AN A, BAILEY LEMMA AND ROGERS-RAMANUJAN-TYPE
IDENTITIES

GEORGE E. ANDREWS, ANNE SCHILLING, AND S. OLE WARNAAR

ABSTRACT. Using new g-functions recently introduced by Hatayama et al. and
by (two of) the authors, we obtain an A> version of the classical Bailey lemma.
We apply our result, which is distinct from the Ag Bailey lemma of Milne and
Lilly, to derive Rogers—Ramanujan-type identities for characters of the W3
algebra.

1. INTRODUCTION

The celebrated Rogers—Ramanujan identities [35, 37, 39] are given by

(1.1) 1+Z qZ) = U e 1117q5n74)

(1—q)(
and

n(n+1)

(1-2) 1+Z (1-1q) 1—q) =g

for |q| < 1. The fame of these identities lies not only in their beauty and fascinating
history [17, 3], but also in their relevance to the theory of partitions and many other
branches of mathematics and physics. In particular, MacMahon [27] and Schur [39]
independently noted that the left-hand side of (1.1) is the generating function for
partitions into parts with difference at least two while the right-hand side generates
partitions into parts congruent to =1 modulo 5. Similarly, the left-hand side of (1.2)
is the generating function for partitions into parts with difference at least two and
no parts equal to 1, while the right-hand side of (1.2) generates partitions into parts
congruent to +2 modulo 5.

Over the years many generalizations of both the analytic and the combinatorial
statement of the Rogers—Ramanujan identities have been found, see e.g., refs. [16, 2,
7,8, 9, 4]. All the cited analytic generalizations are accessible through the classical,
or A; Bailey lemma and can thus be classified as “A; Rogers—Ramanujan-type
identities”. (We always mean identities of the “sum=product” form when referring
to Rogers—Ramanujan-type identities.)

The proof of Bailey’s lemma relies on a 3¢o summation known as the g-Pfaff—
Saalschiitz formula. In refs. [30, 31] Milne and Lilly used a g¢5 sum for A, _;
basic hypergeometric functions to establish a higher-rank version of Bailey’s lemma.

1
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Though Milne and Lilly’s result has been applied to yield many beautiful A, _;
generalizations of well-known basic hypergeometric function identities [31], it is
remarkable that it has not led to A,,_; Rogers—Ramanujan-type identities. In
refs. [28, 29] Milne gives U(n) generalizations of the Rogers—Ramanujan identities
related to partitions with differences between parts at least n, but in contrast to
the n = 2 case Milne’s identities are not of Rogers—Ramanujan type.

In this paper a first step is taken towards generalizing the Rogers—Ramanujan
identities to A,,_1. After an introduction of the classical Bailey lemma (sec. 2 and 3)
we prove two summation formulas which give rise to an Ay Bailey lemma and Bailey
chain (sec. 4). One of these summation formulas involves new g-functions recently
introduced in refs. [18, 21, 38]. In the second part of the paper applications of the
A, Bailey lemma are presented. First we prove several Rogers-Ramanujan-type
identities for characters of the W3 algebra, which generalize the Rogers—Ramanujan
identities (1.1) and (1.2) and their extensions due to Gordon and Andrews (sec. 5.2
5.6). As a second application we give an A, generalization of Bressoud’s identities
for partitions with even moduli (sec. 5.7). Finally our lemma is applied to yield
summation formulas for Kostka polynomials (sec. 5.8).

1.1. Notation. Throughout the paper the following notations will be used. The
g-shifted factorial is defined for all integers n by
(4;9)00 = ()oo = [] (1 — ag")

k=0

and
(@)oo )

(aq")oo
Note in particular that 1/(g), = 0 when n < 0. We also use the condensed notation
of Gaspar and Rahman [14], i.e.,

(a; Q)n = (a)n =

((11, A2y ..., Qm; q)n = (0,1, az, ... 7am)n = (al)n(a2)n s (am>n
The Gaussian polynomial or ¢g-binomial coefficient is defined as

for0<m<n
otherwise.

At times we find it convenient to display both lower entries of the g¢-binomial,

writing [ZT_:] We often use the basic hypergeometric function notation
ay,a a = (a1,a ary1)
1,02y« ¢y Up41 1,82y s Ur4+1)n pn
1¢r { e Z] = z"
e b17'~~abr nz:;) (qvb17~~~abr)n

Finally we set (3) = n(n —1)/2 for n € Z, and adopt the convention that >
stands for a sum over all integers n.

