
2n .
_ AL/; (q,t) if i is even,
0 otherwise,

where p/2 is a partition or half-partition given by (11/2, ..., 2n/2).

3In [108| Corollary 7.6] @g,¢ should be corrected to &t,q.
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THEOREM 3.9. For v a partition of length at most 2n + 1, let
U= (V1 —Vany1s- - V2n — Vany1,0).
Then
Iég) (Py(xli, . ,xff, 1;q,t);q,t;—1,¢, :ttl/z)
= (—1) I (P (af, o, —15q, )0, 651, —t, £1/2)
_ {AIEQ/ZH)(q,t) if U is even,

0 otherwise.

PRroor oF THEOREM [3.8l From (2.5.12]) we have

Pu(xft,...,xf;q,t) :Pﬁ(xli,...,xf;q,t)
and
P,L(xli, e ,xrihl, 1,-1;¢,t) = (—1)“2"Pﬂ(x1i, e 7957%71, 1,—-1;q,1),
so that

(3.2.6a) I (Pu(af, ..., a5;q,t);:q,t;to,t1, b, t3)
= Iég) (Pﬁ(xit7 o 7xriz; q, t); qat;t07t17t27t3)
and

(326b) Igil)(PH(mi‘i xi ]-7_1;q7t);q7t;t07t17t27t3)

Y ¥n—1

= (=0)ken I (Pa(af, a1, = 150,80yt to b1, t, E3).

Since AELQ/T;)( t) = Af/; (g,t), it thus suffices to prove that

(3.2.7) ](")(P (ml e rf?q,t);q,t;:tl,j:tlm)
I(n 1)(P ($1 e 7w2:71, 1,-1;q,t);q,t; =1, :I:t1/2)
- X(w GVGH)A‘(UQ/T;) (qa t)v

for w a partition such that l(w) < 2n.
We now apply Lemma with {to,t1,t2,t3} = {1, £t'/?} and f = P,(q,t)
for p a partition of length at most 2n. Using (3.1.8) and (3.1.9)), this yields

lim Irc(Pu(q.t),q,t, T £1, £'/?)
T—tn

= 1I(n)(P (x1 ,...,xf;q,t);q,t;:l:l,j:tlﬂ)
+lI(n71)(PH(xli,... 1 —1;q,t);q,t; £, :I:tl/g).

yYn—17r

By (3:2.3) and (3.2.5)) the left-hand side is equal to x(u even) A( 5 (q,1), resulting

in

11(")(P (x1 ,...,xf;q,t);q,t;:l:l,:l:tlﬁ)
yMn—1

+ LTV (Py(at, . a1, —15q,1); g, 8 £, £2?)

2n
= x(u even) AL/; (g,t).
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Again using (3.2.6)) as well as

x(u even) A% (g, 1) = x(p2n even)x(fi even) AZ1 (g, 1),
and then renaming fi; = p; — po, as w; for 1 <¢ < 2n — 1, and pso, as k, it follows
that

%I](;?) (Pw(xli, . ,x?f; q,t);q,t; =1, :I:tl/Q)

+ DRI (Pu(at, et 1, —15q,t); g, 8t £E?)

yVn—1r

=x(k even)x(w even) Afj/Q (g,t),

for w a partition of length at most 2n — 1 and k an arbitrary integer. For odd k this
implies the first equality in (3.2.7)), so that the second equality follows from even
k. O

PROOF OF THEOREM The proof if analogous to that of Theorem ex-
cept that we now need Lemma on top of Lemma
Let z € {—1,1}. Since

(3.2.8) IW(P,(af,... &k, 2q,8);q, ti to, 11, ta, t3)
= ZVszrlI}?) (Pﬂ(x1i7 e 7x'r:Lt7Z;q7t);q7t;t0ut17t27t3)7

and Af?/?”( q,t) = ASIQ/ZH)( ,1), it is enough to show that

(3.2.9) II(?) (P (:vl ,...,xf, z;q,t);q,t; —z, 2t, :I:t1/2) =x(7 even)A(f;;H)(q,t),
for 7 a partition such that I(7) < 2n.

For {to,t1,t2,t3} = {1 et, t'/2 t'/?}, we have Zi:o t”‘l_f{ﬁ = 1—¢. Hence, by
Lemmaw1th f(z) = P,([z+¢];q,t) and v a partition of length at most 2n+ 1,

lim IK(PV([:L' +5];q,t),q,t,T; 1, ft,:I:tl/Q)

T—tm™

= II(n)(P (mla"'a T -1 4, ) qat;]-v*t,:ttl/2)

1I(n)(P (xl Seee n,l q,t); q7t;—17t,j:t1/2)
Z Ié{" (P,,(xli, o TE g t) gt —2, 2t :ttl/2).
ze{—-1,1}
On the other hand, by Lemma
lim I (P, ([x +€l;q,t),q,t,T; 1, —t, itl/Q)

T5tn

= lim Ix(P,(q,t),q,t,t"2°T; £1,£t1/?)
T—tn

= x(v even) 1411(,2/7;r1)(q7 t),

where the second equality follows from (3.2.3) and (3.2.5). Therefore,

% Z Iﬁg) (P,,(gvljt7 e TE 2 1) gt —2, 2t itl/z)
ze{—1,1}

= x(v even) A(Z/ZH)( 1)
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If we define 7; := v; — vop1q for 1 <@ < 2n and k := 9,11, and then use (3.2.8]),
the above can also be written as

% Z kI(n) (P (xl e ,xTiL, z;q,t);q,t; —2z, 2t, :i:tl/z)
ze{—-1,1}

= x(k even)x(7 even) Ag;“)(q,t).

As before, by considering odd values of k this yields

IV (P(aF, . 25 150,0)5 0, —1, 8, +11/?)
= Igl) (P.,-(.Ili, . ,xff, —1;q,t);q,t; 1, —t, itl/z).
Choosing k to be even completes the proof of (3.2.9). O

As our final evaluation of this section we claim the following.
THEOREM 3.10. For u a partition,

(T% ¢ Oy 1
(qu/ta qzvt) [r/2] bfﬁ(‘]at)

PrROOF. From (3.1.3)), definition ([2.6.1)) of the Koornwinder density and Gustaf-
son’s integral (2.6.4)), it follows that

(3.2.10) I (Pu(q,t)iq,t,T;—1,q,£t"?) = (=1)1"!

I (F50,t; qtos tr, b, t3)

n

n )
1-— totltgtgtn—ﬂ_g

:Igg)(f(xitﬂﬂxrf)H(l_toxi)7q7t7t0ut17t27t3> I | 3 - .
i=1 ' i=1 Hr:1(1 — tot,ti=1)

For f = P,(q,t) we can use the e-Pieri rule (2.5.8) to expand the integrand. Hence

ﬁ 1 — tot tatstnti—2
i=1 Hi (1 —tot,ti=1)

X Y (=to) My (g, 01 & (P(g. 1), tito, t, ta, 3).
ADp

For (to,t1,ta,t3) = (1, —1,tY/2, —t'/2) this yields

I8V (Pu(g,); 0.t qto, £, ba, ts) =

I (Pu(g,t); .., — 1, t172)
— 1 Z |)\/l‘|d))\/ (q, )I;:,l)(P)\(q7t)7q7t’:l:17:|:t1/2)
ADp

The integral in the summand evaluates in closed form by Theorem 3.8 In particular
it vanishes unless (i) A is even or (ii) A is odd and I(A) = 2n. Since ¥}, (q,t) is
zero unless \/pu is a vertical strip, this fixes A as A = 2[p/2] =: v in case (i) and
A =2|p/2] + 12" =: w in case (ii). Noting the three congruences

W =|w|=0 (mod2), |v/ul=odd(y)=|u| (mod2),

and
w/ul = 20 — odd(u) = |u|  (mod 2),
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we obtain
1) (Pu(g, 1) .., — 1, t172)
= 3= (0], (0, DAL (0,6) + L, (0,040 (0.1)).
We will now show that the two terms on the right are equal, resulting in
(3.2.11) 0 (Pu(q, )5 g, 1 g, =1, 72) = (=1) "y, (g,) A7) (g,1).

First we note that since w/2 = [1/2] + (3)?" and A (q,t) depends on the relative
differences of the u;, we have

AZR (1) = ALY, (g.1).

Moreover, by (3.2.4) and v/2 = [p/2],

1— qﬂi*/ijtj*i 1— qururltjfi

(2n) _ 4(2n) .
@) =450 1l e o
1<i<j<2n
i odd, pj; even

1— qm*ujtjfifl 1— qururltjfﬂrl

< 10 - .
1 — gqri—hiti—i 1 — gri—mi—1¢i—i
1<i<j<2n
i even, pj odd

But from (2.5.9) it follows that
Z/J:,/u((b t) = H

1<i<j<2n
i even, p; odd

1— quﬁwtj*ifl 1— qururltjfﬂrl

L—qri—rati—i | — qui—ki—lgi—i

1 — gri—HitI == 1 — gri—ri— =it
w(/u/,u(q’t) = H 7 i1 —  i—14i—1
1 qlh Hitd 1 qH% Hi—1¢d
1<i<j<2n
pi odd, pj; even
so that

W (a )AL (,1) = ), (. ) AT (g, 1),

establishing (|3.2.11]).
Since v = 2[p/2] is even, we can use (3.2.5) to write the right side of (3.2.11)

(245 )2 Copl@d®)
(qt2"_1; q2, t)y/2 C;/Q(t; 2, 1) .

as

(71)|M|'¢)/u/u(q’ t)

By Lemma [2.] this is also

(=1

PGSO I |
(@1 ¢ )2 bR (g, 1)

Hence
(t*"56%, ) 21 1
(@52, O bR(a,t)
Since both sides vanish if {() > 2n this holds for all partitions u.
For fixed p

(3.2.12) I8 (Pu(g, 1), t; =1, q, £t/%) = (=1)l!

I (Pu(q,t);q,t, T to, t1, b2, t3)
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is a rational function in 7. By (3.1.4) and (3.2.12), equation (3.2.10) holds for
T = t™ for all nonnegative integers n. Hence it holds for arbitrary T'. ([

3.3. Closed-form evaluations—the Hall-Littlewood case

We present one final virtual Koornwinder integral with Hall-Littlewood polyno-
mial argument. It evaluates in terms of the generalised Rogers—Szeg6 polynomials
([2-3.4), and does not appear to have a simple t-analogue for Macdonald polynomi-
als.

Let

1 (Pu(g, 003,05 to, t1, t2, ta) o= lim I (Pu(q, £): . i o, b, Ba)-

THEOREM 3.11. For u a partition of length at most 2n,
PrOOF. Let = (21,...,2,). By (3.1.2), equation (3.3.1) may also be stated

as the rational function identity
[Ko(x:4,00,0, 12, t3)] P (2%, ¢,0) = hs™ (~ta, —t3;).

Without loss of generality we may thus assume that |¢2], |¢3] < 1 in the following.
Noting that

B (0,0:q) = x(X even),
the t2 = t3 = 0 case of (3.3.1)), viz.
(3.3.2) 1%(P,(g,0):¢,0:0,0,0,0) = x(u' even),
follows from (3.2.1)) (with 7" = ¢") in the ¢t — 0 limit.
To include the parameter to we use that
<1, 1>¢(;,L(3;0,0,t2,0 - (1, 1>((;T,Lo);0,0,0,0
(see (264)) and
- 1
A(x;q,0;0,0,t2,0) = A(x:¢,0;0,0,0,0) Hi
1 (1277 q)oo
From (3.1.3)) it thus follows that
(3:33)  fulta;q) = I (Pu(g,0); ¢, 00,0, 5, 0)

2n
1
:I(")<P (z7,...,25:q,0) ;q,0;0,0,0,0>.
AN E(thii;q)oo

By the g-Pieri rule (2.5.6) for ¢ = 0, this yields
Fultrs ) = > th" g, (0. 0) 1 (P (4. 0): 4,0;0,0,0,0)

v

= Z ty/#IWU/M q; )7

1 2]
V’ even
l(v)<2n
where the second equality follows from (3.3.2)). Since ¢, /,(q,0) is zero unless v/u
is a horizontal strip and since v/ must be even, this fixes v as vo;_1 = vo; = 21
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for 1 < i < m. This is equivalent to v, = p + x(u; odd), so that |v/u| is given by
the number of odd parts of ¢/, i.e., by odd(x). Hence

odd(p’
fu(t%Q):tz (e )QOV/;J,(Q7O)5

with v fixed as above. From the expression for ¢y, (q,t) as given in (2.5.7) it
follows thatfl]

(45 @psi—pss 1 pi = Mt
(3.3.4)  ¥,/.(q,0) = L = :
/- Zl;[l (€ Dvi—p (G Dpi—viis (G Do };[1 fi = Viy1],

When vp; 1 = vp; = po;—1 this simplifies to ¢,,,(¢,0) = 1, since either v; ;1 = u;
O Vit1 = Mi+1- Hence

dd(p’
(3.3.5) Fulta; q) = 15290,
To also include the parameter t3 we proceed in almost identical fashion. By
1

(n) n)
1,1y S
< ’ >q,01070,t27t3 (t2t3;q)oo < >q,0,0,0,t2,0

and
n

1
A(x;070at2at3;Q7O) = A(xvoaoat2a07Q70) I N

and following the previous steps, we obtain
Fulta,t3:0) = I (P(a0):4,0:0,0, 3, t3)

= (tatsi @)oo D 15" £ (t230)00 (0,0)

v

odd(v'),|v
= (tats; @)oo > 5240, (q,0).
V>
1(v)<2n
Here the second line uses the definition of f, (t2;¢) as given in (3.3.3), and the third
line uses the evaluation (3.3.5). To complete the proof we write v; = u; + k; for
1 <4 < 2n, and note that (see [139} page 822])

2n
(3.3.6) odd(v') = odd(p') + > (~1)""k;.
i=1
Once again using (3.3.4]), we get
L/ 1 =)k ke [ Hd — Hi
Fulta,tsiq) = (tats; q)oo t5 1) Z 2 Ht§ Y Hkltlgl [# k.u H] .
a0 (B Dk 355 ERNEY

Summing over k; by [43] Equation (II.1)]

k
1
Z(Z = for |z| < 1,

S @r (250)w

4Alte1rnatively7 this follows from the Pieri coefficient ap;\/u(t) for Hall-Littlewood polynomials,
thanks to ('OV/H(‘L 0) = 90:///#/ 0,9) = ‘P:}//#/ (9)-
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and recalling definition (2.3.1]), we finally obtain

2n—1 2n—1
dd(u’
fulta, t33q) = t3 ) H Hopn, ) (t3/t25 q) H Hopn, ) (t2ts;q)
iZ(?dld izeflén

= hfﬁ")(—tg, —t3;q).

39






CHAPTER 4

Bounded Littlewood identities

In this section, which is at the heart of the paper, we use Macdonald—Koornwin-
der theory and virtual Koornwinder integrals in particular to prove bounded Lit-
tlewood identities for Macdonald and Hall-Littlewood polynomials.

4.1. Statement of results

4.1.1. ¢,t-Identities. There are five known Littlewood identities for Macdon-
ald polynomials. By introducing an additional parameter a, the first four of these
may easily be combined to form the pair of identities [139, Proposition 1.3
(4.1.1)

n

Zaodd()\ B3 (g, £) Pa (2 g, ¢ H 1+G$z )(qt27; ¢%) oo H (txi45 q) oo

X i1 (231 4%)oc <i<ign (T Do

and
" (atxg; (tx;x;;q)
(4.1.2) Zaodd( 85 (g, £) Py (23 g, t H Q)00 H M
~ i (@ @)oo | 0 (705 )oo
Here
b5%(q,t) : H bx(s;q,t) and bS(q,1): H ba(s;q,t)
SEX SEX
a(s) odd I(s) even

to be compared with (2.2.5) and ([2.5.11). The cases a =0 and a = 1 of and
correspond to Macdonald’s original four results, see [91, page 349]. The fifth
identity was first conjectured by Kawanaka [62] and subsequently proven in [71]
(see also [111]):

n

1 Yo - [ [ Cne

N i1 xza )oo 1<i<j<n (mil'j;q2)oo

where
3 B 1 +qa(8)tl(5)+1
b (@) = [ T

SEX

In the following we generalise all of (4.1.1)—(4.1.3).

For m a nonnegative integer and A\ a partition, let

1_ q2m—a/(s)+1tl’(s)
(@) == 0(a,t) ]

_ 2m—a’(s)+l/(s)+1
L T paere
a’(s) odd

41
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Note that b33, (q,t) = 0 if Ay > 2m + 1 and that for A an even partition

1— q2m—a’(s)tl'(s)

(414) )\;m(q7 t) = bA (Qa t) H 1 — q2m—a’(s)—1tl’(s)+l .
SEA
a’(s) even

Our first bounded Littlewood identity generalises (4.1.1).

THEOREM 4.1. For z = (x1,...,%,) and m a nonnegative integer,

Zaodd A)b)\ (g, t)Py(z;q,t (ng (1+ ax; )P,(,Sz’uBn)(m;q’t’qt).

Using (2.7.9)) to identify P, 7(nc B")(x q,t, qt) as a Koornwinder polynomial, and
then using (2.6.9)) for A = 0, it follows that the large-m limit of the right-hand side

simplifies to the right-hand side of (4.1.1)).
When a = 0 the summand on the left vanishes unless A is even, so thaiﬂ

(4.1.5) S B (@ ) Pa(wi g t) = (w1 wn) PP (w3, gt).
A even
This is a g,t-analogue of the Désarménien—Proctor—Stembridge determinant for-
mula [31,/107,[127]
detics jcn le‘q _ m2m+2n—j+1
(4.1.6) Z sxa(z) = j<n ( ) ;
Hz 1(1 - & )1_[1<z<]<n(3j - xj)(xi‘rj - 1)

A even
A1 <2m

which expresses the symplectic Schur function sp,,, ., (z) (times (z1---z,)™) in
terms of Schur functions. Equivalently, is a branching formula for the char-
acter of the symplectic group Sp(n,C) indexed by mw,, in terms of characters of
the general linear group GL(n, C). As will be discussed in Section [5.1} like Macdon-
ald’s formula , the determinant is important in the theory of plane
partitions.

Another notable special case follows when ¢ = 0. For s € A C (2m)™ such that
a’(s) is even we must have 2m — a'(s) > 2, which implies that b5%,,(0,¢) = 1. By

(2.8.9) the ¢ = 0 specialisation of (4.1.5) is thus

(4.1.7) Z Py(z;t) = (21 - :I:n)mP,SSL")(x;t,O).
A even
)\1<2m

For positive m the right-hand side can be expressed in terms of the function
®(x;t,0,0) by Lemma The resulting t-analogue of the Désarménien—Proctor—
Stembridge determinant is due to Stembridge [127, Theorem 1.2] who used it to
give new proofs of the Rogers—Ramanujan identities. We will see in Section
that Stembridge’s method can be extended so that identities such as yield

(r)
N

Rogers—Ramanujan identities for certain affine Lie algebras X’ for arbitrary N.

For m a nonnegative integer and A\ a partition, let
1— qm—a’(s)tl’(s)—l 1— qa(s)tl(s)
b)\ m(qa ) = H 1— qm—a’(s)—ltl’(s) 1;[\ 1— qa(s)-i-ltl(s)—l

SEA
I'(s) odd I(s) odd

1By (2.5.12)), the same result may be obtained in the a — oo limit.
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Note that b’j\l;m(q, t) = 0 if A2 > m, which implies vanishing for Ay > m when X is
even. Our next theorem contains the first of two bounded analogues of the a = 0

case of (4.1.2).

THEOREM 4.2. For x = (x1,...,%,) and m a nonnegative integer,
ol . — .. Lo (anBn) .
(418) Zb)\;m(qat)P)\(xaqvt) - (xl mn) 2 P(%)n (xaqvt,]-)v

where the sum is over partitions X C m™ such that m;(\) is even for all 1 < i <
m — 1.

To see that this generalises for a = 0, we first note that in the large-m
limit the right-hand side simplifies to the right-hand side of for a = 0 by
and the A = 0 case of Lemma Next, to simplify the left-hand side we
note that there are two types of partitions contributing to the sum.