2. THE A; BAILEY LEMMA

One of the most elegant approaches towards proving g-series identities is provided
by the Bailey lemma. In trying to catch the essence of Rogers’ second proof of the
Rogers—Ramanujan identities [36], Bailey [6] was led to the following definition.
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Definition 2.1. A pair of sequences a = {ay } >0 and 8 = {81} >0 that satisfies
L o
(2.1) Br = —_
; (@)—r(aq)L1r
forms a Bailey pair relative to a.

With this definition we have the following lemma, known as Bailey’s lemma, but
in its present form due to Andrews [4] and (in special cases) to Paule [34].

Lemma 2.1. Let (o, 8) form a Bailey pair relative to a. Then the pair (o, ')
given by
(p1)2(p2)r(aq/p1p2)*

(aq/p1)L(aq/p2)L

L

r_ (p1)r(p2)r(aq/p1p2)"(aq/p1p2) L —r
= ;) (aq/p1)r(aq/p2)r(q)L—r Br

again forms a Bailey pair relative to a.

afp =

(2.2)

The strength of this lemma is that it can be iterated leading to the Bailey chain
(avﬂ) - (O/aﬁl) - (0/,75//) .

An important special case of Bailey’s lemma, and the one that will be generalized
in section 4, follows when p1, ps tend to infinity. Using

lim ™ "(a), = (—1)"(](3)7

a—00

equation (2.2) reduces to

2 L aTqT'z
(2.3) op =alq" ar, B, = Z By
r=0 (Q)L—r
The simplest and perhaps most important application follows by taking the Bailey
pair [4]

_ (1—ag*h)(@)r(~1) g2
a (1—a)(a)r ’
which is an immediate consequence of a simple 4¢3 summation (ref. [14], (2.3.4)).
Iterating this Bailey pair using (2.3) and setting a = ¢*, ¢ = 0, 1, yields the identities
(2.5)
_1)rg(@k+1)r—1)r/2,rk
Z (=1)"q _ Z

(q)L—r (C]) L+r+¢

T MN1yeeeyNg—1

(2.4)

BrL =9dr0

@Mt R g

(Q)L—nl (q)nl—nz s (q)nk—2_nk—1 (Q)nk71 '

Letting L tend to infinity and using Jacobi’s triple product identity (rvef. [14],
(I1.28)) gives (|q| < 1)

24402 .

nitetni_, B gkt q2h L g2kt )

(2.6) T q _ (a4

(Q)nl—n2 ce (Q)nkfg—nk—l (q)nk—l (Q)DO

N1y MNk—1

and
nitAni_qFnitedng_1 2k+1.
)

@7 3 q _ (@.¢*", ¢ g

(q)nl—nz et (q)nk72—m¢71 (q)”lk—l (q)oo

2lc-|-l>oO

N1yeeyNi—1
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For k = 2 these are the Rogers—Ramanujan identities (1.1) and (1.2), whereas for
k > 3 they are identities of Andrews [2], related to Gordon’s partition theorem [16].

In the remainder of this paper we frequently use Bailey pairs such as those
of equation (2.4), but unlike (2.4) they are generally very cumbersome to write
down explicitly. We therefore adopt the practice of not writing down Bailey pairs
explicitly, but to only present (polynomial) identities which imply Bailey pairs. The
latter are generally much more compact. When a = ¢, the Bailey pair (2.4) can,
for example, be caught in the identity

_yp[2L+0) _ d" (),
2.8 —1)rg" WQ{ } =+ 7 /=01,...
@8) 2.1 L—r] (¢79-(@)-1
for 2L + ¢ > 0. When L > 0 the right-hand side simplifies to (q)¢01,0 and one can
(after some work) recover (2.4). For general 2L + ¢ > 0 equation (2.8) follows by
taking = 1 in the ¢-binomial formula (ref. [14], (IL.4))

Z(_l)rxrqr(rfl)/Q |:2[{/—+r€:| = (z)(q/T) Lye-

T

r

In section 5.2 we will consider an A generalization of (2.8) that implies Ay versions
of (2.6) and (2.7).

3. BYPASSING THE BAILEY LATTICE

Identities (2.6) and (2.7) are the ¢ = k and ¢ = 1 instances of [2]

n2edn?_Anitedng g i 2k—i+1 2k+1.  2k+1
) Y q _(d'q T )
N1y M—1 (q)n1—n2 e (q)nk—z—nk71 (q)nk—l (q)OO
true for all ¢ = 1,...,k and |g| < 1. In ref. [1], Agarwal, Andrews and Bressoud

derive the above result using an extension of the Bailey chain known as the Bailey
lattice (see also ref. [10]). In section 5 we wish to derive the Ay counterpart of the
identities (3.1), but we are faced with the problem that we do have an Ay Bailey
chain but not a lattice.