Type 1: Partitions A such that m;()) is even for all 1 < i < m, e, X is
even.
Type 2: Partitions A such that m; () is odd for i = m and even for 1 < i <
m, i.e., X is odd and \; = m.
Macdonald polynomials indexed by partitions of Type 2 have degree at least m, so
that their contribution vanishes in the large-m limit. Hence we are left with a sum
over partitions of Type 1, for which

H 1— qa(s)tl(s) _ H 1— qa(s)tl(s)+1 _ b(;\l(q t)
_ s)+14l(s)—1 _ s)+141 YU

L T gtore) S SR

I(s) odd I(s) even

resulting in the a = 0 case of (4.1.2)). In fact, (2.7.7) can be used to dissect (4.1.8)),

resulting in two bounded Littlewood identities for D,,, the first of which is our
second bounded analogue of (4.1.2) for a = 0.

THEOREM 4.3. Forz = (x1,...,2,), T = (21,...,Tn_1,7,') and m a nonneg-
ative integer,
(4.1.92) Y (@ )Pa(@3a,1) = (@1 2) F P (w5,8)
A even
(4.1.9b) Z b‘;\l;m(q,t)P,\(x;q, t)y=(z1--- wn)%P((g;;D")(a’:;q, t).
A odd
)\1:m
Taking ¢ = 0 in (4.1.9a]) yields
m—1
(4.1.10) S Paast) [T ) mnz = @ aa) % PRy (3t).
’ even i=1
ﬁ\lgm

By Lemma this is equivalent to [56, Theorem 1; Eq. (7)] of Jouhet and Zeng,
which itself is a t-analogue of Okada’s determinant [101, Theorem 2.3 (3)]

Y qary deticijan (27! 4 e
Z sx(z) = .

2L (i — ) (wiz; — 1)

A even
/\1 gm
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For m a nonnegative integer and A a partition, let
1— qua’(s)tl'(s)
el . 1el
(4111) b)\;m(qvt) T b)\ (q7t) H 1_ qm—a’(s)—ltl’(s)+1'
SEA
I'(s) even

We note that b/\ m(q,t) vanishes unless A\; < m. The next result is (1.1.6)) from the
introduction, which bounds (4.1.2)) for a = 1.

THEOREM 4.4. For x = (x1,...,%,) and m a nonnegative integer,
B,.B,
(4.1.12) > (@ )P g, ) = (w1 wa) % P (w5q,1,8).
A
The ¢ = 0 and t = ¢ specialisations of (4.1.12)) correspond to (4.1.17) below for
to = t, i.e.,
m—1
e By
Z (t ) fma(n) /21)13/\(3«" t) = (w1 xp)2 P((%)z(x;f,t),
A =1
Algm

and Macdonald’s determinant ([1.1.2)) respectively.

REMARK 4.5. Using (4.1.9a)) it is not hard to prove an identity that generalises
(4.1.2) in full:

o T my2 (ata;
SOl (0. 0Px0.0) = ( Lo Gt ) PGP it

A i1 (azi; @)oo

where
1— qm—a’(s)tl’(s)—l

b/\ m(q’ ) = bil(q’ t) H 1 m—a’(s)=1¢l'(s)
SEA —4

U'(s) odd
The largest part of A in the sum on the left is not bounded, and unlike (4.1.8]),
(4.1.9a) or (4.1.12)), this is not a polynomial identity.

For m a nonnegative integer and A a partition such that Ay < m, let

1— qua' (s)tl' (s)

b;’m(q7t) = b; (qat) H 1 ¥ qm—a’(s)—ltl/(s)-‘rl
SEA

Our final result for Macdonald polynomials is a bounded analogue of Kawanaka’s
conjecture (4.1.3]).

THEOREM 4.6. For x = (x1,...,%,) and m a nonnegative integer,

(4.1.13) > b @ 0P ¢ 87) = (@1 -+ wa) F PO (w54, 82, ).
A

For t = —q this simplifies to (1.1.2)) and for ¢ = 0 it is (4.1.17) below with
(t,ta) = (2, —1), viz.

(4.1.14) Z H (85 ) ) Pa(582) = (1) ® P (2382, 1),

)\1<m

Assuming m is positive and rewriting the right-hand side using Lemma [2.6] yields
Theorem 1] of Ishikawa et al.
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4.1.2. t-Identities. Our final two theorems do not appear to have simple

analogues for Macdonald polynomials.
Recall the generalised Rogers—Szegé polynomials (2.3.4)).

THEOREM 4.7. For x = (x1,...,%,) and m a nonnegative integer,
(4.1.15) ST R (b, tat) Palast) = (w1 ) PR (a5t b, ).
A
)\1<2m

This bounds [139] Theorem 1.1]

n

—tox;)(1 — taz; 1—tz;z;
(4.1.16) > halta, ts;t) Pa(w;t) = H 2 ) 37;) 11 i

. 1-— x 11 1—z;x;
A i=1 1<i<jsn

where hy (t, t3;t) is the Rogers—Szegd polynomial (2.3.5). Moreover, if we replace
(t,ta,t3) — (0, —a, —b) and use (2.8.5) and H,,(2;0) = 1+2+---+2™, we obtain the
following two-parameter generalisation of the Désarménien—Proctor-Stembridge de-

terminant (4.1.6)):

2mol oma(A)+1 _ pms (A 41 2ml g (ab)mi()\)+1

Z sx(@) H - a—>b H 1—ab

A =1 i=1
A <2m 1 odd i even

detygjen (27 1+ am) (14 bay) — 27" @y 4 a) (2 + b))
[T, (= 2) Tlcicjcn (@i — ) (izy — 1) '
Recall (2.3.6]). The t3 = —1 case of Theorem extends as follows.

THEOREM 4.8. For x = (x1,...,%,) and m a nonnegative integer,
(4.1.17) > R (i) Palwit) = (w1 w) ¥ Py (a3, 1),
)\1)<im

This is stated without proof in [139]. For (¢, t2) — (0, —a) it simplifies to a one-
parameter generalisation of Macdonald’s determinant (|1.1.2] m ) from the introduction:

Z S,\(a:) H 1 — gmi(M)+1 _ detléi,jgn ( x; (1 + a:cz) _ $m+2n j— 1(1‘1‘ n a))
< e o (@ =2 hicicjcn(@i — @) (ziz; = 1)
Ai<m

m—1

4.2. Proofs of Theorems [4.1H4.8§

We begin by outlining the general strategy, which is to transform the problem of
proving bounded Littlewood identities into that of evaluating virtual Koornwinder
integrals.

Recall that if g € A,, and {f»} is a basis of A, then [f\]g is the coefficient of fy
in the expansion of g. Working in full generality, we would like to find a closed-form
expression for
(421) )(\m)(Q7t;thtlat2at3) [P)\( ridq, )]( xn)m m"(x;q7t;t0?t13t23t3)7
where m is a nonnegative integer. Since

(1 - )" K (x5 q, 5 o, t1, 2, t3) = Z unmy (@
AC(2m)™



46 4. BOUNDED LITTLEWOOD IDENTITIES

it follows that fy")(q,t;to,tl,tg,tg) vanishes unless A\ C (2m)™.

PROPOSITION 4.9. For m a nonnegative integer and A C (2m)",

(422) f)(\m) (Q7 t;to, t1, to, t3) = (_1)‘>\|I§(m) (P/\’ (t7 q)v t,q;t0, 11,12, t3) .
PROOF. Let = (z1,...,2,) and y = (y1,...,Ym). According to the Cauchy
identity for Koornwinder polynomials (2.6.5)

(42.3) > (D)@ 2" Koo (g, tito, by, ta, ts) Ko (vt s to, b o, ts)
ACmn

=01 [7$yi] .
If we expand the right-hand side in terms of Macdonald polynomials using the
Cauchy identity (2.5.5)), this yields

> ()P @y ) Ko A (5.0, t5 0, b1, o, t3) Kov (43 £ 5 to, o, )
ACmn

= > (-DMP(z50,6)Py (vt q).
AC(2m)™

Equating coefficients of Py(x;q,t)Ko(y;t, ¢; to, t1,t2, t3), we find

[Pr(z50,)](1 - 2n) " Ko (75 ¢, 15 0, t1, t2, E3)
= (—)M[Ko(y;t, g;to, 1, 2, t)| Pa (y53 1, 9),
for A C (2m)™. Recalling (3.1.2) and (4.2.1) completes the proof. O

Next we consider the problem of computing

(4.2.4) U (@ tsta,ts) == [Pala; q,0)] (21 20) ™ Ko (3., 5 2, 3),

where m is a nonnegative integer or half-integer and K)(x;q,t;ta,t3) is the Mac-
donald-Koornwinder polynomial of Section [2.7.2}

PROPOSITION 4.10. For m a nonnegative integer or half-integer, A C (2m)™
and generic q,t,ts,t3

(425) f)(\m) (Q7 t; o, t3) = (_1)M|IK (P)\’ (t, q)7 t,q, qm7 -1, _q1/27 t2, t3) .
PrROOF. When m is an integer we simply have
U (g tita,ts) = [\ (011, =" 1o, 13).
By (4.2.2) this gives
f)(\m) (Q7 t; t2a t3) = (_1>‘>\|Il({m) (P/\’ (t7 q)a t7 q; _17 _q1/27 t27 t3)7
which may also be written as (4.2.5)).

To deal with the half-integer case we set k = m — 1/2 and replace m by k in
([4:2.3)), so that now y = (y1,...,yx). Multiplying both sides by [[;_, (1 + z;) =
o1[—ex], using that

o1[—exloy[—ayF] = o1[—ex — ayF] = o1 [~ (yF +¢)],
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and finally expanding this by the Cauchy identity (2.5.5)), we obtain

n

[T+

g

=1
(=D @y ) K s (w3, tito, b b ts) K (3 £ g5 to, tr . t3)
ACk™

= > (=DMPy(x;0,6)Py ([y* + )it q).
AC(2m)n

After specialising {to,t:} = {—q, —¢'/?} we can apply Lemma to rewrite this

as

Z ()P (@1 @) " Kon—a (@30, 2, t3) K (03, @ —q, "%, b2, t3)
Ack’n

= > (~)Py\(z;0,0) Py (vt +elit ).
AC(2m)n

Equating coefficients of Py (x;q,t)Ko(y;t,q; —q, —q"/?, t2,t3) yields
k
(426) )(\m) (qa t; t27 t3) - (71)”\‘]}() (PA’([y + 5]; ta Q)v ta q;—9, 7q1/27 t?, t3)
for A C (2m)™. For generic g, t,ts,t3 we can write the integral on the right as
IK (P)\’([yi + 6]; ta q)7 ta q, qk; —-q, _q1/2; t27t3)7
where now y = (y1,¥2,...). By Lemma this is also

IK(P)\’(t,q);thaqm;_1,_q1/27t2,t3)~ U

We are now ready to prove Theorems [L.IH4.§|

PRrROOF OF THEOREM [£.I] We first prove the a = 0 case, given in (4.1.5).

By definition (4.2.1)) and equation (2.7.9)), this is equivalent to proving that for
AC (2m)”

m b3 (q,t) A is even,
A" (0.t 262, £(gt)?) = {o ’

otherwise.

From (4.2.2) we have
A (a1 262, £ (g)Y?) = (1) (P (t,9)5t, ¢ 262, £(gt)?).

Taking (T, p) = (t™,N) in (3.2.1) and then interchanging ¢ and ¢, it follows that
the virtual Koornwinder integral on the right vanishes unless A is even. Moreover,
for even ) it evaluates in closed form to

(™5, 6%) (xj2) _C(_)\/2)’(qt;t’q2)
(@ =18.0%) 02y Cy oy (@51, 4%)

Using (2.2.6]), we thus find

)'*‘/2 (@2 ) Crpalatia®t)
: .

q
f(m) q,t; iq1/27 + qt 12y = (7 — y
y o (qt)"?) T2 ) a C’/\/Q(qQ; FE)

t
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for A even and zero otherwise. By ([2.2.2]) this can be also be written as

(4.2.7) P (4t £4"2, £(gt)Y?)
H ( 11— q2m—2a'(s)tl/(s) 1— q2a(s)+1tl(s)+1>
= — 2m—2a/(5)— 1A/ (s)+L 1 _ 2a(s)12A(s)
ser/2 1—gq t 1—gq t
_ H ( 1— q2m—a’(s)tl'(s) . 1— qa(s)tl(s)+l)
_ 2m—a’(s)—14l'(s)+1 _ qa(s I(s :
“ 1—¢q () =1/ (s)+1 1 — gals)+1¢l(s)
a(s) odd

Since A is even, odd arms-lengths correspond to even arm-colengths. The product
on the right is thus b‘;?m(q, t) in the representation given by (4.1.4), completing the

proof of (4.1.5).
To obtain the full theorem we multiply both sides of (4.1.5) by [T\ (1 + az;).
By the e-Pieri rule (2.5.8) we must then show that
(4.2.8) Sim(as )= D alMrlgl ) (q.6) 005, (0. 1)
© even

Because p is even and ¢ / “(q,t) vanishes unless \/u is a vertical strip, p is fixed
as

(4.2.9) w=2|2/2] = (2|\1/2],2|X2/2],...),
which implies that |[A/u| = odd(\). We thus obtain
C;f;lm(Q7 t) = ¢I)\/M(Q7 t) bZ?m (q’ t)
with u fixed as above. The m-dependent parts on both sides trivially agree since

[T fewrew= 11 fewwee:

SEX SEN
a’(s) odd a’(s) odd

It thus remains to show that
b3 (a,t) = ¥, (4, 1) (g, 1)

Replacing (A, p1,q,t) by (N, 1/, ), using

by (g, t)
b (t, q) = L+
(9) by(g,1)
on both sides, and finally appealing to |91, page 341]
bu(g,t)

/ —
¢>\r/,/ <t7 q) - @A/;L(qa t) b)\(q, t) )

we are left with
b5 (a,t) = ox/ula, )6 (q, 1)
for ¢/ = 2|\’ /2]. Since this is |91}, p. 351], we are done. O

Because they are simpler to prove than Theorems [1.2] and [.3] we consider
Theorems [£.4] and [£.6] first.
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Proor or THEOREM [£.4]l It will be convenient to prove the claim with m
replaced by 2m. After this change m is a nonnegative integer or half-integer. It
then follows from (4.2.4]) and (2.7.12a]) that we must prove for A C (2m)™ that

T g, t5,4M2) = b5l (4, ).

By Proposition [£.10]

f)(\m) (qa t;t, q1/2) = (_1)|)\‘IK (PX (tv Q)a t,q, qm; -1t iql/Q) .
The integral on the right can be computed by Theorem with (¢,t,T,pn) —
(t,q,q™, ), resulting in

2m.

(q 7t2aQ) [A7/2] . 1
(quilt; t27 q) [A7/2] bgﬁ(tv Q) '
Let v := [X/2] = (A1, A3,...). By (2.2.6a) we can write the first factor on the
right as

£ (g, t5t,¢1?) =

(q)'”‘ (a2 q, %),
) (@2t ),

By (2.2.2) this is also

2m—a'(s)t2l’(s) 2m—a’(s)tl/(s)

l—q 1—¢q
H _ 2m—a’(s)—142l'(s)+1 = H _ 2m—a’(s)—14l'(s)+1"
1= g2m (5 120(s) U =y

sev

'(s) even

Since under conjugation legs become arms and arms become legs, we further have

St @S (g, 1) = 1.
Hence
. 11— q2m—a'(s)tl’(s)
At =8t [] 1= @m @G e Dam (4 1)

EISP
I'(s) even

as claimed. O

PROOF OF THEOREM We closely follow the previous proof and again re-
place m by 2m. This time it follows from (4.2.4]) and (2.7.12b)) that we must prove

(4.2.10) (@ 1%t —qt) = bygp (0 1)
for A C (2m)™. By Proposition

PPt —qt) = ()M I (P (2, 62); 82, 6, 62 1, —q, —t, —qt).
The integral on the right evaluates to

(1) (®™t,a)v  Cru(=tt,q)
(=¢*™ 1t q)n  Cy(g;t,q)

by (8.2.2) with (q,¢,T, ) — (t%,¢%,t*™, X'). Also using (2.2.6), we find

" N (g™t Cx (—t;q,t
U (¢% 1%t —qt) = (_g) (ql_zm e M G . )
t) (=g /tq, )\ C5 (g;q.1)

Equation (4.2.10) now follows by (2.2.2). O
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PROOF OF THEOREM Again we prove the theorem with m replaced by

2m. It then follows from (4.2.4]) and (2.7.12a) that we must prove for A C (2m)"
that f)(\m) (q,t; 1, ql/z) vanishes unless m;(\) is even for all 1 <4 < 2m— 1, in which
case

(4.2.11) A (a.6:1,4%) = 8 (0, 1).

The problem with using Proposition as in the proof of Theorem is that
the specialisation {t5,t3} = {1,¢'/?} corresponds to one of the non-generic cases
discussed on page [30} It would lead to

(4.2.12) £ (g t:1,¢1%) = (=) Mg (Pa (8, q); 1, ¢, ™5 1, +¢'/2),

where the integral on the right is not well-defined. It is still possible to use
by interpreting the right in an appropriate limiting sense, but instead we proceed
slightly differently.

First, when m is an integer simply says that

V@ bt ts) = (1) (Pu(t )it g5 =1, —q" 2, 1, 1),
In this equation there is no problem specialising {t,3} = {1,¢'/?} so that
Y (a,t51,6"2) = ()M I (Py (¢, )it g5 1, 4¢'2).

The right-hand side can be computed by Theoremwith (g, t,m) — (N, t,q,m)
so that

" A(%m)(t,q) if M is even,
(4.2.13) IR WEDER S ,
0 otherwise,
where we have also used that || is even if X' = (A, — Ay,., ..., Mgy 1 — Agyn, 0) is

even.
When m = k + 1/2 is a half-integer, we use (4.2.6) written as
(4.2.14)

U g it ts) = (CO)PMIE (Py (@, o, =15, @)it, s —q, — ¢, o, 1)
instead of (#.2.5). Specialising {ta,t3} = {1, ¢"/?} this gives
k
)(\m)(q, t; 13 q1/2) = (_1)|)\II[(() (P)\/(xla sy Ty _]-7 t, q)v t, q; 13 —q, :l:ql/Q)

Now the right can be computed by Theorem 3.9 with (v, q,¢,n) — (X,t,q, k). Since

2k +1 =2m and |A| + A2y, is even if X is even, this once again results in (4.2.13).
To complete the proof we first note that

2 2
AT (8 q) = At q).

Indeed, either ) is even, in which case |A'/2] = X'/2 or X is odd and Ay = 2m,
in which case |\/2] = \/2 — (1/2)?>™. Since Ag\z,r/r;)(t,q) only depends on the
relative differences between the parts of A\'/2 the change is justified. Denoting
[\ /2] by v/ we find that in the non-vanishing case, that is, when m;(\) is even for
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all 1 <i<2m—1,

g, t51,¢"2) = AT™ (¢, q)

_ (@*™ 1%, q) ) C, (1%, q)

(@ 82,9)w Cp(gst 2 q)
_ (q)'”' (4~ m g, ), ¢, q7t2)
t) (@ /ta ), Cp(g:q,t2)

where the second equality follows from 13.2.5? and the last equality from (2.2.6).
Since v/ = |N/2] we also have v = |X/2|/, which can be simplified to v =
(A2, Ag, Ag, - - - ). Recalling (2.2.2)), we obtain

f(m) (q 1 q1/2) _ H 1-— q2m—a (S)t2l (s) . 1— qa(s)t2l(s)+1
A sy by by 1— q2m—u/(s)—1t2l'(8)+l 1— qa(s)+1t2[(s)

sev

To write this without reference to the partition v we consider both factors in the
product separately. The first factor is trivial:

1— q2m7a’(s)t2l'(s) 1— q2m7a'(s)tl'(s)71
<4'2'15) 1;[ 1— q2m—a/(s)—1t2l’(s)+1 = 11\ 1— q2m—a/(s)—1tl/(s) .
sev s€
U'(s) odd

For the second factor we use that for A even we must have \y; = Ag;_; for all 7.
We can therefore redefine v as

) (A, As,.0) if N s even
)l A2y Aa, ) iE X s odd.

For such v,
1— qa(s)t2l(5)+l 1— qa(s)tl(s)
(4.2.16) H 1= qe12) H 1 — o+ 14(s)
sEv SEA
in both cases. Combining (4.2.15)) and (4.2.16)) we obtain (4.2.11)). O

ProoF oF THEOREM [£.3] When m is odd the result is completely elementary.
By (2.7.7b)) and (2.7.8)) we can write the right-hand side of (4.1.8) as

(w1 -+ wn) E PO (@30, ) + (21 20) F P (350,0),

When m is odd the first term is a polynomial of even degree whereas the second
term is a polynomial of odd degree. Since partitions A of Type 1 have even size and
partitions of Type 2 have size congruent to m modulo 2, it follows that for odd m
we may dissect as in Corollary

To prove the theorem for even m we closely follow the proof of Proposition [£.10}
In we replace m by m — 1 =: k (we do not at this point assume that m is
even) and multiply both sides by [[;_,(1 — 2?) = o1[—z(1 + ¢)]. Then expanding
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the right-hand side in terms of Macdonald polynomials using gives

n

[T0 -2

i=

xZ DA @y ) F K x (w59, t3 b0, b1, 12, 83) Ko (y3 £, 45 to, T, 2, )

ACk™
= > (~)Py(z;0,) Py [yt +1+¢]itq),
AC(2m)"

where y = (y1,...,yr). If we specialise {tg,t1,t2,t3} = {&q,£q¢"/?} and apply
Lemma followed by (12.7.12b)), this leads to

- -1/2 _ 1/2
I (@ )

=1
m p(BnsCn
x > ()P @z, PE l)n) A@a,t g ) K (yit, g3 £q, 2¢'?)

ACkn
= > (OMP(z0.)Py (yF + 1 +¢litq).
AC(2m)™

Equating coefficients of Py(x;q,t)Ko(y;t,q; £q,+¢"/?) and then replacing y by z
on the right yields

(m

(4.2.17) [Pk(l‘;q’t)] (21 )mp(Bm?)n) ziq.t, q1/2 H 71/2 ;/2)
=1

= (DI (Py (et ..oy £ L8 )it g5 g, £¢1).

»Ym—1

By the integer-m case of Proposition [£.10]
[Pr(z5q,8)] (21 -+ - ) ™ K (5. q, 5 T2, £3)
= ()M (Pt )it =1, 42 1, t3).
For {t3,t3} = {1,¢'/?} this can also be written as
(4.2.18)  [Pr(z;q,1)] (w1 -+ 2n)™ Por P (2,8, 1)
= ()M (Pt q)st, g: £1,%4')

thanks to (2.7.12a). Taking half the sum of (4.2.17) and (4.2.18) and recalling
(2.7.7), it follows that

(4.2.19) [P,\(a:; q, t)] (zq--- xn)mP,(n]%”’D”)(m; q,t)
= %(71)\)4[;("71) (PN(xitv SERE) mat q) t,q; +1 iql/z)

—|—%(—1)‘>‘|I§(m_1)(PX(xf,... xt :tl;t,q);t,q;:l:q,:l:ql/2).

' Ym—1
Both virtual Koornwinder integrals on the right can be computed by Theorem
Since _ ,
X (N even) (3 + 2(=1)*m) = y()\" even)
for N = (N, = My oy Aoy 1 — Ay, 0), we find

[Pr(30,8)] (21 - -~ ) " PP (5.9, 8) = (X even) Ay s (t, q).
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In the proof of Theorem [4.2] we have already shown that
A)\//Q (t7 q) = b())\1;2m (qv t)
for X even (or A odd and A\; = 2m). Hence
[Pa(w3, )] (@1 -+ 20) " Pa ) (5.0, 8) = X(V even)bla,, (4, ¢).

Replacing m by m/2, this proves (4.1.9a]) for even m.
For completeness we remark that the analogue of (4.2.19) for half-integer m is

easily shown to be
[Pa(@sa, )] (- an) ™ P (w1 .1)
k
= %(_1)M|I§()(P)\’(xit7 cee 7x:kt7 _]-a t7 q)’ t7 q; ]-7 —q, :l:ql/Q)
+ LI (P (aF, . 2, 15,9)5t, 65— 1, ¢, £¢V?),
where k = m — 1/2. By Theorem this again implies that
[Pa(@sq, )] (1= @)™ PP (:,1) = x(V even)iion (0, 1).

Of course, as noted above, this result follows more simply by a degree argument. [

ProoF OF THEOREM [L7] By (2.8.4) and (4.2.1)) we must prove that

(4.2.20) m)(0,40,0, o, t3) = hZ™ (ta, ta; 1)
for A C (2m)™. By (4.2.2)),
(4.2.21) F(0,40,0, 9, 5) = (1) (P (£,0);,0; 0,0, 2, 1)

The integral on the right can be evaluated thanks to Theorem with (n,q, u)
replaced by (m,t,\'). Hence

f)\m) (0’ t7 07 07 t27 t3) = (_1)|)\|hk(_t27 _t3a t) = hg\Qm) (t27 t37 t))
where the second equality follows from definition (2.3.4) and
(_1)|>\\ — H (_1)7"72(/\). O

i>1
3 odd
A proof of (the large-m limit of Theorem using virtual Koorn-
winder integrals is due to Venkateswaran [133]. Her approach, however, is not
a limiting version of ours. Crucial difference is that Venkateswaran stays within
the t-world, whereas we have applied the virtual Koornwinder integral over
P (07 (])~

Proor or THEOREM [£.8l As in earlier proofs we replace m by 2m. From
(2.8.11) and (4.2.4) it follows that we must prove

(4.2.22) FI0, 8 t9,0) = h2™ (ty: 1)

for A C (2m)™ and m a nonnegative integer or half-integer. For m an integer,

(4.2.22) is the t3 = —1 case of (4.2.20)), and in the remainder we assume m is a

half-integer.
We will not apply Proposition as it is not suitable for taking the ¢ — 0
limit. Instead we take that limit in (4.2.14). Then

§m)(07tv tQatS) = (71)|/\|I§§) (P)\’(xita cee 7x§a 71;t70);t70;030»t2,t3),
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where k¥ = m — 1/2. By the branching rule (2.5.13) and relation (2.5.14) this

becomes
A0, tta,t5) = 3 (=), 0,018 (P (£,0)51,00,0, 8, 85).
pnCA

The virtual Koornwinder integral on the right can be computed by Theorem [3.11
with (n, g, 1) replaced by (k, ¢, 1'). Hence

A0, tta,t3) = > (=Dl (0,8) AP (—ty, —t5:1).
nCA
pn1<2k

We do not know how to evaluate this in closed form for arbitrary ts, but for t3 =0
it follows from ([2.3.4)) that
() (—ty,051) = 521
Also using that (—1)/# = (=1)°4d()  we find
AP0 41,00 = > (—)0%0y (0,1,

pnCA
p1<2m—1

Since 1} / #(07 t) is the e-Pieri coefficient for ordinary Hall-Littlewood polynomials,
we have [91], page 215]

No— N
a0 =TT [ 4]
i>1 7 v At
Therefore
V0, t12,0) = > <ftz)°dd<“)2nﬁl [X Ag“}
’ gl R A A P

nCA
p1<2m—1

Writing p} = N, — k; and using (3.3.6) with (u,v,n) — (1/, N, m), we finally obtain

(m) o —1m;(N) ( (/\)
m . _ odd)\ 1)tk
A0, t:t2,0) = H1 §7 { b L

2m—1 2m—1
= (—tg)°% H Hop, 0 (—1/t25) H H,yp 0 (=23 t)
ilodld zeven

= W™ (ty, —1;1) = 2™ (13 0). 0



CHAPTER 5

Applications

5.1. Plane partitions

In this section we will show that our approach to bounded Littlewood identities
provides an intimate connection between symmetric plane partitions and the theory
of Gelfand pairs.

A plane partition 7 of shape A is a filling of the Young diagram of A\ with positive
integers, called the parts of 7, such that the resulting tableau is weakly decreasing

along rows and columns, see e.g., 125] and references therein. The size

of the plane partition 7, denoted |x|, is the sum of the parts, that is
7| = Z Tig
(E,3)€A

where the part m;; is the filling of the square (7,j) € A. For example,

413[3[2]1]
3[2]1
1

(5.1.1a)

[=[ofee

is a plane partition of shape (5,3,2,1,1) and size 26.

A part of size » may be thought of as the stacking of r unit cubes, providing
a geometric interpretation of plane partitions. Thus, the plane partition (5.1.1a))
corresponds to

(5.1.1b)

A plane partition 7 of shape X is symmetric if A = A\ and m;; = 7;; for all
(i,7) € A. Clearly, the plane partition is symmetric.

We write 7 C B(n, p, m) if the plane partition 7 fits in a box B(n,p, m) of size
n X p X m, i.e., if the shape of 7 is contained in p™ and no part of 7 exceeds m. For
symmetric plane partitions we may without loss of generality assume that p = n.

MacMahon’s famous conjecture for the generating function of sym-
metric plane partitions in B(n,n,m) is given by equation of the introduc-
tion. The conjecture was proven, independently and almost simultaneously, by
Andrews Eﬂ and Macdonald , almost 80 years after it was first posed in 1898.
Andrew’s proof relied on earlier work of Bender and Knuth , who obtained two

55
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expressions for the generating function as a determinant over g-binomial
coefficients, one for even m and one for odd m. Using basic hypergeometric series
and clever manipulations of determinants, Andrews evaluated both determinants,
thereby confirming the conjecture. As already mentioned in the introduction, Mac-
donald’s proof [90] (see also [106] by Proctor for similar ideas) relied first of all
on the fact that the generating function for symmetric plane partitions can be ex-
pressed as a sum over specialised Schur functions as in . This was first noted
by Gordon [45], who observed the equivalent fact that the generating function for
symmetric plane partitions contained in B(n,n,m) is equal to the generating func-
tion for column-strict plane partitions contained in B(oco,m,2n — 1), all of whose
parts are odd. By the description of the Schur function in terms of semis-
tandard Young tableaux, this immediately implies . As shown by Okounkov
and Reshetikhin, Gordon’s observation is a simple consequence of the bijective cor-
respondence between symmetric plane partitions of size k contained in B(n,n,m)
and sequences of interlacing partitions

M(”_l) <= M(l) =< M(O) =\
such that \; < m and |A| 4+ 2[p™M| + - 4+ 2|u»~Y| = k. Here the ‘ith diagonal
slice’, u, is simply given by pu(® = (71,641, T2.i42, T3,i4+3, - - - ). Stacking the slices
with A as base, and all other slices repeated once, results in a column-strict plane

partition of shape A all of whose parts are odd and at most 2n — 1, see [103] for
details. The next step in Macdonald’s proof was to recognise that

2(m+itj—1)

1—gq
2i—1 H 1— q2(i+j71)
1<i<j<n

n m+2i—1

Z SA(q,qS,.._,an—l):H 1—g

A i 1-a
A1<m
is a specialisation of the bounded Littlewood identity . To prove the latter,
he developed a method based on partial fraction expansions [91, pages 232-234],
which he used to prove the more genera
(5.1.2) S P@ty= Y @@ft,0,-1) J[ 02
A ce{£1}n i=1
A1<m
What we will show in the remainder of this section is that the method developed
in Section implies that and hence MacMahon’s formula for symmetric
plane partitions in a box is a consequence of the fact that (GL(n,R),0(n)) is a
Gelfand pair. Because it is somewhat simpler to handle, we will first discuss a closely
related theorem for symmetric plane partitions, due to Proctor [107, Theorem 1,
(CYH)] and Stembridge [127, Corollary 4.3, (b)].

THEOREM 5.1. The generating function for symmetric plane partitions m C
B(n,n,2m) such that the parts 7;; (i > 1) along the main diagonal are even is
given by

1— q2m+2z 1— q2(2m+1+3)
Il —
(5.1.3) Z T = H 1— g2 H 1— q2(i+j) ’
7CB(n,n,2m) i=1 1<i<j<n
T symmetric
Tii €even

1By Lemma this is equivalent to the t2 = 0 case of Theorem
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The correspondence between symmetric plane partitions and interlacing par-
titions still holds, but now the parts of the zeroth slice, A, must be even. Also,
because m has been replaced by 2m, A\; < 2m. It thus follows that the generating
function on the left-hand side of is given by

> osalgd® Y,
A even

A1<2m

so that it remains to prove that

1— q2m+21 1— q2(2m+z+])
3 2n—1\ __
E sx(4:9°, -, q )_”1*71121 II W
A even =1 1<i<j<n
)\1<2m

Again there is a lift to a Littlewood identity, which in this case is the Désarménien—
Proctor-Stembridge determinant formula (4.1.6). For our purposes we write this
in terms of symplectic Schur functions as

(5.1.4) ST sa(@) = (@1 2) ™ D e (2):

If G is a Lie group and K a compact subgroup such that, for all (continuous
and locally convex) irreducible representation p of G, the K-invariant subspace p&
has dimension at most 1, then (G, K) is called a Gelfand pair |22}/91]. Hence, for
(G, K) a Gelfand pair and x a character of an irreducible representation of G,

(5.1.5) /Kx(g) dg=0or1,

where the integration is with respect to normalised Haar measure on K. The
Gelfand pair relevant to Theorem is G = GL(n,H) and K = U(n,H), the
group of invertible n X n matrices over the division ring of quaternions and the
quaternionic unitary group respectively, see |91} pages 446-456]. The group U (n, H)
is isomorphic to the compact symplectic group, Sp(n), and becomes |91], page
451]

1 if ) is even,
(5.1.6) / sa(g)dg = {
Sp(n)

0 otherwise,

where A is a partition of length at most 2n. By Weyl’s integration formula [41) page
443], for G a compact Lie group and f a class function,

(5.1.7) /G f(g)dg:ﬁ /T FO1AD? dt,

where T' is a maximal torus in G, the integration on the right is with respect to
normalised Haar measure on T and A(t) is the G-Vandermonde determinant

A(eh) = H (e%a(h) _e_%a(h) )

a>0
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Applying this to (5.1.6) yields (see e.g., [113])

(5.1.8) / Sx 3:1,..., H|1’z—x_1|

X H |i + 7t -2 — x;1|2dT(a:) = x(\" even),
1<i<j<n
with d7T'(z) as (2.6.2). This may also be written as

n

(5.1.9) /ns,\(x{t,...,x,jf)n(l—xf% [ (1-afeb)dT(s) = x(\' even),

i=1 1<i<j<n

which is precisely the ¢ = ¢ case of (3.2.1)) for T™, i.e., the ¢ = ¢ case of the
U(2n)/Sp(2n) vanishing integralﬂ Since (5.1.4) is the ¢ = ¢ case of Theorem

for a = 0, and since we showed in Section that the latter is a consequence of
the full U(2n)/Sp(2n) vanishing integral, it follows that (5.1.9)) implies (5.1.4)).

To use Gelfand pairs to prove (|1.1.2]), and hence MacMahon’s conjecture, is
slightly more involved. This time the prerequisite pair is (GL(n,R),O(n)), for
which (5.1.5) takes the form

(5.1.10) /O( )sx(g)dg:

where [(A) < n, see [91} pages 414-424]. Agaln one can use ) to integrate over
a torus and obtain explicit integrals a la . Because of the dlstmctlon between
O(2n) and O(2n + 1), this leads to four integrals, see Equations (1.1)—(1.4)].
Of these four we require

(5.1.11) / sa(zf,. .. xF H|1—xl|2

X H |z + P T x;l{QdT(m) = x(X even),

1<i<j<n

where [(A) < 2n + 1 and A= (M — Aont1, -y Aan — Aant1,0), as well as

n—1
(5.1.12) /T15#("””5“"5”51’*1)H|~””i—w21|2
" i=1

X H ‘.Z‘i +a;t —ay _1’ dT(x) = x(ft even),

1<i<j<n—1

0 otherwise,

{1 if X\ is even,

where I(p) < 2n and fi := (p1 — pan, - - - flan — H2n,0).
It is not difficult to show that (5.1.11f) and (5.1.12)) imply the following closely

related integrals.

LEMMA 5.2. For u a partition of length at most 2n,

n

(5.1.13) /su(ﬁ,...7m§)]‘[(1—ﬁ) [I a-af27)ar(@) = (1),

i=1 1<i<j<n

2The Sp(n) appearing in (5.1.6) versus the Sp(2n) used in the naming of the vanishing integral

is due to a difference in conventions between and .
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and for p a partition of length at most 2n — 1,

n—1

(5.1.14) /T7lsu(x1i,...7xf_1,—1)H(l—xlﬁ)

; I[I «-zfaf)dT(@) = (-

1<i<j<n—1

PrOOF. Because the proofs are identical we only consider (5.1.13]), and leave

(5.1.14)) to the reader.
Denote the integral in (5.1.13)) by Ip(bn). From specialising z,4+; = 1 in the
inverse of the branching rule for Schur functions (see e.g., [7, Equation (5.49)])

su(x1,...,xn) = Z (—mn+1)|“/”‘su(x1, ey Tnt1)s
UI<IJ4/
it follows that

Ln)= > (71)IH/V\/ syl . ai 1)

n

v <! =1

(1)

i

=

The left-hand side of (5.1.11)) can be written as

/ sa@t,. et D[ -2f) [[ (-atad)dr(),

i=1 1<i<j<n
so that we can compute each of the integrals in the sum. Thus
I.(n) = Z (—=1)W/¥Ix (7 even).
v/ <’

Since v C p and (1) < 2n, we have va,41 = 0, resulting in

I.(n) = Z (=1)I#/¥Ix (v even).

v/ <y
By a repeat of the argument following (4.2.8)), it follows that v is completely fixed
as v; = 2| p;/2] (compare with (4.2.9)), completing the proof. O

To finally show that this implies the bounded Littlewood identity , and
hence MacMahon’s conjecture, we note that is the ¢ = t specialisation of
Theorem[f.4] This theorem was proved in Section [.2]using the virtual Koornwinder
integral with T" = ¢, where m is an integer or half-integer. Setting ¢ = ¢
and assuming that m is an integer, say n, this is the integral

I (5,50, 4 =1, ¢, +¢"%) = (1)l

which is nothing but (5.1.13) in disguise. On the other hand, setting ¢ = ¢ and
assuming that m = n — 1/2 is a half-integer, we may use Lemma to write this
as the integral

IE7D (sl + s g, 424", £q) = (1),
This time this may be may be recognised as (5.1.14)).
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(o7} [e70]
1 1
1 2 2 2 2 2 1 2 2 2 2 2 1
B(1) A(2)
n oy as an 2n=1 o) ay O
Qi Qp
1 1
2 2 2 2 2 2 1 1 2 2 2 2 2 1
1 2)t
B; )T Al

FIGURE 1. The Dynkin diagrams of the “BC,-type” affine Lie
algebras with labelling of vertices by simple roots ay,...,a, and
marks ag, ..., Qy.

REMARK 5.3. There are many parallels between the material presented in this
section and the work of Baik and the first author on algebraic aspects of increasing
subsequences [7]. In particular, |7, Theorem 5.2] contains the two Littlewood-type
identities

Z sx(z) = / det (o4(z)) dg

A even O(n)

I(N)<n

Z saz) = / det (o4(2)) dg,
A even Sp(n)
I(N)<2n

where = = (1,2, ...) and 0,(z) is defined in (2.4.4), so that
det (o4(z)) = exp (Z pr(®) Tr(gr)>.

r
r>1

5.2. Character identities for affine Lie algebras

5.2.1. Main results. We will only define a minimum of notation needed to
state our results, and for a more comprehensive introduction to the representation
theory of affine Lie algebras we refer the reader to [25[/87].