Here we describe a little trick which permits the derivation of (3.1) for all ¢ from
just the a = 1 Bailey pair of equation (2.4) and the Bailey chain, bypassing the
need for a Bailey lattice. Later we apply the same procedure in the As setting. As
a first step we again take the Bailey pair of equation (2.4) with a = 1 and iterate
once. This leads to the identity (2.5) for a = 1 and k = 1. Now the sum is split
according to the parity of r giving the following bounded form of Euler’s identity:

2L 2L (9)2t
9 (6r+1)r _ (2r+1)(3r+1) — .
(3-2) Zr:{q L—2r| 1 L—-2r—1 } ()L

This can be rewritten as

q(6r+1)r(1 _ q4r+1) B 1
(3.3) =
(q)L—QT(q)L+2T+1 (Q)L

T
which is an equation that implies a Bailey pair relative to a = ¢q. Iterating k — ¢
times leads to

(6r+1)r(1 _ q4r+1) n24dn?_dnidedng_;

Z q2r(2r+1)(k—i) q _ Z q

(Q)L—2T‘(Q)L+2T+1 (q)L—nl e (q)"k—i—l_nk—i(q)nk—i .

N1y NE—q
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Now rewrite this again in the form of equation (3.2), and combine the two terms
in the summand of the left-hand side into one to arrive back at a form similar to
(2.5). Explicitly,

(_1)rq((2k—2i+3)(r+1)—2)r/2 2edn? Angtedng_;

> -~ ok

- (D) L—r (@) L4r Ny T () (/) BN Y (/) P

and we are back to an equation which implies a Bailey pair relative to a = 1.
Iterating ¢ — 1 times finally gives

(71)Tq((2k+1)(T+1)*2i)T/2

) N P D

r M1yeesM—1

qn?+"'+ni,1+ni+'”+nk—l

(q)L*nl s (q)nk—Z*nk—l(q)nk—l

so that, letting L tend to infinity and using the Jacobi triple product identity, we
obtain (3.1).

At the heart of the above sequence of steps was the rewriting of (3.2) into (3.3)
and, later, the reverse of this. This rewriting comes down to

q72r q2r+1 q72r _ q27‘+1

(q)L—2T(q)L+2r (q)L—2T—1(q)L+2T+1 B (q)L—Qr(q)L+2T+1 '
As we wish to generalize to higher rank it is essential to recognize the above equality
as the By = —2r + 1, By = 2r + 2 case of the determinant evaluation

j(i—Bi) 5-B1-2B>(] _ ,B2—B1
det ( q ): q (1-g¢ ).
1<, <2\ (¢) L+ B, —j (@)r+B,-1(¢)L4+By—1

4. AN A; BAILEY LEMMA

4.1. Motivation. In order to generalize Bailey’s lemma we return to definition 2.1

of the classical, or A; Bailey pair. Setting a = ¢° with £ =0,1,..., we can rewrite
(2.1) as
1 2L+ ¢
4.1 = «
( ) BL (aq)gL kgk |:L—]€1,L—k‘2 + 4 k
1ZR2
k1+k2=0

where k = (ki, k2) and where we have chosen to display both lower entries of the
g-binomial coefficient. We now generalize the definition of the A; Bailey pair by
replacing the g-binomial with its higher-rank analogues. Recall that the g-binomial
is the g-deformation of the ordinary binomial coefficient, which can be defined
through the expansion

L
4.2 z1+ 1)l = xAle2< )
( ) ( ) )\2; 1 2 )\1’ )\2
1,72
The rth elementary symmetric function in n variables is defined as [26]
er(xlv-'~7xn>: Z LiyTig oo Ly
1<i1 <2< < <n

Identifying the left-hand side of (4.2) as (e1(z1,22))" we consider the following
A, _1 generalization of the binomial coefficient
n—1

) Lu,..., Ly
H(ea(xly--wxn))ll :Exi\l"'xzn( ;\17...,)\711).

a=1
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. . } Lq,.. n 1) —
Since e, is homogeneous of degree 7 one sees that ("} ~") = 0if 250, A #
-1 . . . .
Z?zl jL;. Tt is straightforward to write down an exphClt expressmn for the gener-
alized binomial as

Li,...,Ln_1 [1'Z) La!
4. = a=
a  (h) =Yg ,

[Toza H1§i1<~~~<ia§n Titia...iq

where the summation over r denotes a sum over the r;, ;. (a=1,...,n— 1) such
that

n—1
E E Tilig...ia :Ap7 pP= 1,...,TL,

a=1 1<i < <ig<n
ip=p (1<b<a)

E Tivig...ia = Las a=1,...,n—1.