We will be concerned with affine Lie algebras g of “BC,, type”, that is, g = X g)

with Xz(\;) one of BS), Cg), Aéi)_l, A and Df_?_l. Using standard labelling, for

2n
these affine Lie algebras the classical part is either B,, or C,,. The relevant Dynkin

diagrams are shown in Figure For BS), A;i)fl and Agl) we also use the
nonstandard labelling of simple roots, indicated by the customary f, obtained by
mapping «; — ay,_; for 0 < 7 < n. Apart from the simple roots ag,...,a, and
fundamental weights @y, ..., @, we need the null root § given by 6 = > a;,
with the a; the marks of g, see Figure[5.2.1] We are interested in representations of
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g known as integrable highest-weight modules. If Py is the set of dominant integral
weights Py = Y1 Zsow; then these modules are indexed by A € Py, and will
be denoted by V(A) in the following. The character of V(A) can be computed in
closed form by the Weyl-Kac formula:

ZwGW Sgn(w) ew(A+p)—p
Ha>0(1 _ efa)mult(a)

Here W is the Weyl group of g, sgn(w) the signature of w € W, p=wo+ -+ w,
the Weyl vector, and mult(«) the multiplicity of a. In the denominator, the product
runs over the positive roots of g.

Below we prove combinatorial character formulas for

(5.2.1) chV(A) =

(5.2.2) Xm(8) :=e”™7° ch V(mwy)

for g one of B, BT ¢, Aéi)fl, Aéi)il, A(Qi), A%)T, Dfﬁl. Since the diagrams of

C%l) and D512+)1 are the same when read from left to right as from right to left, these

two algebras occur only once in the above list. For Aéi)ilﬂ Agl)T and Dgi)rl, however,
we obtain two distinct formulas, making a total of eleven character formulas.

Recall that P;R) denotes a Hall-Littlewood polynomial of type R. Also recall
the definition of X in ([1.1.8]), which may be written plethystically as

X=(@+ay + g, +ayt) 1:5'
We complement this with
(5.2.3)
X = (a:li, tajf, . ,tN_le, ...... ,xf_l,txff_l, e ,tN_lxi_l, Lt,... VY
= (@t +otzao ol +1) 1::
Finally, in each of the formulas below mg(A) := co.
THEOREM 5.4. Let
(5.2.4) Ty = e T T /2 (1 o)), t:=e"°,
and let m and n be positive integers. Then
(5.2.5) X (CP) = lim_ N plCan) (112X 1, 0)
= Z tM2P (e, .t
2 Som
(5.2.6) X (AS)1) = (#:8)oc lim 437N PSR (112X )
=y tl)‘l/zp)’\(x{':,...,xf;t)nﬁl(t;tz)mio\)p
A even i=0

A1<m
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and
(2) o : 1lmnN? (B2n ) 1/2 vy .
= Z tl)“/QP)'\(xli, .. ,:Ujf;t).
A
/\1§m
THEOREM 5.5. Let
z; = e @i T anit(en1—an)/2 (1<i<n), ti=e9,

and let m and n be positive integers. Then

(528) xm(AST)) = (14200 lim 7N PN (112X 1)

N—o00
, 2m—1
= Z t(|>\|+odd(>\))/2P//\($1i7. B 71‘7:‘;;0 H (t;t2)(mi(>\)/2]a
A =0

)\1 ng

where the prime in the sum over X denotes the restriction that parts of odd size
must have even multiplicity.

THEOREM 5.6. Let
(5.2.9) x;=e VT (1< < n),
and let m and n be positive integers. Then

(5.2.10) Xon (AST) = Tim ¢ N pBTan) (1172 x4 0, —41/2)

N—oc0

S HPHROR G, o)
A
)\1<2m

4

where t :=e™°, and

5.2.11 Y (D@} = (=¢1/2,41/2) _ lim 2N’ pBann) 1/2 x4 41/2
n+1 ( )
2

N—oc0
m—1
= Z t‘/\|/2p>l\(mit7 s 31:?;5 t) H (7t1/25 tl/z)mi(kﬁ
A =0

/\1§m

where t1/2 .= 9,

The identity (5.2.5), without the limiting expression in the middle, was first
obtained in [9, Theorem 1.1; (1.4a)]. Equation (5.2.7), which is (L.1.7) from the

introduction, extends [9, Theorem 1.1; (1.4b)] from integer to half-integer values

of m. In the same manner, (5.2.11f) extends @, Theorem 5.4]. The identity [5.2.10],

again without the limiting expression on the right, is @, Theorem 5.3].
In each of the remaining formulas e~ %" is specialised.

THEOREM 5.7. Let

(5.2.12) Tpi=—e YT (1< d < n), t:=e"°,
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and specialise e~ +— —1. Then, for m and n positive integers,

(5.213)  xm(ADT) = lim g2mCGroON? pllenun) (1284 o)

N—oc0
D A (= B )
A even
)\1<2m
and
(5:214)  xm(BY) = (1t lim ¢5mCnmONT PRGN 012X )
m—1
= > tMPP@F ek L) ] G m o2
M\ even i=0
Algm
THEOREM 5.8. Let
5.2.15 Tp=—e M T (1K< n 2= — 70
( ; :
and specialise e~ +— —1. Then, for m and n positive integers,
(5.2.16) Xm(DF)) = hmoot4m(2" 1>N2P((B§f;n N (2 X0 ¢,0)
= Z tMN2P(aE, et 1),
/\1§m

THEOREM 5.9. Let
(5.2.17) @ = e Tt anman)/2 (1 < <o), ti=e?,

and specialise e~ +— e~ =1, Then, for m and n positive integers,
(5.2.18)

X (BUT) = (—#1/2341/2) o Jim A @n=ON UG 12 X1, —41/2)

—00
m—1
= Z t|/\\/2p>/\(xit’”.’ Ty, 150) H(_tlm;tl/?)mi()\)
A =0
A1<m
and
(5.2.19) xm (AS))) = lim =1/ N pBOan uN) (41/2 54 0, —41/2)
—o0
= Z t(‘)‘HOdd(/\))/ZP/’\(zf,...,zf_l,l;t).
A
/\1§2m

Thanks to the Macdonald identities, the characters of certain one-parameter
subfamilies of representations admit product forms. For example, by Corollary[A.4]
of Appendix |A] it follows that for g = Bg} ) and weights

(5220) A= (k — ].)p + ko.)(], ke Z)l,
we have
k. .tk. 1k
efA Ch V(A) _ (tk tk) t2k t2k H tk: 2/(: tQk) H 9(3}1 j t )
(&) o0770) | L ot
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where z1,...,z, and t are as in (5.2.17). In much the same way, it follows from
the Macdonald identity for C$) that for Agi) and weights (5.2.20)),

tk tk n ) 0( k ik tk)
—A oo

chV(A) = e B
(t; 1), H 0 t1/2x1 0(x2;2) 1<g<n O(zix5;t)

] bl
where z1,...,x, and ¢ are given by (5.2.4). Similarly, by the Macdonald identity
for A( T we have the D;-s)-l identity

oA (55 75,
ChV(A) (t t)n 1(t1/2 tl/z)oo
e O(ak; tR) O (R a2k, 12k O(akath; th
I e e e
i=1 v 1<i<j<n xlx]’

where A is again given by (5.2.20), and z1,...,x, and t are as in (5.2.9).
All three families include the basic representation, V(wy), obtained by taking
k=1

n
(5.2.21) e~ 70 ch V(wy) = ky(t) H O(—t'2x;;t),
i=1
where
(—t;t)oo for g = BT,
ro(t) == {1 for g = AL,
(—t1/2:41/2) o for g = Df}rl.

Using the representation ([2.8.18)) for the modified Hall-Littlewood polynomials,
each of the character formulas in Theorems @—@can be written as a multiple
basic hypergeometric series. For B(l)Jr A(2 and D,7}; we can then restrict to the

basic representation and, as a consistency check, compare with | m To this
end we define f by

f(xlv"'7xn; Z tl)\‘/ZPA Il,.. , Tns )

KL
o t'r‘/2
:Z Q1 (T1,. ..,z ).

“ (t;t),
Replacing r by r1, and using (2.8.18) and (2.8.19| , this yields
tr1/2 n - ri—Tit1 i
f(xla"'axn;t): Z H.’I}il ZJrl't( 2+)|:T :| ,
(t:t)r, i+1] ¢

T
T3 21, 20 i=1 +1

where 7,41 := 0. Introducing new summation indices k1,...,k, by k; = r; — 741,
the n-fold sum factors ad

n e 1/2.I' ks (’Zz) n
(5.2.22) fr, . mt) =] ( > W) =[]tz 1),

i=1 Nk;=0 (t; t)ki i=1

3This may also be proved by taking m = 1 and ¢ = 0 in (2.5.5), and by carrying out the
plethystic substitution z — z/(1 — t).
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where the second equality follows from Equation (I1.2)]

5 Jg(®)

= (% 0)-
= (69

We now observe that for m = 1 the identities (5.2.7)), (5.2.11)) and (5.2.18)) simplify
to

(—t2:412) o f (o, .. aE |, 15t) for g =BT

yFn—1r
e”® ch V(wg) = f(xf:,, fl,t) forg:Agz),
(—t1/2;t1/2)oof(x:1t7"‘v 'rit’t) forg_Dgll

By (5.2.22)) this indeed gives (5.2.21) for Aéi) and Df}rl. For lel)T it leads to

n—1

%0 ch V(0)|g-anyeon-t = (=281 2) 0 (=112 1) oo [ 0(—t"%i51)
=1
= (—tit) H O(—t"22;5t) [z, =1,

i=1
again in agreement with (5.2.21). To show that the m = 1 case of the second

Df}rl identity (5.2.16|) is also in accordance with (5.2.21]), we replace x; — —x; and

t1/2 — —t1/2 on the right-hand side of (5.2.21)) and then specialise x,, = 1. This
yields the expression

n—1
(=% )0 [T 01" wist) = f(at, .o iy, 151)
i=1
Zt‘)\lﬂpl RN 1717t)v
>\1§1

as required.

5.2.2. Proof of Theorems Below we present proofs of the eleven
character formulas of the previous section.

Recall the Vandermonde determinants of type By, C,, and D,, given in (2.8.6),
(2-8.13) and (2.8.14).

PROPOSITION 5.10. For x = (x1,...,%,), m a positive integer and N a non-

negative integer,
A1<2m
= tx;xi;t)an
[1 ., (triz; t) N II (aiwsit)

T —t
-7 b g, t
1—¢ s Uy 2,03
T (82 by, Y Pty )

1tV
(5.2.23) Y /2R3 (tg,tg;t)PA<[fE : ];t)
= (21 xn)mNtmnN2/2P7san(Jj\,"N) ( |:t1/21'
1,j=1 1<i<j<n

n

A t’“ (1245 g 1245 s
Z C - ]._.[ 1/2 - 172 s i), (tats)" (x3t" )™
om0 i t tow;,t t3zzat)m




66 5. APPLICATIONS
n -N
(" @i/2), 225 ), N,
ij=1 (txi/xj, tN“xixj; t)ri
REMARK 5.11. A more general hypergeometric identity than ([5.2.23]) holds,
obtained by replacing

X

1-1¢ 1-1¢

in (4.1.15). From a hypergeometric point of view this more general identity, which
on the right features the C,, hypergeometric series

el 1=tV 1— ¢ 1—thn

Z Ac(zt) H (25 g, /245 s t),, (tats)" (x?t“)m”
AC (3?) (tl/thl‘i, t1/2t3$i; t)n 2 ¢

n

T1ye,Tn 20 i=1

% n (t_NJ‘rz/xjaxle7t)7‘1 thT‘i
(txi/l‘j,thJ'_lxixj;t)m ,

ij=1
is more natural. For our purposes, however, we do not require this greater degree
of generality.

PRrROOF. Identity (|5.2.23)) follows from (4.1.15)) by the substitution

(5.2.24) T tl/z(:vl,a:lt, ot ST, Tty . ot L)
N
e 1ot
1—-1t

(so that, implicitly, n — nN). The two left-most expressions immediately follow
from ([5.2.23]), but to show equality with the hypergeometric sum on the right some
work is required.

First we use Lemma to trade the right-hand side of (4.1.15) for

n

ST @ity tyyt) [J a0

ee{+1}n i=1
Next we observe that ®(x°;ts,t3;t) contains the factor
i Ej
H (1 —taj'zy’)
1<i<jgsn

which vanishes if there exists an ¢ (1 < < n — 1) such that

to5ia =1,
Therefore, by the substitution (5.2.24)), the summand vanishes if for some i, u, p,

(€i;€i+1) = (1, —1) and (xi,xi—i-l) = (.Z‘utp,xutp+l).

Consequently, the only sequences ¢ that yield a non-vanishing summand are of the
form

e=(-1,...,=1, 1,..,1 ,—1,...,=1, 1,...,1 ,...,—1,..., =1, 1,...,1).
—_—— Y e N —_———  ——
r1 times N — r1 times r9 times N — ro times T, times N — r,, times

The r; are exactly the summation indices of (5.2.23)). The rest of the proof is
tedious but elementary and left to the reader. [
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Replacing
(5.2.25) T (T, Y1, Ty Yn)

in ) (so that n +— 2n), and then using [9, Proposition 5.1] to take the limit
Yi > for all 1 < i < n, we obtain the following corollary of Proposition

COROLLARY 5.12. Let m a positive integer, N a nonnegative integer and X
the alphabet (1.1.8)). Then

ST tNZREM (g 358 Pa (X5 t)

A 2m
= N PSRN (112Xt 1y, 1)
ﬁ tl/zt xE tl/ztgx )N {2]\[} H w
i=1 t)N N t1<idi<n (txzia:;t,t)%[
" Z Ac xtr ﬁ (B2t w1125 s t),, (tot)" (2247 )m
rezn (tY/2toa;, t1/ 2345 t),,
noog—
X H Wtzmi.
ij=1 x5 ),
Since

gt
lim Py(X:t) = PA([uM = Pl(z%, .. 1),
N —o00 1—t¢

the above corollary is a bounded analogue of |9, Theorem 5.2; (5.6a)], which states
(without the second line) that

(5.2.26)
ST tN2RE (1 1y ) P (ki)
A
A1<2m
= lim tm"NzP(BC“N)(tlﬂX t.to,t5)
N—oo m? ’
= t1/2t aE t1/2t3x oo Il 1
+ +.
0 i1 i t)oo 1<i<j<n (te7 275 t)oo

Ac xtr = t1/2t2 xy, 25 s t),,
% i (fotat ™) {Zfztri (m+n)r;
Z H t1/2t2$1,t1/ tgxz,t),«i ( 203 ) ( i ) ’

rezm =1

for m a positive integer.
If instead of ([5.2.25) we make the substitution

(5227) T — ($1,y1,~--,$n—17yn—1,$n)

in (5.2:23) (so that n + 2n—1) and then take the limit y; ~— x; ' forall 1 <i < n—1
and x,, — 1 using [9 Proposition 5.1], we obtain a bounded version of [9, Theorem
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2; (5.6b)[]
(5.2.28)
S0 Ry, tys ) P wE 158)
)\lé\Qm
= lim ¢ N T oY) (12 %54, 1y, )

B 1 ﬁ(tl/thaj 2 taxE ) o
T GOl 1P ) L () (2 )
1 AB(—l‘tr)
X H T x Z (
1<i<jcn (82325 o0 7 Ap(-2)

(Y25 41245 s b)), L -
~ i) ) i (—totat /2—n\Ti thm (m4+n—1/2)r; ,
H (12t 1252, )., (~tats ) (@)

where m is a positive integer and z,, := 1.

We are now ready to prove Theorems Our first two character formulas
follow from and by letting t5 and t3 tend to zero. The hyperge-
ometric sums on the right can then be identified with Xm(c%”) and Xm(Aéi)T)
respectively, by [9, Lemmas 2.1 & 2.3] and |9, Lemma 2.3] (which are simple
rewritings of the Weyl-Kac formula for Y and ASL)T). In the latter case this
identification requires the specialisation e " +— —1, corresponding to the condi-
tion x, := 1 in . In the t9,t3 — 0 limit the left-hand sides simplify since
h(Qm) (0,0;¢) = x(X even). We thus obtain (5.2.5) and (5.2.13).

Next we specialise t3 = —t'/2 in (5.2.26) and (5.2.28). Using

Ac(zt™) o4 (—zit), Ag(zt")
5.2.29a I
(5:2:252) et L ety ~ dow)
Ap(—zt") o4 (—zit)r,  Ap(at”)
5.2.29b ‘=
( ) AB(—.’)S) £[1 (—tl’i;t)” AD<$)
respectively, this yields
(5.2.30) > tARE V2Pl it
/\1§)\2m
— lim tmnN P(Bzgzmv)(tl/zX t,to, t1/2)
N—oc0

n

H t1/2t2:c oo H 1
i27t2) (txzimjiat)oo

1:1 ® 1<i<ji<n

n

Ag( xtT (t1/2t;1m--t) A L _ _ _
% DT (ot /2—n\r; thn (m+n)r;
Z Ul (t1/%tom45 1), (=t ) (@)

rezm

4Taking zn — t1/2 instead of x, — 1 yields additional character identities to those of

Theorems and
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and
(5.2.31)
ST RGP (a2 1)
A
)\1<2m
i N P g, )

B 1 ﬁ t1/2t2x ) oo H 1
- 1 iz +, .+,
(tt)50 " (125 12) o (E1/2t2; ) oo 17 oo 1cidicn (tz7 e t) o
n

r 1/24— . )
y Z (AD (xt") H (/285 iz b)), (t2t1n)"i(m?tri)(m+nl/2)ri>’

L @),

where x,, := 1 in the second identity. Taking the to — 0 limit using
B (0,b;1) = (—b)90Y,

and identifying the respective right-hand sides as xm(Aéi)T) and x, (A 231” 1) by @
Lemma 2.3] and Lemma [A.3] results in (5.2.10) and (5.2.19). In particular we note
that x,, being equal to 1 in ([5.2.31]) implies the specialisation e™*" +— e~ %"~1_ see

(A°T.6). In similar manner we specialise to = t'/2 in ([5.2.30) (considering (5.2.31))

does not lead to a character identity). Using (5.2.29b) with z — —z, it follows
from Lemma [A73] that the right-hand side simplifies to

(=t;t) oo Xm (Agn)il)

By (2.3.4), the Rogers—Szeg6 polynomial in the summand on the left becomes

m—1 m—1

P (=12, 125 ) = 12092 TT Ho ) (=136) [T Honuo (—8:8).
=1 1=1
i odd i even

Using (2.3.7b) and (2.3.7c|) this yields

2m—1
B (=282 = T 68 o
i=1
if m;(X) is even for all ¢ = 1,3,...,2m — 1, and zero otherwise. Finally noting that

(—t;t) 0o (t;t%)0o = 1, Theorem follows. There is one further specialisation of
(5.2.30) and (5.2.31)) that leads to character identities, namely to = —1. We will
consider this case as part of a more general treatment of (5.2.26]) and ([5.2.28) for
tg = —1.
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Recalling that Theorem [£.§ extends the ¢3 = —1 case of Theorem [£.7] to half-
integer values of m, the t3 = —1 specialisations of (5.2.26) and (5.2.28) lead to

(5:232) Y N2 (1) P (e, 2k t)
Algm
_ mnN?/2 p(Bann) 1/2 3.
= i NP (X
1 ﬁ (2t E ) o0 1
() (t1/2x )0 (1225%12) o0 1<i<ign (txzix]i;t)oo
Z Ac(xth) ﬁ (t1/2t51$i§t)ri (—tot =" (scztri)(m+2")ri/2
Ac(z) & (81/2t5245t),, !
rezmn =1 B
and
(5.2.33)
> R (i) P (i 1)
A
Algm
m(2n— (B n ) v
= Jim g DN P (12 X )

n

_ 1 1 (tY2toxE ) oo I 1

(£ 1), (812, —t1/2 )0 5 (1722, —taT 1 t) o0 <iien (tr7 25 5 t) 00
AB —at") v Pt et
> i (ot /2—n\r; Ztri (m+42n—1)r; /2
> BT Gl ooy i)

)
ren =1

where z,, := 1. If we now let t5 tend to zero, use that hE\m)(O;t) = 1, and further
use [9, Lemmas 2.2 & 2.4] (see also for the former) to identify the right-hand
sides as X (Aéi)) and Xm(D;J)rl) we obtain (5.2.7) and (5.2.16). We again note that
the condition z, := 1 in 3)) implies that in the Dfll case we must specialise
e % — —1. Two further cases, already mentioned in relation with and
(5.2.31)), arise from ([5.2.32]) and by specialising to = —t'/2. On the right we
can once again use (5.2.29) as well as @ Lemma 2.4] and Lemmato recognise
the hypergeometric sums as

(7751/2; tl/z)oo Xm (g)

for g = D(2 41 and B( respectively. In the latter case we must assume the special-
isation e~ e~ =1, On the left we use (2.3.6) and (2.3.7d) to find

m—1
h(m) t1/2 H t1/2 t1/2 mO)>
i=1

completing the proofs of (5.2.11) and (5.2.18]). To prove our final two results we

consider (5.2.32)) and (5.2.33)) for to = 1. Then, by (4.1.10), we can add the addi-

tional restriction “\ is even” to the sum on the left and |r| = 0 (mod 2) to the

sum on the right. Using Lemmas and - this proves and m




5.3. ROGERS-RAMANUJAN IDENTITIES 71

5.3. Rogers—Ramanujan identities

Starting with the pioneering series of papers [79-84], the link between affine
Lie algebras and vertex operator algebras on the one hand and Rogers-Ramanujan
identities on the other is by now well established, see also [5/{18.(24),27//301/38391/57]
99/[144]. Nonetheless, examples of g-series identities (as opposed to combinatorial
identities) that lift classical Rogers—Ramanujan-type identities to affine Lie algebra
at arbitrary rank and level while still permitting a product form, are rare. Re-
cently Griffin et al. [47] showed how to use combinatorial character formulas of the
type proven in Section to obtain doubly-infinite families of Rogers—Ramanujan
identities, including a generalisation of the Rogers—Ramanujan [114] and Andrews—
Gordon [1,|/44] identities to the affine Lie algebra ASI) Following the approach
of [47], we prove several new doubly-infinite families of Rogers-Ramanujan identi-
ties, including a BS) generalisation of Bressoud’s Rogers-Ramanujan identities for
even moduli [14}15].

THEOREM 5.13 (A;i) Rogers—Ramanujan identities). Let m,n be positive inte-
gers. Then

(5.31) > ¢MN2P(1,q,¢% ... ¢%")
Algm

K. K\n— K/2. 4K n
— (q yq ) 1(q /27q /2)00 H 'L 5/2 H 9 J— ’L ’L+J )

(q Q)n 1( 1/2;611/2)00 i=1 1<i<j<n

fork:=m+2n+1, and

(5.3.2) > t/ZmeddNp (1 g g2 g

A
)\1 <2m

K. k\n—1( K/2. K/2 n
:(q 5 q )oo (q 34 )OO He( z-‘rm n/2 H 9 Jj— z l+] 1. q)

(Q§Q)&71(q1/2;q1/2)00 i=1 1<i<ji<n

for k:=2m+2n+1.
PrOOF. To prove (5.3.1)) we apply the specialisation
F: Clle™,...,e"]] = C[lg"""]
given by
(5.3.3) F(em@®)=¢"? and F(e™®)=¢q forl1<i<n

to the Aéi) character identity (5.2.7). Since the the null root for Aéi) is given by
0 =200+ 4+ 20,1 + ap, it follows from (5.2.4]) that

F(z;)=¢" Y2 (1<i<n) and F(t) =¢*".
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Hence

F( Z tM2p] (o, .. .,mf;t))
A
Algm
_ Z qn|/\\P)/\(q7n+1/2’q7n+3/27 o ’qn71/2; q2n)
A

Algm

= > NPP(,q,.... ")
A
)\1<m

= Z ql)\I/QP)\(17q7q27‘";q2n)'

A
Algm

Here the second equality uses the homogeneity of the modified Hall-Littlewood
polynomial and the the third equality follows from (2.8.15) and

1_|_q_|__“_|_q2n—1 _ 1 B 9
f ——— ]_f[l_q]_f[1+q+q +--] for f €A

To apply F' to the left-hand side of (5.2.7) we use that for arbitrary A € Py
parametrised as (compare with ([2.7.5b]))

A= Ccowo + (>\1 - )\2)@1 +-- ()\n—l - )\n)wn—l + Anwn

with A = (A1,...,A\,) a partition and ¢y a nonnegative integer, we can rewrite the
Weyl-Kac formula for Agi) as |9, Lemma 2.2],

(5.3.4)

e MchV(A) = !

(£ 8)5 Timy O 22i)0(27:82) [Th <o jcn 740 (i /5, Wiy 1)

n
~ . . 2/9_ .
% § /‘ Sp2n,>\($tr)Hzfn+/\ltl{Ti /2 nri
rezn 1=1

Here k := 2n + ¢y + 2A1 + 1, spy,, , is the normalised symplectic Schur function
(A.1.1) and z1,...,2, and t are defined by (5.2.4)). Using

n

F((t;w:oHoal/%i;t)o(x%;t?) 11 xﬂ(af:i/zj,xixj;w)
i=1 1<i<j<n
= ()% (g% q"/?) oo g1 I/

as well as the equations (2.8.10)), (A.1.1), and appealing to multilinearity, yields
qi Zi<]‘ (n—j+1/2)
(:0)% (a2 ¢?) o

% det § q(nrJr)\i7/\3-+j71)(nfiJrl/2)+nnr272nr()\j+n7j+1)
1<i,j<n

F(e™™chV(A)) =

€7

<

o § q(mr-i-ki+)\j+2n—j+1)(n—i+1/2)+nﬁr2+2nr(>\j+n—j+1)>

rez
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Replacing (i,5) — (n —j 4+ 1,n — i+ 1) in the determinant and then changing
r+— —r — 1 in the second sum, we get
1
(@:9)% (42 ¢/?)oc
x  det (Zz?'rLr—i—i-qunn(g)—O—ﬂr/Z ((zian)jfl _ (xian)an>),
rez

1<i,j<n

(5.3.5) F(e™chV(A)) =

where z; 1= ¢*/?7"=*»—i+1_ Again using multilinearity and recalling the B,, Van-
dermonde determinant (2.8.13|), this may be written as

1
(@ 0)5 H(4Y%4/?) e
« Z AB .’Eq H 2nr171+1q2nm( )+ﬁ7‘1/2
ren

By the D;J)rl Macdonald identity [89] in the form given by [117, Corollary 6.2],
i.e.,

Z AB mq H 2nri— 7,+1q2n( )+n/2

reZm

F( e Ach V(A)) =

= (0% " (04" ) [[02isa"?) [ O(wiaisa),
=1

1<i<jsn
we obtain the product formula

B (q iq )n 1( rc/2 n/2
F(e " chV(A)) = 1721 4172)
(¢:9)% " (q"/ /
% H e(q)\nfj+1*>\7Lfi+1+j*Z’ qH*l*J*)\nfiJrl*)\nfjJrl : qﬁ).

1<i<j<n

Ha K/2—i—Xp_ 1+1 n/2)

By 6(z;q) = 6(¢q/x; q) and a reversal of the products, this simplifies to

(5.36) F(etanv(p) = ) i ﬁ9 SNRTAS
. (@ 0)5% (472 ¢/?) e *
) i=1
T ot g, g
1<i<j<n

For A = 0 and ¢y = m this gives the claimed right-hand side of .
To prove (| we apply the specialisation
Ff: Cllem@, ..., e )] = C[[¢*?]]
given by
(5.3.7) Ffem®)=¢'? and Ff(e™®)=¢ for0<i<n—1

to the Agi) " character identity (5.2.10). This implies the same specialisation of
ri,...,T, and g as before, i.e.,

Fi(z;)) =¢"2 (1<i<n) and Ff(t)=¢*,



74 5. APPLICATIONS

so that
P et )
>\1§)\2m

Z q|)\|/2+nodd()\)P>\(1)q’ q2’ o ;an)-

A
A <2m

Moreover, since ((5.3.3) and (5.3.7) are compatible with the map from A;i) to Aéi”
(corresponding to a reversal of the labelling of simple roots) we can again use (|5.3.6)):

Pt ( e~ 0 chy V(mWO)) |g:A$BT

=F(e ™% ch V(mwn))‘

*A(z)
(@) ) s T oy i w/2) j—i _iti—1. K
- (q q)n 1( 1/2 1/2 Ha 3 d H 9((] 4 54 )a
1<i<j<n
where kK = 2m + 2n + 1. O

THEOREM 5.14 (Df}rl Rogers—Ramanujan identities). For m,n positive inte-
gers and Kk :=m + 2n,

(5.38) > MPP(1,q,¢% .. ")
A

Algm
(¢" q)
— - 91+(m1 03lz+]1q)
(45 9)% (1/2 H 1<E<n
and
(539) Z ql)\/2< mL A))Pk(laq7q27"';q2n)
/\lgm =1

K. k\n—1 R/Q. rc/2 n ]
(q 7(1) ( )oo He(qz—l/z m/2 H 9 J— z z+] 1. L"),

(6 0)5% (0Y% )% (6% ¢%)oo 1+ I<isj<n
For n = 1 the first of these identities is the second equation on page 235 of [137].

SKETCH OF THE PROOF. In the character identity (5.2.16)) we carry out the
specialisation
F: Cl[e™@,...,e *]] — C[[q1/2]]
given by
Fle™®) =¢'/2 F(e™®)=—-1 and F(e %) =¢q forl<i<n-—1.
Noting that F' applied to (5.2.15)) yields
Flz)=q""" (1<i<n-1) F(t'?) =g V2,
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and following the proof of (5.3.1)), it follows that the right-hand side of (5.2.16))
é .8)

maps to the left-hand side of (5.3.8)). If we parametrise A € Py as (compare with
E75a)

(5310) A = comp + ()‘1 - )\2)@1 +eet (>\n—1 - An)wn—l + 2\,

with A = (A1,..., A,) a partition or half-partition and ¢y a nonnegative, and again

follow the previous proof, we find

_ 7":14") 5 T o0 At (s 1)/2.
F(e ™ chV(A)) = — ( O(gMt +t1)/ :q")
( ) (05 (4% @)oo (0% ¢ oo 1;[1
X H 9(in_Aj_i+j7in+>\j+2n_i_j+1;qﬁ),
1<i<jsn
where k := 2n + ¢p + 2A;. The only change compared to the proof of (5.3.1)) is

that we have used the BY) instead of Dg-|)-1 Macdonald identity. For A = muwy,

ie., A = 0 and ¢y = m the above product gives the right-hand side of ([5.3.8)),
completing the proof.

Similarly, to prove (5.3.9) we apply the specialisation F' to ((5.2.11)), where this
time

F: Cllem,...,e”*]] = Cl[¢"?]
F(em®) = F(e @) =¢"? and F(e™®)=q forl<i<n-—1.

Applied to (5.2.9) this gives
F(a:l) _ qn—z‘+1/2 (1 <i< n)7 F(t1/2) — qn’
so that the left side of (5.2.11]) specialises to the the right side of (5.3.9)). With the

same parametrisation of A as in (5.3.10)) and once more using the Dn%)rl Macdonald
identity, it follows that

B (qn.qn)n—l(qn/Q.qn/Q)OO(_qn.qn)oo n Niid/o )
F(eMchV(A)) = 22t M ’ O(gh T2 g l2)
( ) (4;0)5% " (0"% 0% (6% ) oo 1;[1
« H e(q,\i—Aj—i-s-j’q,\i+>\j+2n—i—j+1;qn)
1<i<j<n

with k as before. For A = mwy, i.e., A = 0 and ¢y = m this gives the right-hand

side of ([5.3.9). O

THEOREM 5.15 (BSP Rogers—Ramanujan identity). Let m,n be a positive in-
tegers and Kk :=m + 2n — 1. Then

m—1
(5.311) > q'”z( H(—q"‘1/2;q"‘l/z)mi(x)>PA(1,q,q2,.-~;q2"_1)

A
/\1 gm

i=1

n

(4" 4")x +m/2—1/2 j—i iti—2
= > 0> %) TT 0@ a7 %),
S L (g1/2. g1/2 H ’ ’ ’
(q7Q>OO (q / 7q1/ )00 i=1 1<i<j<n
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By (2.8.20),

/
n

m
—_— | Errime

This shows that if we replace ¢ — q27 )\2 — N; and m;(A\) — n; (so that N; =
n; + -+ + ny,,) in the n = 1 case of Theorem we obtain Bressoud’s even
modulus identity [141[15]

P\(1,q.¢%, ...59) = o
m

NZ4t N2,

q (g q q q
2 (@G Dny (G D (0% P (4 @)oo

Ny, ,nm 20

REMARK 5.16. If after the substitution (5.2.27) we let z,, tend to t!/? instead
of 1, and then specialise (a,b) = (—t'/2, —1), we obtain an identity for x., (B (1))
not included in Section[5.2] Upon specialisation this yields a companion to (5.3.11)
as follows:

m—1
> g ( [T (a7 q"‘l/2)m1(x)>PA(1, 0.0 """

m+1  m+1 2m+2. 2m+2)
9 9 b oo

A =1
A1<m
(qn'qn)go . 1 2
— & ; 9 i—1/2, 9 j— z 1—0—3 1. q)
(0% (42 ¢"/?) o0 1;[1 1<E<n

For n =1 this corresponds to
2 2

Z gNT N A N Ny _ (q, 2™+, 22, 2mH2)

(@ Dy - (@G Dy (@256 nn (45 @)oo ’

ny,,nm 20
again due to Bressoud [14}/15].

SKETCH OF THE PROOF OF THEOREM [5.15]1 We start with the lem formula

(5.2.18]) and make the specialisation

(5.3.12a) Ff: Clle,...,e7]] = C[[¢*?¥]
(5.3.12Db) Ffem®)=¢Y? and Ff(e™®)=¢q for1<i<n.
Applied to this yields

Fl(z)=¢"" (1<i<n-1), Fr(t) =",

so that, up to a factor (—¢"~1/2;¢"~1/2), the left-hand side of follows by
application of FT.

To obtain the product-form on the right we first consider the more general B,(Il)
specialisation formula

—A (q q) ( " 1/2.qn71/2) = Ait+n—i . K
Flechvia)) = (9)5 1(ql q'/2) oOl_[@(q )
o0 o0 i=1
> H 9 /\v—z+] )\+)\j+2n—i—j+1;qn),
1<i<jsn

where A and k are as in Lemma [A7]] and where F is the specialisation
F(e*o‘”):ql/2 and F(e7®)=¢q for0<i<n—1
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of BS). Proof of this result follows from the B§}> Macdonald identity. Again Jall
and F' are compatible so that

Ft ( e M0 ch V(mwo)) | g=BW1

= F( TM®n ch V(mwn)) |g:lel)
( n )n (_qn—l/Q;qn—l/Q) n

o] o 0 qi+m/2—1/2;qr€
(43 9)% (4% ¢)os ZHI ( )

T o),

1<i<j<n

where k = m + 2n — 1. Up to the factor (—¢"~/?;¢*~1/?), this is the right-hand

side of (5.3.11}). ([

THEOREM 5.17 (Agnll Rogers-Ramanujan identities). Let m,n be a positive
integers and k= 2m + 2n. Then

(5313) Z q\)\|/2+(n71/2) Odd()\)P,\(l,q, q27 o q2n71)
A

A1<2m
( K.
_ 5 q 01+n/21 0]12+j2q)
(0% (@) (q q H 1<E<n
and
, 2m—1
(5.3.14) Z qu/H"Odd(A)( H (q2n;q4")(mi(x)/2}>PA(1,q,q2,---;(12”)
A i=1
>\1§2m
_ (@55 (0" 4"
2(q;9)5%
XHQ(_qifl qz+n/2 1 H 9 J— z z+j 2, q)
=1 1<z<]<n
where the prime denotes the restriction m;(A\) =0 (mod 2) fori=1,3,...,2m—1.

In the rank-1 case (5.3.13) can also be written as

q%(N12+--~+N§m+n1+n3+--~+n2m 1) ml gmAl g2m2, 2me2)

3 | . I C AT Y| q =)

e o (@ Dy -+ (& Do (43 @)oo (45 ¢%) oo

where N; = n; + -+ + Nay,. Since 139, Lemma A.1]

nan2 . ag’2mq%(N12++N22nl)
m

Z a; Qg

S (@ D -+ (€ Do

ni_mna Nn N2 4.4 N2 1/2—N .
o Z Qg Ay~ -+ Qg q 1 ""(_q/ 1a1/GQaQ)N1

o (@ Dns - (@ D

N1y
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provided that ag;/ag;—1 = as/a;y for all 2 < ¢ < m, this may also be written as

2 2
Z qu -l-'“-l-Nm(_ql—Nl;q)N1 _ (qm-i—l’ qm-&-l’ q2m+2; q2m+2)oo
wm e (@ Dn (@D, (43 @)oo (43 4*) oo

For m = 1 this is identity (12) in Slater’s list of Rogers—Ramanujan-type identities
[122).

SKETCH OF THE PROOF. The first result follows from the principal specialisa-

tion [77,[78./86]

F: Clle™®,...,e*]] = C[[q]]
Fle%)=¢q for0<i<n

applied to the AéQ 11 formula ([5.2.19)). Since this specialisation does not distinguish

between A 1 and A2n 1, we can use the general A2n 1 principal specialisation
formula [78 86]

_ ( " q H = n—i
F(e AchV(A))*(qq HG Aitn—itl, ey
! =1
> H 0 A_,»77.+]7q)\,;+)\j+2n7ifj+2;qn),
1<i<j<n

where Kk = 2n + ¢o + A1 + A2 and
A=cowo+ (M —X)wi + -+ (A1 — Ap)@n—1 + Aoy

for ¢y a nonnegative integer and A = (A1,...,A,) a partition. Taking ¢y = 0 and
A = m" gives the right-hand side of (5.3.13]). The left-hand side follows in the usual
way, noting that

F(z;))=q¢" "' (1<i<n-1) and F(t)=¢"".

The identity (5.3.14]) follows from the specialisation F' applied to the Ag?jl
formula (5.2.8)), where now F' stands for

(5.3.15a) F: Clle™@,...,e~%]] = Cl[q]]

(5.3.15b) Fle®)=q for0<i<n—1 and F(e ") =¢>
According to (A.1.6) this yields

(5.3.16) F(z)=¢" Y2 (1<i<n) and F(t)=¢?

which we should apply to the A( il ', character given in (A.1.8)). Unlike the previous
cases, the steps required to obtain the product form are slightly different to those
in the proof of (5.3.1), and below we outline the key steps in the derivation.



5.3. ROGERS-RAMANUJAN IDENTITIES 79

From ([5.3.16f), the D,, Vandermonde determinant and multilinearity, it follows
that

n
F(2 3 o) J[-1ya it )
rezm =1

= det (Z(_l)rq(nri+j)(ni+1/2)+nm"22nr(nj)

1<i,j<n
SHIS rez

+ Z(l)rq(nrij+2n)(ni+1/2)+nnr2+2nr(nj)> )
r€Z

After interchanging ¢ and j and negating r in the first sum, the right-hand side
becomes

et ( Z(—1)Tq2'rm(;)+m"/2+(2n'r—i+1)(n—i)

1<i,jsn ez

% <q(nr+n—i)(j—1) +q(nr+n—i)(2n—j))>

— det (Z(_1)rx?nr—i+1q2nn(;)+m“/2((xiqm*)j—l _ (xian)Zn—j)>’

1<i,j<n ez

where z; := —¢"~*. Up to the change ¢"/? — ¢~"/2, the above determinant is

the same as the one on the right of ([5.3.5). From here on we can thus follow the
previous computations to find

r = Ty KT — 1 Ler?2—(n—1)r;
F(2 3 dotar) [ (-1ywatr - sidert-oo)
reL” =1

= (") (0" 0o [ [ O(=0" ", T2 11 )
i=1
< [ 6@ "¢ %), O

1<i<j<n

We conclude this section with two remarks. First of all, we have not considered
the specialisations of ([5.2.5) and (5.2.13]) as the resulting c and Aézn) identities

were already obtained in [47], the Aéi) case corresponding to a generalisation of the
Rogers—Ramanujan and Andrews—Gordon identities for odd moduli. We have also
omitted the specialisation of and , but for different reasons. The
most natural substitutions on the combinatorial sides would be z; +— ¢"*+1/2
(1<i<n), ttand x; — ¢! (1 <i<n—1),t+— t? 1 respectively. This
corresponds to the specialisations

F(e™™)=¢* and F(e *)=gq for1<i<n
for Agi)_l, and
Fle®)=q for1<i<n—1 and F(e ™) =¢% F(e™*)=-1

for B{Y. However, F(e™=0 ch V(mwy)) does not factor for such F.
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5.4. Quadratic transformations for Kaneko—Macdonald-type basic
hypergeometric series

5.4.1. Kaneko—Macdonald-type basic hypergeometric series. Basic hy-
pergeometric series of Kaneko—Macdonald type, which were first introduced in
[58l/94], are an important generalisation of ordinary basic hypergeometric series
to multiple series with Macdonald polynomial argument. They have been ex-
tensively studied in [8,[58,/60,75,|76,(94,108,/109] and applied to problems in
enumerative and algebraic combinatorics, such as the enumeration of Lozenge
tilings [116], the computation of the major index generating function of standard
Young tableaux [69] and the evaluation of Selberg integrals and Dyson-like constant
terms identities [58-60}/138},140-142].