1<y < <ig<n

In refs. [18] and [38] a g-deformation of (4.3) was introduced, which we call (fol-
lowing the terminology of ref. [38]) (completely antisymmetric) A,,_; supernomial.
In particular, Hatayama et al. [18] (see also [21]) propose the following represen-
tation of the A,_; supernomial. Let v("™) denote the conjugate of the partition

(1F1282 | (n —1)L=-1) e, I/( " = =Lj+ -+ Ly_1. Then, for 3, \; = [v(™],

I n—1 a (a+1) V(a‘fl‘l)
1,y Ln—1 G+
(1.9 RN 101 [ o |
v a=1j=1 j j+1

where the sum over v denotes a sum over sequences § = (0 c v ¢ ... c p(") of
Young diagrams such that each skew diagram v(® — (=1 i a horizontal \,-strip
(see for these notions ref. [26]).

If we now restrict (4.4) to n = 3, and set v() = X\, v = (\; +m, Ay —m) and
v3) = (L1 + Lo, Lo) we get

Ll, L2 )\1 - A2 + 2m L1 Lg
4. =
(45) {/\17 Az, )\:j 2 [ m ] [)\1 — Ly + m} {)\2 - m}

m
for \; + Ao + A3 = Ly + 2L5 and zero otherwise. In subsequent manipulations we

also employ the following representation of the Ay supernomial, which, unlike (4.5),
is a manifest g-deformation of the n = 3 case of (4.3),

Li,Ly | """ (@), (@)1,
(46) {Al, Ao, AJ = D@D @ D@ @

)

where the summation over r denotes a sum over rq,...,7r23 such that
ri+rie+riz=A, ro+ri2atraz=>A, r3+ri3+r3=2A3
and
ri+ry+r3 =1Ly, 7rig+7r13+ 723 = Lo.

To pass from (4.6) to (4.5) one has to apply the ¢-Chu—Vandermonde summation
(vef. [14], (IL.7))

—-n

(4.7) 201 [q b;qycqn/b] =
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To conclude our discussion of the supernomials we point out a slightly differ-
ent viewpoint, see e.g., refs. [20, 21]. In this approach the ordinary g-binomial is

recognized as
L
[Al )\2] = D EnpKyulo),
’ nE[Al

where p1 = (1) and A\ = (A1, A2) a composition such that |\| = L. The Ky, and
K, (q) are the Kostka number and Kostka polynomial, respectively [26]. Given
this expression it becomes natural to define a generalized g-binomial as

le ) Ln—l
(4.8) [ A \ ] = Z KoKy (q),
1oy An st
where now p = (111282 (n — 1)L»-1) and A = (A\1,...,\,) a composition such

that |A\| = |u|. The generalized ¢-binomial defined this way coincides with (4.4).
From its definition in (4.8) it is clear that the (completely antisymmetric) A,_1
supernomials are the connection coefficients between the elementary symmetric
functions and the Hall-Littlewood polynomials in n variables [26],

Li,.o. Lo
xtoneenm) = | B
wEA 1y---y\n

4.2. An A, Bailey lemma. We now come to the main result of this paper, a new
Bailey lemma for the algebra As. Guided by definition 2.1 of an A; Bailey pair
and its rewriting as (4.1), we use the supernomial (4.6) to define the following A,
Bailey pair.

Definition 4.1 (A, Bailey pair of type I). Denote ay = o, ks ks and S = O, .1,
and let o = {ag} ky>ke>ks and 8 = {Br}L, 1,>0 be a pair of sequences that

. k1+ka+k3z=0
satisfies
qT17'23
Br = Qg ;
k12§2k3 2 (q)ﬁ (q)Tz (aq)Ts (q)ﬁz (q)ﬁs (q)ma
k1+ko+kz=0
where ) denotes a sum over 7,...,723 such that

(4.9) ri+ri2+ri3 = La—k1, ro+riatraz=Lo—ka, r3+riz+rez=Lo—ks3
and

(4.10) ri+re+1r3=2Ly — Ly, 1rio+713+ 1703 =2Lo — L.

Then («, 8) forms an Ay Bailey pair of type I relative to a.

Note that for a = ¢, £ =0, 1, ..., the above definition can be recast in the form

1 9Ly — Lo+ 0,20y — I
(aq)2r,—1,(@)20,-1, Lo —ki,Ly— ko, Lo — ks + ¢

ﬂL = |: .,
k1>ka>k3

k1+ko+k3z=0

which is indeed a generalization of (4.1) using the A supernomial (4.6).
As a second definition we need
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Definition 4.2 (A, Bailey pair of type II). Denote ay= au, k, .k, and 8= Br,.1,
and let o = {ar} k>ko>ks and 8 = {Br}r, 1,>0 be a pair of sequences that

. k1+ko+k3=0
satisfies
(aq)L1+L2
Br = ag )
k1 szszS (aq)lq +k1 (aq)L1 +ka (q)Ll +k3 (q)L2—k1 (q)Lz—k2 (aq)LQ_kS
k1+ko+k3=0

Then (a, §) forms an Ay Bailey pair of type II relative to a.
With these definitions our Ay version of Bailey’s lemma reads

Theorem 4.3. Let (o, 3) form an Ay Bailey pair of type T=IL1I relative to a. Then
the pair (o/, ') given by

2 2 2
a% _ ak1+k2q%(k1+k2+k3)ak

ﬁL—f”’Z Z

r1=07ro= O

(4.11)

a’t qu T2 +T2

Br

L1 —r1 q)L2—7‘2

forms an As Bailey pair of type II relative to a. Here fé (aq)L 41, and f(H)
1.

Iteration of theorem 4.3 gives the Ay Bailey chains

(avﬁ)f - (al7ﬂ/)11 - (O/I7ﬂ”)H -
and

(a,8)ir — (&, 81— (", ") 1 — -+

Proof of theorem 4.3. The transformation of a Bailey pair of type I to a Bailey pair
of type II follows from the summation formula

My M, Ly L2 =Ly Lo+L32 qrires

(q)h (Q)rz (aq)’f"a (q)’f"u (q)hs (q)rza

ak'l +k2

o 52 D1, (@D, 5

g IR (aq)3y Lo,

B (aq)IVIr‘rkl (aq)Ml"l‘kz (q)Ml-‘rks (q)M2_k71 (q)Mz—kz (a’q)Mz—/% ’

where k1 + k2 + k3 = 0 and with the same restrictions on the sum over r as given by
equations (4.9) and (4.10). We begin by rewriting the sum over r as a sum over just
r12 and r13 using these restrictions and by then making the shifts ri3 — r12 + Lo
and r13 — r13 + Lo. After replacing r12 by m and ri3 by n the left-hand side of
(4.12) thus becomes

My aquLl(L1+k1+m+n)

Z q(k1 +m+n)(m+n) Z

m,n L1=0

xz 1

Loe 0 — Lo (q)ngfklfmfn(q)L2+m<Q)L2+n .

(q)leLl (q)L1*k2+n (aq)Ller*k?, <Q)7L17mfn

Lo (L2 +m+n)
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The sums over L; and Lo have completely decoupled and can both be carried out
using the g-Chu—Vandermonde sum (4.7). Collecting terms we are lucky again as
the remaining double sum has once more decoupled, leaving us to sum

m(m+k1 +k2)

(aq) a4k, (Ot ky Y !

= (aq) My m—ks (@) Mot (D) ~kz —m (€) =k =m0

ko—n n(n+ki+ks)
2 : a q
X
(q)

n

Mi+n—ko (Q)M2+n(QQ)—k3—n(Q)—k1—n '
Now the other instance of g-Chu—Vandermonde is needed (ref. [14], (I1.6))

(4.13) 201 [qin’b;q,q] b (/b

c

B (C)n
allowing both summations to be performed. After a few simplifications this yields
the right-hand side of (4.12).

The transformation of a type II to a type II Bailey pair follows from

My M aquL§*L1L2+L§

(414) > >

P e V)LV A C) RV

(aq)L1+L2
(aQ) L1 +k1 (@Q) Ly 445 (@) L1+ k5 (D) Lo~k (@) Lo~k (AQ) Ly — ks
ak1+k2q% (k§+k§+k§) (aq)

X

_ M1+ Mo
((1Q)M1+k1 (aq)Mr‘rkz (q)]\/fﬁ‘kg (q)Mz—k1 (Q)Mz—kz (a'q)Mz—ka

for k1 + ko + k3 = 0. Without loss of generality we can assume k; > ko > k3 so
that k1 > 0 and k3 < 0. Shifting Ly — Lo + k1 the left-hand side becomes

2. (q)

L, Mi—L, (aq)LH-kl (aq)Lri-kz (Q)Lr‘rks

L
q aq)L1+L2+k1
X E
o (9)

aLl qu—letl-ﬁ-k%

2(L2*L1+2k1)(

2—La—k1 (q)Lz (q)L2+k1*k2 (aq)Lerkl*ka '

Next we require the transformation

[q*",b,c_ deq”} 1 q ", d/b

d7€ ’q7 bc = (e)n 2(7251 d

which is a special case of the ¢-Kummer-Thomae-Whipple transformation for 3¢s
series (ref. [14], (II1.9), see also (5.11)). Applying this to the sum over Ly and
making some simplifications leads to

lim 3(,252 14, eqn

c— 00

k3 qj(j+k1*k2*k3) aquLl(Llfklfj)

q
(9) 2

My—ks S (@)5(D) M-k~ (@D —kst5 57 (D21 -10 (0D Ly (D 21k -5

Now shift L; — L; — k3 + j and perform the sum over Ly using (4.7) with b — oc.
This gives

a—kquf—kag al g tki—ks)