For z = (x1,...,x,), the Kaneko-Macdonald basic hypergeometric series ,®,
is defined as

A1y...,0p
D, 34, t;
r “’{bl,...,bs a 4

_ Z (a1, ar;q,t)x ((_1)\>\|qn(>\’)tfn()\))87T+1 t"(A)PA(UE;q,ﬂ'

~ (b1, ., b1 g, ) Cy (g:q.t)
For our purposes it suffices to consider the principal specialisation
A1yee.yQp
5.4.1) @) [Tl g
(5.4.1) @, [bl,...,bs 1 Z}
Aly...,p n—1
=0 sq,tz(1,t, ..t
r s|:b17“.7bqu Z( ):|
_ Z (tn’al,...,ar;q,t)A ((71)”"(]”(/\,)157”()‘))s_r+1 Z‘A|t2n()\) .
— (b1, b1 g, ) Cx(g.t;q,1)
1(N<n

Since C (q,t;q,t) = (¢,t;q), we have T@gl) = ,¢,, with on the right an ordinary
basic hypergeometric series, see [43]. Due to the factor (t";q,t)s, the summand
vanishes unless I(A) < n. For generic by, ..., b, the restriction in the sum over A
may thus be dropped. If a, = ¢~™ the series terminates, with support given by
ACm™ A T_HfI)in) series is said to be balanced if

t"ilal---aH_l =by---b. and 2z=gq.
Assume that r > s. Replacing A\ by its complement with respect to m™, and
using as well as
(5.4.2) (03¢, hmn = (=)™ q" (= C) (=747 ., ) e,
gives
(5.4.3)

—m
'7a'l")q

o |an - ot
r+1*s |: bl,u-,bs 54,02
= (E)mn <(*1)mnqn(§)t*m(g))s_r_l (a1, -5 ar; ¢, )mn
q (b17--~7bs;Qat)m"
y (I)(n) |:OTS, qlfmtnfl/bl’ o ,qlfmtnfl/bs’ qu . . bl . bsqurl
r+1*r

k) e

gttt Yaq, .. gt Tt a, ap -+ apzth1
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Here 0"~ represents r — s numerator parameters equal to 0. Similarly, replacing A
by its conjugate and applying ([2.2.6)) yields the duality relation

—m
A1y...yQry g

4.4 3"
(5 ) r+1%s bla--~7bs

;q,t;Z]
_ e [ Mo a0 et
i or—s 1/[)1,..., /b b ’bl...bsqm )

where it is again assumed that r > s.

The expression of the (monic) Askey-Wilson polynomials as a balanced ,¢4
series [6] has an analogue for principally specialised Koornwinder polynomials in-
dexed by the rectangular partition m”.

LEMMA 5.18. For m a nonnegative integer,
(5.4.5) Koo (2(Lt, . "5 q, b to, b, ta, t3)
() (otat" 1 totat" ™1, totst" ™15 g, t)nn
(totitatsq™ 1"t g, t)mn

 plm [FHot" T to/z tottatag™ T g7
s totat =1 totat™ 1 totatn

mn m
t

:to

;q,t;q}

For later use we note that by (5.4.2]) and (5.4.3)) we may rewrite this as
(5.4.6) Konn (2(1,t,.. " 1) q,t 0, 1, t2, t3)
— p—mng=m(3) (ztot™ 1, 2" ™" Lo ¢, ) n
4(1)(“)[ g™ toty, ' tote, ¢ tots, g™ .q]
t=mgn=1/ty, ¢! =™/ 2to, ¢*~ 2m/totltzts7 T

We further note that the symmetry of the left-hand side of ([5.4.5] - ) under permuta-
tion of the ¢; implies the multiple Sears transformation |8, Eq. (5.10)]

m

a” b? c? q7

(n)
4. X
AT s [ d.e, f

;q,t;q}

_(e/a f/a; g, t)mn qmn (I)(n a,d/b,d/c,q”™
(e fig e d, de /be, df /be

19, t; q] ;
where t"~tabc = ¢ tdef.

ProOF OF LEMMA [5.18 In [102] Theorem 7.10] Okounkov gives an expan-
sion of the Koornwinder polynomials in terms of BC,, interpolation polynomials
P (x;q,t,5) |[102,108]. The coefficients in this expansion are BC,, g-binomial co-

efficients [2] . (see e.g., [108| page 64]) times a ratio of principally specialised
q,t,s
Koornwinder polynomials:
(548) K)\(LC'q,t't(],tl,tQ,tg)
Ky(to(1,t,...,t" V) q, tito, t1,ta, t3) -
-] bl b ),
ats Ku(to(1,t, . 1Y) q b t0, b1, ta, t3)

where s = t"" 1\ /totitat3/q.

pnCA
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Specialising x = 2(1,¢,...,t" ') and A = m™ in (5.4.8)), and using [108, Propo-
sition 4.1]

[m”] = (=)l gnn) (t",q~™, s*q"t " g, ),
T P Cii (9,44, t)Cif (%54, 1)

as well as Theorem 3|, [120]

Ka(to(1,t,...,t" 7 1);q,t; to, t1, ta, t3)

) tota ™ totat™ ! totat™ T g, 1)
(ot 1A CY (854, 1)CY (totatatst® 2 /g5 ¢, 1)

and [108| Corollary 3.11]

_ t2n(#) 777,(#’) +n tnil' ¢
Pr(e(Lt,.. t" )iq t,s) = - (' 8/2 887 5.t
(—stn=1)lul Cu(t;q,t)
we obtain ((5.4.6)). .

Lemma implies an analogue of (5.4.6) for the Macdonald-Koornwinder
polynomial K, (q,t;ta,t3).

)

LEMMA 5.19. For m a monnegative integer or half-integer,
(54.9) Ko (2(1,t,..., " 1);q, tita, t3)
= Z_mnt_m(g) (—qu/Z_mtn_l; q, t)(gm)n

O I A RV 2N Y
473 —qu/Q—mtn—l’_q1/2—m/z’q3/2—2m/t2t3’q7 1q]-

PrROOF. When m is an integer the claim follows from (5.4.6) by specialising
{to,t1} = {—¢"/?,~1} and applying
(5.4.10) (a,aq™ "5 ¢, )mn = (aq™ "¢, ) @2m)n-

When m is a half-integer we set m = k + 1/2, where k a nonnegative integer.
By Lemma, we then need to show that

(5.4.11) Kin (2(1,t, .. 1" )5 q,t—q, —q"/ %, 1o, 13)
= 27 F k) (g Rt gt g 1)
% (I)(n) _q_k/t2>q_k/t37q_k_1/27q_k gt q
4%3 —zq—kt”—l,—q—k/z,q1/2_2k/t2t3’ (e

Here we have also used
n

H (xll/2 + {17;1/2) }.’n:zti*l = Z_n/Qti(g)/2(_z; t)n

i=1
and ( o )
—zq "t gt (2k+1)" —kan—1 1
(7Z;t)n ( zq y 24 349, )k
Since (5.4.11) is (5.4.6) with (to,t1,m) — (—q, —¢"/?, k) we are done. O

Equipped with the above lemmas we can specialise Theorems [£.1] and [£.6] to
obtain quadratic transformation formulas for Kaneko-Macdonald-type basic hyper-
geometric series.
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5.4.2. The specialisation of Theorem Our first result arises by spe-
cialising @ — 2(1,¢,...,t""!) in the bounded Littlewood identity (4.1.5)).

PROPOSITION 5.20. For m a nonnegative integer,

n ,—m
a, —a, —t »q

aql/Qtn7 _aql/Qtn7 _q—m/t

2
_ (a2t)mnqm n(thn7 q, t)m" (I)(") qu/t’ qu . 5 i
(@2qt?"; ¢, 1) n (—qt™; ¢, ) 21 [ g7t 7T a2

(5.4.12) & [, t; q]

Before giving the details of the proof, we first present two equivalent identities
which allow us to connect with quadratic transformation formulas of Cohl et al. [28]
and Gasper and Rahman [42]. To this end we need the very-well poised multiple
basic hypergeometric series [29,(108(136]

(5.4.13) T_HWT(”)(al; Ay .y Qri1; Gt 2)

=) ((al%aqu’alq/tvalqz/t;qz,tzh

a C¥(a1,a1q/t;q,t)

X (tn7a47~"aar+l;Q7t))\ . Z‘)\lt2n(>\) >
(alq/tn7 QIQ/a47 IR G/1Q/ar+1; q, t))\ C)T (Q7 tv q, t) 7

A
{(N)<n

where |q|, |z| < 1 if the series does not terminate. For n = 1 this definition simplifies
to that of the very-well poised basic hypergeometric series

oo

1—ag** (a1,aa, ..., ar415q)k 2°
W.(a1;a4,...,0r101;q,2) := .
r4+1 r( 1 ) s Ur+15 94, ) kzz:o 1—&1 (q7a1Q/a4,---7011Q/Cl7-+1§q)k7

see [43]. For nonnegative integers n and m it follows from (2.2.6)) that

(5.4.14) T_HWT(") (a1;a4, ... ar,q ™5 q,t; 2)

_ B _ _ (a4._.a )2zq172mt2n71
:r+1W£m)<(a1qt) 1;a417"'aar1at n;tv(I; - .

(a1q)7—?

Watson’s transformation between a very-well poised sW7 series and a balanced
4¢3 series (see [43] Equation (III.18)]) has the following multiple analogue [29//108,
136|:

(5.4.15) 8W7n)(a;b,c,d,e,q_m;q,t;a2qm+2t1_"/bcde)

_ (aqv GQ/de; q, t)m" (I)(n) QQ/bcv da €, qu
(aq/d,aq/e;q,t)mn 473 aq/b,aq/c, deqg—™t" =1 /a

34,149

Transforming the right-hand side using the multiple Sears transformation (5.4.7))
with

(a,b,c,d,e, f) — (e,aq/be,d,deq""t" " /a,aq/b,aq/c)
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yields the iterated Watson transformation
(5.4.16) 8W7n)(a;b,c,d,e,q_m;q,t;azqm“tl_"/bcde)
_ (ag,aq/be, ag/ce, aq/de; ¢, )mn mn
((J’Q/b7 GQ/Cv G,Q/d7 aq/e; q, t)m”
« o eq~™t" "1 /a,bedeq 1=t a2 e, g7 ™
473 | beg—mtn=1/a, ceq=mtn=1/a, deq—™t"~1/a
Applying ([5.4.16|) with

(a7 b7 ¢, da 6) — (quthfl/C% 7q1/2tna qim/aa ql/Qtnv 7tn)

1G4, 64| -

to the 4®§)n) series in , then replacing a by 1/¢, and finally simplifying some
of the g, t-shifted factorials using ,
(a,—a,aq"?, —aq""?; ¢, 0)mn = (a5 ¢,%) (2
and
(@, at™; ¢, t)mn = (at™; g, t)mon,
we obtain the following quadratic transformation formula.

COROLLARY 5.21. For m a nonnegative integer,

A
thn—l

(c2q!—2my2n=2; q,t2)(2m)n

(qu—thn—l; q, t)mZn

(5.417) 0" |1 ;q,tz;czq} =

x WA (eq ™2 eq™™ Jt, 7, g, —gM A g g, 8 cq).

For n = 1 this is a terminating version of [28| Theorem 9] by Cohl et al.,
suggesting the following nonterminating analogue.
Let

n

(a;¢,t)oon = H(atlfi; 7)o

i=1
THEOREM 5.22. For |q|, |eql, |c%q| < 1,

aaft o] (@G B)oon (gt g oo
th”*1 I SR (02qt2”*2; q, tz)mn (acqtzn*l; q, t)OOZ"

(5.4.18) ! {

X 8W§") (act2"_1; ac/t,a,—t", 2t —q g, cq).
An easy consistency check is provided by the ac = t case. Then the 8W7(”)
series trivialises to 1 and the 2<I>§") series can be summed by the multiple Gauss
sum [58| Proposition 5.4]

2l a,b
(5.4.19) ,®! ){ .

ot ctt=n _ (¢/a,c/b;q,t)oon
T ab (C, C/ab;qat)oo" ’

for |g|, |ct'="/ab| < 1. A full proof of Theorem based on a quadratic transfor-
mation formula for elliptic Selberg integrals is given in Appendix

Applying the dualities (5.4.4]) and (5.4.14]) to a terminating summation or trans-
formation formula for Kaneko-Macdonald-type basic hypergeometric series, inter-
changes the roles of m and n (and ¢ and t). Since, by lack of a parameter m, no
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analogues of these dualities exist in the nonterminating setting, a second inequiv-
alent nonterminating analogue of can be obtain by first dualising, then
interchanging m and n as well as ¢ and ¢, and finally, after writing the resulting
transformation in a suitable form, by replacing ¢—™ by a. To be more precise, the
dual of (after making the substitutions m < n and ¢ > t) is

(I)(") qtn’ qum . q2 t: 62t72n _ (62; q27t)m2"
2%1 q1—2m/t ) s Uy (C;q7t)(2m)n

WA (¢ 2L s gt fe, Y2 g2 g™ g™ g, q)c).
Using the generalised Watson and Sears transformations (5.4.15) and (5.4.7)), we

can transform the 8W§") on the right. Also replacing ¢ — ct'/? this gives our second

corollaryﬂ
COROLLARY 5.23. For m a nonnegative integer,
qtn7q72m L2 40 241-2n| _ (c2q72m;q2at)m2"
) q 7 t? Cc t -
g/t (2q=™, g™ [t; g, )

x WA (g ey —e et —etM? g gt g,

(5.4.20) ,®\"

For n =1 this is a terminating analogue of a transformation formula of Gasper
and Rahman Equation (1.4)] (see also Equation (3.5.4)]). This suggests a
second nonterminating transformation formula.

THEOREM 5.24. For |q, |¢*t1=2"] lat™"| < 1,

m e at™ 5 o 0n] (@2 ¢ oz (a/t, g, t)oon
(5.421) @M |10 | = 2 NELLA L
a?q/t (%%, t)002n (a?/t,ac?;q,t)oon

X 8W7(n) (acQ/q; a,c, —c, ct1/27 —ctl/Z; q,t; atfn).

For a proof of this result we again refer to Appendix [B]

PROOF OF ProPOSITION [5.20L In (#.1.5) we specialise 2 + z(1,t,...,t""1)
and replace the summation index A by 2A. On the left side we then use

0 (g t) = (g)‘*' (q:Qm;QQ,t)A NENCLTRL)
’ t/ (@2 g% a Oy (g% 6%, t)
(see the proof of Theorem on page and
Por(2(1,t,. ., 1" 1) q,t) 22 ney (54 D2x
Cox(t;q,1)
2 za(n (001" 6%, D))
Cy (t.qt; %)

As a result we obtain the 2<I>§n) series

yat™ g™, " 22q

(n
(5.4.22) L, gm0
5A1ternatively, (5.4.20) may be obtained by equating (5.4.22)) and (5.4.23) below, and using
(5.4.7) and (5.4.15).



86 5. APPLICATIONS

On the right we use (5.4.6) with
(to,t1,t2,t3) = (q1/27 —q'?, (qt)'/?, *(qt)l/Z)

and the elementary relation (|5.4. to fin
d the el y relati (15.4.10)) find
(5.4.23)
—-my—1/2 _ —my—1/2 _ —m ,,—m
1/2—myn—1. (my|a "t =gt 4 g
(z¢ 777 00 t) ey 4Py |:Zq1/2mtn17q1/2m/z,q2mt1 1469

Next we equate (5.4.22)) and (|5.4.23|)|ﬂ apply the duality (5.4.4) to both sides, and
interchange m and n as well as g and ¢. By

. _ 1-myn—1,
nm %)
(aa ta q) mo— (a/q t q t)m”

(which follows from (2.2.6al) and (2.2.8a]) for A = m™) this yields

yla ™/t g™
qt2n71

(5.4.24) 2@5" ;q,t2;22q2mt}

ql/Ztn _q1/2tn —t" g™
Ztn71/2’ qlfmtn71/2/z7 qt2n
We finally rewrite the right-hand side using the multiple Sears transformation

(F-47) with

((l,b,C7 d, 6) — (_tn’ql/Qtn, —q1/2tn,Ztn71/2,q17mtn71/2/2),

— (zt"_l/Q; 4, t)ma2n 4<I’gn) { 1.t q].

and use
(72t71/25 7q7m/t; q, t)m"
22, g g )
(Pt ) (=gt g )
(q—mt—l—n; q, t)m"
to clean up the prefactor. By the substitution z — ¢'/2=m¢=1/2 /a and application

of (5.4.2)) the claim follows. O

5.4.3. The specialisation of Theorem In this section we consider the
principal specialisation of the bounded Littlewood identity (4.1.13)).

(2712 g, 1) pyan (

PROPOSITION 5.25. For m a nonnegative integer,
a,aq,q

2 42, 2
ag=m [t aqz=m [t qp2n T }
N Gl Y it ) LA [—t”»q_m.q " q]
(th’thfl/a;q’tQ)mn 271 7q17m/t’ »

For n =1, and up to the change ¢ — b, this is a transformation stated on page

2310 of [11].

Again we derive some related results before giving a proof. If we let ¢, f — 0
and b,d — oo in the multiple Sears transformation (5.4.7), such that b/d and f/c
are fixed as z/q and azq~™t" "1 /e respectively, we find

a,q” (e/a; g, t)mn a,q/z,q" z
Z(I)gn) |: . = a‘mn 3(I)§n) 1l—men—1 y 4, t7 |-
€ (6, q, t)m" aq 3 /6 e

-m 1-m
yd

(5.4.25) @

m m

;q,t;z} =

6The transformation obtained by equating (5.4.22) and (5.4.23) generalises Verma’s quadratic
transformation , Equation (2.5)].
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This can be used to transform the right-hand side of ([5.4.25)), so that an equivalent
form of that identity is given by

<I)(n) a,aqaqiqulim .qz t2'q2
0 Lagtm/tagTm 2T
o (qlim/t;qatz)m" mn q)(n) a, 7tn’q7m. t: qmt
= (ag'—"/t; ¢, £2) I £2n AR
b b m

This generalises the ¢ = aq! =™/t case of Jain’s quadratic transformation [55, Equa-
tion (3.6)]:
a,aq,q”"q' " (c/asq) a,t,~t,q" q
4¢3 : 72 ;q2’ 2= . ~a” 4¢2 ; 1’_ 4, —— |-
¢, cq, qt (¢ @)m 2, aqt~m/c c

m

Unfortunately, the obvious guess

(I)(n) a7aq,q7m’q17m' 2 t2' 2
4=3 c,cq,qtzn g 5,054
_ (C/a;%tQ)m" a™n (n) a’tn’itn’qu :q t'fg
(C;q,tQ)mn 472 t2n7aq1—mtn—1/c7 el

is false for all n > 2.
Another rewriting of ([5.4.25)) arises by expressing the left-hand side as a very
well-poised series. First we note that if we make the simultaneous substitutions

(ma 67 q7 t) — (\_m/QJ ’ q1_2“n/2-‘ ? q27 t2)
in (5.4.16)), and use
(aq25q27t2)|_m/2jn _ (a‘q;qat2)m"

(ag" 221 g2 42) jogn (aq; ¢22)pn

Y

it follows that
8W7(n) (a; be,d,g ™, qlfm; q2,t2; a2q2m+3t2’2"/bcd)
_ (ag/b.aq/c,aq/d; ¢ ) (00 4, ) ()
(aq/b,aq/c,aq/d; q,t?)mn (aq; g2, 12 ) pn
q1—2mt2n—2/a, bcdq_l_thQ"_Q/aQ, q—m7 ql—m
bq172mt2n72/a’ Cq172mt2n72/a’ dq172mt2n72/a

x (24" s 1% 47|
Taking

(a’ b, c, d) — (q1—2mt2n—2/a)thn/G/’ql—m/t’ q2—m/t)’
this can be applied to transform the left-hand side of (5.4.25). Then replacing
a — ¢/c and simplifying the generalised g-shifted factorials using (5.4.2)), (5.4.10)
and

(aa aqg; q27 t))\ = (a; q, t)2)\7
we obtain the following companion to Corollaries and

COROLLARY 5.26. For m a nonnegative integer,

()| —t"q
2P |:_q1m/t

% 8W7n) (Cq—2mt2n—2; Cth, ql—m/t’ q2—m/t,q—m)q1—m; q2,t2; C).