(@) 015k (@) 1 ks S ()5 (D) M55 (@) 21—k 5 (00 s 5
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The final sum can again be carried out using (4.7) yielding the desired right-hand
side of (4.14). O

5. APPLICATIONS

In this section several applications of our Ay Bailey lemma will be given. Many
of the resulting Rogers—Ramanujan-type identities can be recognized as identities
for characters of the W3 algebra, and to facilitate discussions we give a brief in-
troduction to the characters of the W,, algebras in section 5.1. In section 5.2
a supernomial identity is proven which serves as a seed to the As Bailey lemma.
Then, in sections 5.3-5.7 A Rogers—Ramanujan-type identities are derived. Finally,
some identities for Kostka polynomials are proven in section 5.8.

5.1. Characters of the W,, algebra. The W,, algebra, introduced by Zamolod-
chikov [40] and Fateev and Lykyanov [12], is an A, _; generalization of the well-
known Virasoro algebra. The minimal series of W,, algebras is labelled by two
integers p and p’ such that ged(p,p’) =1 and n < p < p/, with central charge

c=(n-— 1)(1 - n(n—!—l)(f)’ _p)2)-
pp
In the remainder we denote this series by M(p,p’),. Let Ao,...,An,—1 be the
fundamental weights and Py (n,{) the set of level-£ dominant integral weights of
Afll_)l. Then the M(p,p’), character of the highest-weight representation labelled
by the pair £ € Py (n,p —n) and a € Py(n,p’ —n) is given by [32]

PP\ _ "la—(&+p) /ptw(atp)/p'|*
Xea ()= 0 MZZ w)gErr e Cro et/
aEQ WEW,

Here Q is the root lattice and W,, the Weyl group of A,_1, e(w) = (—=1)“*) with
¢(w) the length of w, p is the Weyl vector and 7(q) is the Dedekind n-function.
We remark that the characters of M(p,p’), can be identified with the branching
coeflicients of the coset pair (A(l)1 @ A;)DAS—)1
p'/(p' — p) — n, respectively [19, 33].

Of particular interest to us here are the characters of M (n, k),,. In this case £ =0
and the characters are labelled by a single level-(k — n) dominant integral weight
which we write as j = ZZ;&(]@—DAG, with jo,...,jn—1 > 1and jo+- - -+jn—1 = k.
Invoking the A, _; Macdonald identity [11, 25]

(5.1) Z HxnkQQk?-Hk H (1—:53: lqk k)

ki+-+k,=01i=1 1<i<j<n
= (@)%t I (gt gz e

1<i<j<n

) at levels p/(p’ — p) —n, 1 and

the sum over @ and W, (i.e., the affine Weyl group) can be carried out to yield the
following product representation of the (normalized) M (n, k),, characters

nlnlnl

n,k n,k q q
62 M@ =G @) =S sE [T @)
a=1 b=0

with the convention that j; = ji if i =4’ (mod n).
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5.2. A supernomial identity. As a first application of the A, Bailey lemma we
wish to repeat the working of section 3 to obtain A, analogues of equation (3.1).
Our starting point is the following supernomial analogue of identity (2.8), which is
the first instance of a hierachy of supernomial identities conjectured in ref. [38].

Proposition 5.1. For Ly, Lo, integers such that 2L1 — Lo+ £ >0, 2Ly — L1 >0
and £ > 0,

(5.3)

Z Z e(o) 1 2:1(31@5—2@)1@5[ 2L1—Lo+€,2L>— L }
q Lo—3k1+401—14+4,Lo—3ko+02—2,L2—3ks+03—3

k1+ko+ks=00€S3

qufL1L2+L§+ZL1 (

q)e

)

(q_é)*Ll (Q)*Lz

where S3 is the permutation group on 1,2,3 and €(o) is the sign of the permutation
o.

Note that for Ly, Ly > 0 the right-hand side simplifies to (¢)¢0r,,001,,0- Propo-
sition 5.1 is a corollary of the following stronger result.

Lemma 5.1. For L,a,/{ integers such that 0 < 2a < 3L+ ¢ and £ > 0,

! 153 (Bks—200)k 3L—2a+l.a
(5.4) § : €(o)q2 == o [L73k1+gl71+Z¢L73k2+0272,L73k3+0373]
k1+ko+k3=0

o€S3
N4 (L—a)(L—a+ L—a+¢

where the sum on the left-hand side is such that t = 3k1 + 1 — o1 is fized.

Replacing L — Ly and a — 2Ly — L;, summing over ¢t using the g¢-binomial
theorem 160(¢~™; —;q,2) = (2¢7 ™), (ref. [14], (II.4)) and respecting the ranges of
Ly, Ly and ¢ yields (5.3). Hence we are left to prove (5.4).

For the proof of lemma 5.1 we need the following three functions introduced by
Andrews et al. [5],

~(N, M) = Z{qemgi [N—i—M] B qmz_%[ N+ M }}

; N —3i N —-3i+1
N.M) = 632 —i _ 67 —=bi+1
(5-5) O(N, M) Z{q [N&] a {N3i+1}}
N. M) = 632 —4i _6i°—8i+2 )
e(N, M) Z{q {N—&} 1 [N—3i+1]}

i
Observe that v and € obey the symmetries

YN, M)=—(M —-1,N+1)

(5.6) e(N, M) = —e(M +2,N —2).

All three functions have another sum representation stated in the following lemma.
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Lemma 5.2. The functions 7,0 and € as defined in (5.5) satisfy

0 Mfohfl)

V(N M) = Y (~1)ht g DD+ () (q ohi1
h=0 (@)2n41
= h41 (qM*N*thl)zh
57 SN M) = S (—1yrg () @ o
o hz:% (@)2n
M) o1

_ - _\h (2h+1)N+(’;)—1(q
e(N, M) hZ:;J( 1)"q .

Proof. Using the g-binomial recurrences
(5.8) [m—i—n} _ [m—l—n— 1} +qn{m+n—1] :qm[m—i—n— 1} N [m—l—n— 1}

m—1

one can show that +,d and € of equation (5.5) as well as the expressions in (5.7)
obey the recurrences

S(N,M)=38(N —1,M)+¢Ne(N,M —1) =6(N,M — 1) + ¢™y(N — 1, M)

e(N,M) =e(N,M —1) + ¢™6(N — 1, M).
Together with the initial conditions §(N, N) =§(N+1,N) =1 and y(N,N+1) =
e(N, N —2) = 0 this specifies the three functions uniquely. For the representations
in (5.7) these initial conditions can be easily checked. For « and € in (5.5) they

follow from the symmetries (5.6), and for ¢ of equation (5.5) these are Schur’s
bounded analogues [39] of Euler’s identity. O

m m m—1

Also necessary for the proof of lemma 5.1 is the next result.

Lemma 5.3. For integers M,b,a,h such that M >0,0<b< M,0<a <M and
0 < 2h < a, the following identity holds:

(5.9)

k1l h—k—m+1 s
Z(il)wmq(?)fmm( ) +k(b—2h) [M=k=m] [a] [a=m] (q (q)a:Za ho_ M5h0-
k.m

Proof. First we establish a symmetry of equation (5.9) which will be used later.
More precisely, we consider the sum on the left-hand side of the above identity
divided by H;I] which we denote, suppressing the M and h dependence, by g(a,b).
(In the following we always assume that M, b, a, h satisfy the ranges as specified by
the lemma.)

We start by transforming the sum over k as follows. When h — k —m > 0 we
apply Sears’ 3¢ transformation (ref. [14], (IIL.11))

~"bc 7 } (de/be)y, (%)n {q*",d/b,d/c

de TUT (€)n \d d,de/bc

withn =h—mand d =q¢ M~ When h —k —m < 0 we replace k — a—m —k
and apply Sears’ transformation (ref. [14], (IIL.9))

q ", b,c deq"7 _ (de/bc)y, q ", d/b,d/c n
de T bc} )n ° [ d, de/bc ,q,eq}

)

(5.10) 3¢2[q ;117(]}7

(5.11) |
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with n = h — 1 and d = ¢™+tm—a=b+1 followed by k — b —m — k. As a result of
all this one finds that

g(a’ b) _ Z(_1)k+mq(7§)7mh+(k;'1)+k(a72h) [M—k:—m:l [a:l [M—a]/[M]

b—k—m m k b
k,m
% {(qb_QhH)hfkfm +(_1)bq%(b—2h)(b—2k~—2m+1)(qb_2h+1)k+mfb+h71}.
(Dh—k—m (@) ktm—b+h—1
Using
() = (—1)rg® e Doy g
(q)nfk

it can be observed that the two terms in the summand cancel when b—2h +1 < 0.
Hence we can assume b — 2h > 0 and use on the first term of the summand

n+1 k+1
@ e _ (g )n, kon >0

(D (@)n

and on the second term

@Dk _ o yn (") (€
(@)k = (1"

This leads to the identity

—k—n
)n, k,n > 0.