—-m —mt2n—1.

D t2)m" (Cq
(Cq172mt2n72; q, tz)m"

(Cq 1—2mt2n—2;q2’t2)

mmn

;q,t;C} =
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Again this permits a nonterminating analogue.

THEOREM 5.27. For|q|,|c| < 1,

(5.4.26) L | _tn~q tie| = (act®" !, acqt® =2 ¢, 1%) son
R S (ct?n715 g, 12)oon (cqt® =2, a?cq?t?=2; g2, 12) o

X 8W7(n) (azctznfz; ct®™, a,aq,aq/t,aq® /t; ¢, t%; c).
This time ¢ = qt~2" provides a consistency check. Assuming |ql, |¢/t*"| < 1 for
convergence, the left-hand side can be summed by and the right-hand side,
which simplifies to a GWén) series, can be summed by
(ag,aq/be, aq/bd, aq/cd; q,t)
(aq/b,aq/c,aq/d,aq/bed; q,t) oon’

see e.g., ....- We also note that for ¢ = t2" the W( ™ series

trivialises to 1. For such c¢ the left-hand side is, however, not Summable by the
multiple Gauss sum ([5.4.19)), and we obtain the curious summation

a, —t" a/t,aq/t?; q,1%)eon
(5427) 2(1)5'”) |: ’ ;q,t;t%} _ 2( / q/2 a(év > )020 — ’
—aq/t (1/t; ¢, %) (q/%, a2 q2 /12, 1% ) oom
where |q|,|1/t| < 1. For n = 1 this is a consequence of the n = 1 case of (5.4.19),
together with Heine’s contiguous relation page 26]

N ,b 1—a)(1-0 ,b
201 {acq ;Qazj| =90, {ac 3‘]»2} _CZ((l_CC;)((l)) 291 [az 2q7 7Z:|'

For n > 1 there does not appear to be a simple analogue of this relation which,

combined with ([5.4.19)), would imply (5.4.27).
PROOF OF PROPOSITION [5.25 This time we specialise # = z(1,t2,...,t?"2)

in (4.1.13)). On the left we use (2.5.15) and

- W (@a. ), Cy(=tg,1)

,\;m(qvt) —\77 1—m /4. ’ (- ’
t (_q /t7q7t))\ C)\ (q7Q7t)
(see the proof of Theorem on page , as well as
(a® ¢ °)x = (a,—a;q,t)x and  Ci(a* ¢ %) = Cx(a,—a;q,1).

On the right we first write

(Bn,Cn)
Plgyn

using ([2.7.12b), then specialise z, and finally apply (5.4.9). As a result,

6W5(n) (a; b,c,d;q,t; aqtlfn/bcd) =

(l‘; q23t23 7t) = K(%)" (1’; q27t2; —t, 7qt)

—m

(I)(n) zq} (—2gt ™22 2, 12),0m

1 m/t 74,15 — t
O I AT i Y Y P AP
><4(1)3 1—m+2n—2 1— 2 2,(1,15,(1
—2qt TR =g [z P
Again we apply the Sears transformation (5.4.7)), this time with
(Cl, ba c, d7 e,m,q, t)

= (@ 2R T g Tt =g T 2 2 TR (Y2, 6P 1),
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Noting that
(_Zq—m+2 [m/2] t2n—2’ qt2n; q27 t2) /2]
(_Zq17mt2nf27 q2[m/2] t2n; (127 t2) Lm /2]
(t2n’ 7Zt2n72; q, t2)m"
52 )
and replacing z — —t/a completes the proof. [

(_qu—thn—Z; q27 t2>

mn =







CHAPTER 6

Open problems

We conclude this paper with a list of open problems.

6.1. Missing ¢-analogues

If we specialise {ta,t3} = {£t'/2} or {ta,t3} = {£it'/*} in Theorem [4.7] then
the Rogers—Szeg6 polynomials in the summand factorise by (2.3.7).

OPEN PROBLEM 1. Find g-analogues of

2m—1

Zt"dd(wQ( II (t;t2)rm,:<x)/zw>PA(w;t) = (o) " Py (3 1)
=1
and
2m—1
> et/ 4( IT 70 o (~t:t) Lmim/zJ)
=1

7 even

2m—1
X ( H (t;t2)mi(>\)/2>PA(;v;t) = (z1-2n)™ }nﬁ")(az;t,tm).
=1
i odd

In both cases the sum is over partitions A such that A1 < 2m and such that parts
of odd size have even multiplicity.

Similarly, if we specialise to = 0 in Theorem then the Rogers—Szegd poly-
nomial in the summand trivialises to 1.

OPEN PROBLEM 2. Find a g-analogue of

Y- Pawit) = (w1 @) ¥ PG (a3t 0).
A
)\1 gm
As remarked previously, the above is equivalent to (5.1.2)), which was key in
Macdonald’s proof of the MacMahon conjecture. This makes finding a g-analogue
particularly desirable.

6.2. Littlewood identities for near-rectangular partitions

The bounded Littlewood identities proven in this paper correspond to decom-
positions of (R,S) Macdonald polynomials (or R Hall-Littlewood polynomials)
indexed by rectangular partitions or half-partitions of maximal length. In the
Schur case more general shapes have been considered in the literature. For ex-
ample, Goulden and Krattenthaler [46}/66/67] proved the following result for the

91
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character of the irreducible Sp(2n,C)-module of highest weight w, + (m — 1)w,,
generalising the Désarménien—Proctor-Stembridge formula (4.1.6]):

Z SA(:E) = (xl :L,n)m Sp2n,m"**(m71)r($)'

Here 0 < r < n (wp :=0) and m™ " (m — 1)" is shorthand for the near-rectangular
partition

M (m— 1) = (my...,mym—1,...,m—1).
— T —m
n—r times r times

OPEN PROBLEM 3. (i) For positive integers m,n and r an integer such that
0<r<n, prove thaﬂ

oa m Cann
(621) Z )\;m,r(q’t)PA(x;(Lt) - (1'1 Zn) Pn(rbnfr(n)b_nr(x;%tqt)a
A
odd(M\)=r
where

PG
2m—a’/\(s)—1tl£\(s)+l :

Tonr(@ ) =080t) [[ —
SEA/1T q

a’y (s) even

(@) Prove similar such near-rectangular identities for other admissible pairs (R, S).

6.3. Littlewood identities of Pfaffian type

In Chapter [f we obtained bounded analogues of most of the known Littlewood
identities in the literature. There are however a number of extensions of the (un-
bounded) Littlewood identities discussed in that section where the product forms on
the right are replaced by Pfaffians. Two characteristic examples are [52] Theorem

4.1

/ 1 1
DM | e | Fer
U telt

A 1<i<j<n =1

< P (zi — ;) (1 + b?xiw;) (1 + a’ziw;) + ab(l + ziz;) (@ + x5))
1<i,j<n 1— xfxf

IThe identity (6.2.1)) has recently been proved by Nguyen [100|.
2There is an unfortunate error in the right-hand side of |52} Theorem 4.1], in that the factor
(1 4 stx;xz;) should have been (1 + stvx;xz;). With this correction, it readily follows that the
1/2

theorem in question only depends on two variables instead of four. Scaling x; — z;/(stv) and

using that
siz1 22— IA/243 050 i1 = AI/2 (t/s)odd(x’)/27

equation (6.3.1) follows after replacing u/v'/2 by a and (¢/s)!/2 by b.
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and [112, Corollary 6.26] (see also |13, Conjecture 1] and [145, Theorem 5))

(6.3.2) Z b (q, t)Pr(z; ¢, t H (1- uq)‘it”_i)
A even i=
i even

_ H (tziz;; ) oo 1<1Pf<n <($i —z;)1—u+ (u— t)ximj)),

(zi — 27)(qi%45 Q)00 (1 —zxy)(1 — taizy)

1<i<j<n

where in both cases n is assumed to be even. By [70,[128]

pf (W) - I S5 neven
1<ij<n \ 1 — 225 <idien 1 — iz’ ’
and Pf(a;a;A;5) = Pf(A;) [, al, the b =1 and a = 1 specialisations of -
simplify to the ¢ = t cases of and (4.1.2) respectively. Similarly, for u = 0
the identity (6.3.2)) yields the a = 0 case of (4.1.2)).

OPEN PROBLEM 4. Find bounded analogues of (6.3.1]) and (6.3.2).

6.4. Elliptic Littlewood identities

Most of the virtual Koornwinder integrals of Section[3.2] have elliptic analogues,
see [111,112].

OPEN PROBLEM 5. Prove elliptic analogues of the bounded Littlewood identities

of Theorems 4.0,
For elliptic analogues of (4.1.1))—(4.1.3]) we refer the reader to [111].

6.5. q,t-Littlewood—Richardson coefficients

Let g be a complex semisimple Lie algebra and V(\) an irreducible g-module
of highest weight A € Py. The Littlewood-Richardson coefficient cfly of type g is

defined as the multiplicity of V(\) in the tensor product V(u) @ V(u):
cf;l, = dim Homg (V(X), V(1) @ V(v)).
If xa = > ,ep Kap el (with Ky, the multiplicity of p in V() denotes the formal
character of V(X), then
XuXv = D ChXa-
AePy
In [129], Stembridge gave a classification of all multiplicity—free tensor products,
i.e., of all pairs of dominant weight p, v such that CW < 1forall A € Py. For such a
pair it is not generally known for which A the Littlewood—Richardson coefficient is
actually non-vanishing, except for a number of classical Lie algebras and specially
chosen weights (typically, for p and v multiples of miniscule weights). For example,
using his minor summation formula, Okada proved that for g = B,, and

(651) (H, V) = (Twn; Swn)

with r, s nonnegative integers, cf‘w = 1 for all dominant weights A\ of the form

(2.7.5a), where (A1,...,\y) is a partition/half-partition if r + s is even/odd, and

A1 < (r+5)/2, Ay = |r — s]/2. For weights A not of this form ¢}, = 0. In terms of



94 6. OPEN PROBLEMS

odd-orthogonal Schur functions, this result may be expressed as the identity [101}
Theorem 2.5 (1)]

S02n41,(5)n (T) 80211, (5)n (@ ZSO%—H (r+5)n_)\( x).

where the sum is over partitions (as opposed to half-partitions) A of such that
A1 < min{r, s}.
For r, s nonnegative integers and A a partition, let

1— qmlfa'(s)tl'(s) 1— qmzfa'(s)tl'(s)
1— qmlfa’(s)fltl’(s)%»l ’ 1— qmgfa’(s)fltl’(s)%»l

b)\ ymy,mo (qv ) = bg}(Q? t) H

SEA
I'(s) even
1— m1+m2—d(s)—1ti(s)+1
< 11 4 —
Py 1— qm1+m27a(s)tl(s)
I(s) even

We note that b‘j\lml my (@) = 0 unless \; < min{my,my}, and

(6'5'2) lim b()a\l;m,mg(q’ ) b)\ m(Q7 )’

mo—>00

where bil;m(qﬁ) is defined in (4.1.11)).

OPEN PROBLEM 6. For x = (x1,...,x,) and r,s nonnegalive integers, prove
that
(6.5.3) P (g, )P (23.9,1,1)

=2l LN CI R
Dividing both sides by
(1) ET P (550, 1,0),
and then using that

(Bn,Bn) .
(12 )%T lim P(Hs)n /\(xa%t,t)
" §—00 P(anBn)(x. t t)
(%)n 7q7

. =(r+s BnyB
hmg—)oo(xl o $n) s (r+ )P((T+9)7L )A((L’; q,t, t)
lims—>oo(='171 . ) sP(Bn,B )(:C, q,t, t)

(5"
= P)\(xv q,t)a

by (2.7.12a)) and (2.7.14)), it follows that in the large-s limit we recover the bounded
Littlewood identity of Theorem with m replaced by 7.
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There is an analogous result for (C,, B,). For m1,my nonnegative integers and
A an even partition, let
1— q2m17a'(s)tl'(s) 1— q2m27a'(s)tl'(s)

())\?ml,mg (q,t) = bia(qvt) H 1_ q2m170‘,(5)71tl,(5)+1 ' 1_ q2m27a’(s)71tl’(s)+1
sEA
a’(s) even

27rzl+2m2—&(s)—1ti(s)+1

l—q
% H 1— q2m1+2m27&(s)ti(s)
SEA

a(s) even

This time 033, .,(¢,t) = 0 unless A\; < min{2m1, 2ms}, and
: oa __ 10a

mlglgloo Aym,mo ((L t) — Y\im (qa t)7

where b3, (¢,t) for even partitions A is given by (4.1.11]).
OPEN PROBLEM 7. For x = (x1,...,T,) and r,s nonnegative integers, prove
that
Cn,Bn Crn,Bn
P B (a5q,t,qt) PSP (20,8, gt
E Crn,Bn .
= Z K?r,s(q’t)P((T+s)n_))\(x7qatat)-
A even

Let x = (x1,...,2,) and r,s integers such that —r < s < 7.

Taking the large-s limit using (2.6.9) and (2.7.9)) yields the Littlewood identity
. Moreover, in the classical limit we recover Okada’s formula for the C,,
Littlewood—Richardson coefficient cﬁy with p and v given by (6.5.1), see [101,
Theorem 2.5 (1)]. For such y, v, ¢}, = 1if X is a weight of the form (2.7.5b)), where
(A1,...,An) is a partition such that and Ay <r+s, A\, = |r— s/ and \; +r+ s is
even. For all other A, cf;,j =0.

6.6. Dyson—Macdonald-type identities

Let g be an affine Lie algebra with simple roots {ag,...,ay,}. The map
e @, ...,e”® > 1 (so that e™® + e79%%) is known as the basic specialisa-
tion [87]. When applied to character formulas for affine Lie algebras, the basic
specialisation results in (generalised) Dyson-Macdonald type expansions for pow-
ers of the Dedekind eta-function, see e.g., [9,/37,/87,/97,/131,(144]. For example,
taking the basic specialisation of the BT identity (and replacing ¢ by ¢q)
yields the following generalisation of [89] p. 135, (6¢)]:

1 lv]—lp ol —lpl? | _llel®
(6.6.1) 77(7_/2)27177(7)2”2*377, Z(_l)’”“"’1XD(”/P)QZ(’"“"*” 2(2n—1)
m—1
=Y MR L 1) [ (-4 %6 -
A ™ i=0
A <m 2n—1 times

Here ¢ = exp(27iT), p=(n—1,...,1,0),
xo(v/w) = [[(wF = v3)/(w} —w}),
i<j

and the sum is over v € Z" such that v; = p; (mod m + 2n — 1).
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Let C = C, be the Cartan matrix of the Lie algebra A,, i.e., (C71)q =
min{a, b} —ab/(n+1), and for {rz(a)}lgagn; 1<i<k a set of nonnegative integers, let
nga) = rga) + -4 r,&a).

Following [9,{144] we define

(—q"% )2 for k =0
F; = 3 b=t Zi'c:l cabRia)Rgb)
ko (9) (—g!/?; g1/2)2n1 il for k> 1
oo n k—1 2.2
(@) Ha:1 Hi:1 ((Q§ q)rga))(q 14 )Tia)
and
1 n k (a) p(b) (1)
Grnl@) = (gt 3 & s Sy C TR (gl 27T ) Ly
kn\q) ‘= (—4;49) k—1
P | A | ((q;q)rzgm)(qz’;qz)riw
for k > 1.

OPEN PROBLEM 8. For m,n positive integers, prove that

m—1
S AR L 1) T 0% )
A QT =1
A <m n—1 times

S Fron-1(q) ifm=2k+1
Gran-1(q) if m =2k.

For n = 1 this follows from a minor modification of [139, Lemma A.1], for
m = 1 it follows from P(’lr)(x; t) = e,(x) and

> n

erer{l } = (—219) %>
—q

r=0

and for m = 2 a proof is given in |9, Theorem 3.7]. By (6.6.1]), the above problem
for even m is equivalent to [144} Conjecture 2.4; (2.6a)].




APPENDIX A

The Weyl-Kac formula

In this first of two appendices we state some simple consequences of the Weyl—
Kac formula, needed in the proofs of our combinatorial character formulas in Sec-
tion

Recall the symplectic and odd-orthogonal Schur functions (2.8.10) and (2.8.12)).
It will be convenient to also define the normalised functions

(A.11) sO2n+1a(2) = Ap(2) soznt1a(z) and  spy, 5(2) = Ac(x) s02n+1,1 (@),

so that 02,41,0(z) = Ap(x) and spy,, o(7) = Ac(z).
Mimicking the proofs of |9, Lemmas 2.1-2.4] yields expressions for the char-

acters of B and Aéi)_l in terms of the symplectic and odd orthogonal Schur
functions as follows.

LEMMA Al (Bg) character formula). Let
(A.1.2) Ti=e T T (1< < n), ti=e®
and parametrise A € Py, as
A =cowo+ (A1 —A2)wr + -+ (A1 — M) wn—1 + 2 @,

where ¢q is a nonnegative integer and A = (A1, ..., A\,) a partition or half-partition.
Then

1
(8:8)2% T i3 6) T iy 230(mis )

n

~ . L2 (g 1y
X Z 802n+17)\($t7‘)H’I?”J’_Mtznri (n 2)7"1’

rez" i=1
[r|=0 (2)

(A.1.3) e chV(A) =

where Kk =2n — 1 4+ co + A1 + As.

LEMMA A.2 (Aéi)_l character formula). Let
(A.1.4) xp = e T T /2 (1 o), ti=e°
and parametrise A € Py, as

A= cowo + ()\1 - )\2)@1 + -+ (>\n—1 - )\n)wn—l + )\nwna
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98 A. THE WEYL-KAC FORMULA
where co is a nonnegative integer and A = (\1,...,\,) a partition. Then

1
(A15) e “chV(A) = _ _
(8 )5 (82 %) o0 Ty 0273 82) Tlhcicjcn 20 (i s 1)

n
~ . 1,2
~ § sp2n7>\(xt’") H x§r1+)\zt2nrl m~17

rez"” i=1
[r|=0(2)

where K = 2n 4 cg + A1 + Ao.

For a two-parameter subset of weights, the above two formulas may be rewritten
as a pair of character formulas for BT and Agi)i ; where the sum is over the full
Z™-lattice. For k, k positive integers and © = (z1,...,z,), define

%7k(x;t) = Z AD(zktkr) H(—1)“@?”_(k_l)(i_l)t%'ﬂ"?*k(nfl)h’
reL™ i=1
where Ap(z) is the D,, Vandermonde product (2.8.14) and 2% := (af,...,zk).
Further set

n
o [JoE et T w0@a;e) for g = BT,
@g(x;t) = =1 " 1<i<jgsn
(t; ) (5 1%) H O(tz?;1?) H ij(xix;t;t) for g = Aéi)il.

i=1 1<i<j<n
LEMMA A3 (Bﬁ}” and Aéi)il character formulas). Let

(A.1.6) x; 1= e~ i man—1H(an—1—an)/2 (1<i<n), t:=e 9

Il
)

and, for k a positive integer and m a nonnegative integer,
(A.1.7) A=(k—1)p+mwy € P;.
Then
1 Nntk(@n—1)k(T5t)  for g = BT,
Do(wit)

(A.1.8) e M chV(A) =
</Vm+2kn,k(1'; t) fO’/‘ g= A‘éi)jl

For m = 0 and & = 1 this gives what may be viewed as BUT and AgBL
Macdonald identities:

Non—1,1(231) = Dy (w3)

and

(Alg) Ji/gn,l(x;t) = @A(Z)T (a:;t).

2n—1

COROLLARY A.4 (Bﬁ}” product formula). Let k be a positive integer and

(A.1.10) A=(k—1)p+ kwo € Py.
Then (:)
D, 2t (x;t) n )
e ch V(A) = Agna fo(kq)(zq)_

Ty (@it) 11"
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PROOF. If we set m = k in the BY)T case of (A.1.8) then
Nokn it
e MchV(A) = Hopn. 1 (23)
@Bg)f (l‘; t)
with A as in (A.1.10). By

JVan’k({E; t) _ </1/2“71(xk; tk) H xi_(k_l)(i_l)
i=1

and (A.1.9) the result follows. O

We still need to prove Lemma For this we first prepare a determinantal
identity. For ¢ = 0,1 and &, k positive integers, let

'/1/571“0(1,; t) — (_1)0 Z 1<de,t< (x;nn7k(i7j)+i71t%ma?_;'_k(n_j)n
rezn LI
Ir|=o (2)

B xi—n(m-&-l)-&-k(Zn—i—j)-‘ri—1t%/¢(ri+1)2fk(nfj)(ri+l)).
LEMMA A.5. We have
(A.1.11) Nkio (T3 1) = A k(23 1).
PROOF. Let € € {—1,1}. Then
N k0(w5t) + Mg k(23 t)

= det ((_1)%(1+€)T¢xi—mi—k(i—j)-i-i—1t§m3+k(nfj)m
Zn 1<i,j<n
_ (_1)%(1+E)n-xf'i(ri+1)+k(2"*i*j)+i*1t%R(ri+1)2—7€(n—j)(m+1))
= det (j{:(_q)é(r+arx_ﬁrk@j>”1téﬂr2+k(n—jw

1<ij<n \ £

— Z(_1)§(1+s)rx_K(T+1)+k(2nij)+ilt;n(r+1)2—k(n—j)(r+1)>

reZ
_ _1\5Q4e)r wr—k(i—j)+i—1,Lrr®—k(n—j)r
o, (Seniees 5
€L
+6Z(_1)%(1+5)T ?r+k(2n—i—j)+i—lt;nr2+k(nj)r>
reZ

= H(_l)%(1+5)7”71xfri*(k*1)(i*1)t%ﬁrf—k(n—l)n

riyk(i—1) 4T k(2n*j*1)>
x| det ((xzt ) +e(at™) .

Here the second and last equality use multilinearity and the third equality follows
from a shift of r — r — 1 in the second sum over r. When j = n the final line reads

(1+¢) (xit”)k(n_l), so that
(A.1.12) No(T;t) — N g (z5t) = 0.
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Also, by the D,, Vandermonde determinant (2.8.14]),
N ki0(T38) + A g1 (25 1)

r - i KT — k—1)(i—1) L pr2— — i
=9 Z Ap (2t )H(_l)r o (k=1)(i=1)y L wr? —k(n—1)r
rezm i=1

=245 k(x5 ).
Together with (A.1.12) this implies (A.1.11)). O

Proor or LEMMA [A_3]l For &, k positive integers, define

Mpwit)i= ) dot (OIS kG0

1<i,j<n \ °
rez SUIS
[r|=0 (2)

i

B xn(rﬁl)fk(jfl)f(kf1><H>qn(”;l)—ku—lm)_

Taking co = k—1, \; = sm+ (k—1)(n—i+3) (1 <i < n)inA.1.3} and using
(2.8.12) and (A.1.1), we obtain

(A.1.13) e B=Demm@n ch vV ((k — 1)p + mwy,)

Moy k(2n—1) 1 (51)
(t:6)% TTimy 023 t) TTicow jcn 250w 3 1)

where g = Bg,l) and z1,...,x, are given by Similarly, taking ¢y = k — 1,

Ai=3m+(k—1)(n—i+1) (1<i<n)in[A.15 and using (2.8.10) and (A.1.1),

we get

b

(A.114) e (kmbpmm=n chV((k = 1)p + mw,)
Mont2kn,5(T)
(65005 (125820 1oy 0(2%82) [Ty ey @ 0(2ia s 1)

where g = Agill and x1,...,x, are given by

Next we replace o; — «ay,—; for 0 < 4 < n. This maps maps w, to wy but leaves
the Weyl vector p unchanged. On the right it has the effect of replacing (A.1.2]) by

)

Tpeipr =€ 07T (1 <ign)
in the case of (A.1.13)), and by
Tp_jpy = e C0/Fmamrmaion (1. < on).

in the case of A(zi)fr Moreover, in the first case ¢ is now given by

t = 6720507"'72anf27an717an

ot

in accordance with the interpretation of § as the null root of Bg , and in the second

case by

t = e~ @201 —2an_2-an_1-0apn

in accordance with AT, We now replace z; — t1/2/x,,_;;1—so that the trans-

formed x; is given by (A.1.6) in both cases—and 7; — r,_;41 for 1 < i < n.
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Also reversing the order of the rows and columns in the determinant and using
O(x;t) = 0(t/x;t), we get

e~ (F=1)p—mwmo chV((k —1p+ mwﬂ)
f/ijLk:(anl),k;O(x) for BS)T,

Dy(x5t)
¢ N2k k:;0(T) for AZ)T .

By Lemma, the claim follows. O






APPENDIX B

Limits of elliptic hypergeometric integrals

We review some results of van de Bult and the first author [20}21] regard-
ing limits of elliptic beta integrals. We then prove the quadratic transformation
formulas of Theorems[5.22] [5.24] and [5.27] by taking limits in three quadratic trans-
formation formulas for elliptic beta integrals, originally conjectured in [111] in the
context of elliptic Littlewood identities, and subsequently proved in [19[112].

For complex p, g such that |p|,|q| < 1 and z € C*, let T'(2; p, q) be the elliptic
gamma function [119]

1— Z—lpi-i-lqj-ﬁ-l

P(zpoa) = ][]

g LT
which satisfies the functional equation
(B.1.1) U(z;p, )T (pg/zp,q) = 1.
For z = (z1,...,2,) € (C*)™ and ¢,%o,...,tam+s € C* (m a nonnegative integer)

such that

7«L2n72t0 c t2m+5 = (pQ)erl;

define the density

A(ito . tomenitipoq) e ﬁ [ ) I D(tz 2550, q)
y L0y o ooy L2m 45, Uy Py = 12, £
i1 F(Zl iy q) 1<i<j<n F(Z,L ZJ ' D, q)

Note that for 0 < a < 1,
Il)i_% A(zito, t1, ta, t3, pPta, p g/ tot1tatsta; tip, @) = Az;q, t;to, t1, o, t3),

with on the right the Koornwinder density (2.6.1]). The elliptic density may be used
to define the higher-order elliptic Selberg integral (also known as a type-II C,, beta
integral) as |110L[118}[123]

(B.1.2) II'™M(tg,... tames:t:p,q)
dz dz
= K, A(zito, s tomasitp,q) — - - —,
cn z1 Zn

where

R 2mi
and C is positively oriented, star-shaped Jordan curve around the origin such that
C = C~! and such that the points {¢,p'¢’ }o<r<om+5:ij>0 all lie in the interior of

C.

Ky = 1 ((p;p)oo(Q;Q)ooF(t;p,q))n
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For a = (ag,...,a7) € R and u = (ug, ..., u7) € (C*)7 such that
(B.1.3) "2y - uy = ¢,
let
B (ustp, q) == I (uop™, . .., uzp®7; £:p, q).
From |20l Proposition 4.3] and |21, Proposition 6.5] we may infer the following
p — 0 limit of Bén)(u; t;p,q).

PrOPOSITION B.1. Let g, t,ug,...,ur € C* such that |q|, |uruz| < 1 and such

that (B.1.3) holds, and let
a:(7'-)/’76757777’551757177)
forO< <y <d<1/2. Then

lim (uourp ™Y Pt L uguap TP g, 1) son BUY (ust,p, q)

_ (qt" uo/u7; q,t)son o [tnlqu,, " tugug

7q,tiurug | .
("t Lugug, 1" Tugua; ¢, t) 0o gt tug /uz 7 ! 2]

To shorten some of our subsequent calculations we restate this in a form that
hides the symmetry in us and wu4, and which is obtained by applying the multiple
analogue of Heine transformation |8, Equation (2.2)]

a,b (byazt™ Y q, ) 0en () [ /b, 2" _
B.14) L@ | gt = 22 D oo (M | Lt bt
( ) 2*1 |: c 7Q7 7Z:| (C,Ztnil;q,t)oo 1 azt"fl 7617 ) )
for |z|, |t —"| < 1.
COROLLARY B.2. Let q,t,ug,...,ur € C* such that |q|, |uous| < 1 and such

that (B.1.3) holds, and let
o = (_7a _67/8777'-)/’571 - 571 _’Y)
forO< <y <d<1/2. Then

lim (uourp™ TPt uguap Y g ) on BEY (ust, p, q)

(¢® Jugusueur; ¢, t)oon ) [t turug, q/usuy
- 1 -1 2¥1 2 ;q,t;UOU,4 .
(", tugug, " lugus; ¢, ) oo q? [ugusuguy
The second p — 0 limit of Bén)(u; t;p,q) we need is as follows.
PROPOSITION B.3. Let g, t,uq,...,u; € C* such that |q|, lurus| < 1 and such
that (B.1.3) holds, and let
(B15) o = (_77 _77’77’7773771 _7a1 _7)
for 0 <~y <1/2. Then
(B.1.6) 12% (uourp™ 2" 1 ¢, t) oo B( )(u t;p,q)
(qtn 1“0/“6; qtn 1“’0/“’7’ qv oo™ f[ /’LLT’LL5U6’LL7; q, )oo”
(Y ugus, g2 Yug fusugur; g, t) S (e 1U0Umt" Yurur; g, t)oon
tn—l
X 8W7n) (uﬁn_luouzatn_luou&tn_luouzx, 1 ; 1 ;q,t;u1u5).
UsUgU7 UsUe UsUT
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This result follows from a special case (m = 1 and («ayp, . . ., ay) given by the se-
quence (B.1.5)) of [21, Proposition 6.3]. After some symmetrisation, this expresses
the left-hand side of (B.1.6) as a virtual Koornwinder integral. By [108, Theorem

5.15] this integral can be expressed as the 8W7(n) series on given on the right of
(B.1.6).

REMARK B.4. There is some redundancy in the expression on the right, and
by the substitution
(u1,ug, ... ur) = (uour, ug/uo, us/uo, ua/uo, Us /o, Uote, UoUT),

so that the constraint (B.1.3)) simplifies to t>"~2u; - --uy = ¢2, the up-dependence
drops out.

We now have the tools to prove the nonterminating quadratic transformation
formulas of Section Because it is much simpler than Theorem [5.22] we first
consider Theorem [5.24

PrROOF OF THEOREM [5.24l Our starting point is the following quadratic trans-
formation formula for elliptic Selberg integrals.

THEOREM B.5. For p,q,t,tg,...,t4 € C* such that |p|,|q| <1 and
(B.1.7) t" otitats = pq,
we have

(B.1.8)  II\™ (47 1/2¢2, 47 1/262 471243 47 /2%42 412 pt'/2 qt'/2, pat'/?; t; p%, ¢°)

_ 12‘"[ 11 T(—t/2,t5p,q)
= 0<r<s<2 D(t/271/2,t5p, q)
x I (5 440, 45 4, 15 4y, — 5 45545 p, q).
This theorem is the special case
A=0 and (n,t,to,tr,ta,u0) = (2,2, ¢ Ao, 1 ey 7 Ay, 7 )

of [111, Conjecture Q1], which was proved in |19, Corollary 7.6] and [112] Section
8].
If we make the substitutions
(to, 1,2, t3) = (p~ /4, apt/ /27 ept Mt p* gtV fac),

consistent with the constraint (B.1.7]), the transformation (B.1.8)) takes the form

G2t2n—3/2
B((ln) (t1/2,t1/2,qt1/2, a2t1/272n,62t3/272n7t1/2’ qt1/2, . 402, g >
a?c?

(—ctU=D/2 _qt=i/2 _qepl/2i/2+1/2=2n. 4, 0
- H T(cti- 2/2 at(l D72, qepl/2¢i/2+1=2n; )

)

—1/4 -3/4
« B((;}) (t1/47t—1/4,ct5/4—n7ct3/4—n7at3/4—n7at1/4—n7 gt gt b, q)’
ac ac

where

(BL9)  a=(-10011113) and o =(-1,-1 111133y
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Multiplying both sides by
(A g ) oon = (V2T p T 20t P ) ons

we can take the p — 0 limit using Corollary [B:2] and Proposition [B:3] After some
simplifications the claim follows. O

Proor orF THEOREM [5.22] This time the proof is more involved, and as a
first step we need to carry out a non-trivial rewriting of the theorem.

Appealing to analytic continuation, it suffices to prove for t| < 1. Asa
function of a, both sides of are analytic for |a|] < |1/cqt™|. Hence it is enough
to prove the identity for the sequence of a-values {t"} x> with accumulation point

0. If we set a =tV in (5.4.18) we obtain
(B.1.10)
() tN,tN’l,q 2. 24| = (gt 220 g, %) oon (cqt®™ 5 g, 1) o2
2%1 gten=1 770 (2qt272; ¢, 12) oon (cqtN+2n=T ¢ 8) can

X 8W7(n) (ctN+2"_l; NN g g 2, —ql/Qt"; q,t; cq).
Now define integers my,mo as
my = L%J and mg = 2[%} —1=2(N—-my)— 1L
Since {N — 1, N} = {2my, ma}, it follows from that

tN N as, . a " tm2 ag, ... a
q)(n) ) ) ) ) T;q’tQ;z _ ¢(m1) ) ) ) ) T;q,tQ;Z ]
res bi,..., b, 271 bi,..., bs
Also, by (5.4.13)),
N
r+1W£n)(al;tN7a5> s 7ar+1;Q7t;Z) = 'r’+]W')£ )(al;tn7a57 cee 7ar+1;Q7t; Z)

Applying these two results to (B.1.10]), and using
(Rqt2N+20=2 cqp2n=1 cqt?n=2, ¢ 12) .,
(62qt2"_2, thN+2n—1’ thN+2n—2; q, tQ)oo"
(gt 22, %) oon (cqtN g, t)on
(€qt?N=25q,%)oon  (cqtNT2iq ) oon

yields

(m1) [bQ’th tz.CQq} _ 0PN, 82)0n  (cqtN g ) oon

221 gt 0 (g2, %) on  (PegtN 13, t)oon

x W (0PetN =L etN L b, —b,bg 2, —bg % g, 1 eq),

where b = t". In the following we will prove this transformation formula for arbi-
trary b. We may then rename N as n so that the identity to be proved takes the
form

b?, 1"
b2q/t

I (B*qt> g, %) (cqt™ 15 q, t)oon
Y (2qt?7=2;q,t2)on  (b2cqt™ 15 q,t)oon

(B.1.11) 2<1>§"1>[

X 8W§n) (sztnil; Ctnila b7 _bv bq1/27 _bq1/2; q, t; CQ)v
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where |q|, |cq|, |c?q] < 1 and
(B.1.12) ny = | %], ng :=2[2] -1=2(n—ny)— 1
The prerequisite integral transformation is as follows.

THEOREM B.6. Let p,q,t,tg,...,ta € C* such that |p|,|q] < 1 and such that
(B.1.7) holds. Let nq1 and ny be given by (B.1.12)) and 7 by

1 if n is even
T= 1

D(t3,12,13,t%,p,t, pt; p?, q)

if n is odd.
Then
™) (82,83, 63,42, 87272t pts 259, )

n F(—ti_lt,«ts;p, q1/2)
II II —1/24i—1 . 1/2
i=10<r<s<2 F(q / 1 t?‘t57p7q / )

X I (¢ 0, ¢V 0, 5 4, —* 3150, q).

Noting that t"2~2"+1 is 1 for n even and t?> for n odd, the above theorem
is [111, Conjecture Q4] with
A=0 and (qa UO) — (q1/27 7t3);

which was proved in [112 Section 8].
If we make the substitutions

(t07t1at2ut3) = (p_1/47 bp1/4q1/2t1_n7Cp1/4q1/2ﬂp3/4/bc)

then (B.1.7) is automatically satisfied. Again defining « and o’ as in (B.1.9)), we
thus obtain

_ _ 1
B&nl) (Ltnz 2n1+1,t,b2qt2 2”,02(], 17t7 bgcg;t2;p2’q>

=T

T(bt1=7, ct"—, bep /21 /201—; p, q1/2)

K2

) n F(_bql/Ztl—i7_cql/Qtn—i7_bcpl/thl—i;p’q1/2)

1

(n) 1/4 1/4 3 1/4,1 4,1 1/4 4 g /4 gt/t
n — — —
X B, (q M g b A b A et gt — ™ ,—bC;t;p,q>,

where 7/ = 1 if n is even and
1
o T(p= /2, 02p 2qt2 =21, 2pl/2q, p3/2 b2, p, t, pt; p?,q)
After multiplying both sides by

/

(p—1/2tn2—17p—1/2t2n1—1; q, tQ)OOnl

1 if n is even
qyt)oon X 1

(P2 q)o
we can use Corollary and Proposition to take the p — 0 limit, resulting in
(B.1.11). u

— (p—1/2pm—1.
v ’ if n is odd,
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PROOF OF THEOREM [5.27l Our final proof is very similar to that of Theo-
rem We begin with the A = 0 case of [111 Conjecture Q3], proved in |19}
Theorem 6.1] and [112] Section 8§].

THEOREM B.7. For p,q,t,u,to,...,ts € C* such that |p|,|q| <1 and
(B.1.13) 2" 2tot tats = pg?,
we have
I (7Y 240, 6712, 471 209, 8125, 47V 20, pat =2 Ju, 2612, +(pt)/2; 8 p, q)

_ ﬁ 11 D(t* 3,44 p, q)
o 2i—2 :
1=10<r<s<2 F<t ‘ trts/q7p’ C])

IS (g 2t0, 5%, g5V 20, g5V 25, 012t pa®? Jtus 425 p, ¢7).

For u = t3 both sides reduce to a II(ln) integral by (B.1.1), so that
I (47200, 471200, 471 2t 171 2, 412, £ (pt) 2 15 p, )

_ﬁ I D (t%3t,t5;p, q)
B T(t2—2t,t/q;p, q)

i=10<r<s<2

% Hgn) (qi1/2to’ qi1/2t1’qi1/2t2, (q1/2/t)it3;t2;p, q2).
After carrying out the substitutions
(to, tlv tQa t3) = (p71/47 ap1/4qt172nap3/4Q/aca Cp1/4t)7
consistent with (B.1.13]), we then obtain

t71/2
Bg‘n) <t1/2,t1/2, V2 aqqtt/2n 12 g2 412 q —~ £ p, q>

T(agt=2, p'/2qt>"=21=1 Jac, pg®t=2 /¢; p, q)
T(at'=2, p!/2127=2i Jqc, pgt'=2i [c; p, q)

n

i=1

P2 g2
> B((J/L) <q1/2,q_l/Q,aq?’/Qtl_Q",aq1/2t1_2”,cq_l/th,cql/z, 7 ;752;])7 q2),
ac’ ac
with a and o’ once again given by (B.1.9). Multiplying both sides by
(p~ VA=t _pl =1 g 4o = (p~ V24272 2 42) o

and then letting p tend to 0 yields (5.4.26)). (]
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