(Dn

g(a’b):
m k1 a—2 —k—m]la —a ok —2
Syl (e P [ e )

(The two contributing terms to this equation correspond to k +m < h + 1 and
m-—+k > h+1, respectively). Reshuffling the four g-binomials this can be recognized
as g(b,a). Note that in establishing this symmetry of g we have also proven (5.9)
for b —2h < 0.

We now come to the actual proof of lemma 5.3. First assume that h = 0. The
third g-binomial implies that the summand vanishes unless a — m — k£ > 0. But in
this range (¢'~%~™), is nonzero for m = k = 0 only and the result is immediate.

The case when £ is strictly positive is not so straight-forward and will be proven
by induction on M and b. Let us denote the left-hand side of (5.9) by f(M,b,a,h).
By (5.8) f satisfies the recurrence

f(vaaavh):f(M_]-,bvaah)—’_inbf(M_]-ab_]-vaah)v

for 0 < b < M and 0 < a < M, so that (5.9) will be proven if we can show its
validity in the three cases b =0, b = M and a = M. By the symmetry between a
and b it is sufficient to treat the cases b = 0 and b = M only.

The case b = 0 is the simplest. All we need to show is that

3 (~1)kq("E)2kn m (g _on

3 (Q)a72h

hfk:Jrl)a
= 0’

for 0 < 2h < a. To achieve this we split the summand according to whether h—k > 0
or h—k+1<0. In the latter case we shift kK — k — h + a + 1. Now both terms
admit the sum over k to be performed using the g-Chu—Vandermonde summation
(4.13), yielding (fl)hq*%(?’hfl) [th_l] and its negative, and we are done.
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When b = M we are to show that

S (—1)mg(3) - M (g

m

hferl)a_Qh

=0,
(q)anh

for 0 < 2h < a. Again we treat h —m > 0 and h — m + 1 < 0 separately and shift
m — m — h+a+ 1 in the latter case. In hypergeometric notation we then need to
show the identity

iy [a — h q—h7q—a a q—h+17qa—2h+1
(—1)ql": )[ N :|2¢1 [ goth ;q,q"} = |:h_1:|2¢1 [ g2 sa,q"|

To make further progress we apply Jackson’s transformation (ref. [14], (1I1.7)).

(5.12) 201 {q_?b;q,Z: = (Z;))n 3

Dropping common factors this yields

q ", b,bzq™"/c }

¢2[ bg! =" /e, 0 14,4

—h ,—h ,— h ,—h+1 ,a—2h+1
q ,q ,q ) _ h(hf 71) q ,q ,q .
3¢2 |: q_2h+1,0 34,9 =4 “ 3¢2 |: q_2h+1,0 vq,q:| )

a

which can be recognized as a specialization of Sears’ 3¢9 transformation (5.10). O
We finally come to the proof of lemma 5.1.

Proof of lemma 5.1. Since in equation (5.4) o1 only takes the values 1,2 or 3, the
condition t = 3k1 + 1 — o7 fixes both k7 and o1. Therefore the restrictions k1 + ko +
k3 = 0 and o1 + 02 + 03 = 6 reduce the primed sum in (5.4) to a sum over only two
independent summation variables. These we choose to be 7 = 05 — 2 and i = ko.
Further setting k1 = 7 and using the representation (4.5) of the supernomial with
m — L —3i —m + 7, the left-hand side of (5.4) reads

(5.13) Z6(T)q3(772+i2+i77)+(4—7'—201)n+(2—27—01)i

M, T

X [or—asiaitm_rar S 2m ] 0]

Here €(7) denotes the sign of the permutation (01,7 + 2,4 — 01 —7) € S3. Now

apply
[Jﬂ B kzn:_o(_l)kq(k;l)wk m [A; Z; k} |

(which is a specialization of the ¢-Chu—Vandermonde summation (4.13)) with n =
a —m to the first ¢g-binomial in (5.13), to get

(5.14)
Z(71)kq(k;—l)%»(Lf(H*Eft)kJr(Lfm)(L+m7a+t)+77(t701+3) [3LL—f2-_é;LTt—k] [a—km] [;:L:I
m,k

6i%+i(2t+6m—3a—1—47)—7(2m—a+t—n—71) [ 2L—a—k-+t
X{E e(T)q [L—3i—m+r] /g

1,T
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The expression within curly brackets can be expressed in terms of the functions in
(5.5) depending on the parity of a. When a = 2« one finds

q—%{3(a—n—m)2+(201—1)(a—n—m)+(<71—1)(01 -2)}

x{x(a+ m+t even) 5(L+%(t73a+m),L+%(tfafm)fk)

—X(a+m+todd)6(L+%(t—a—m+1)—k,L+%(t—3a+m—1))}

and when a = 2o + 1

q—%{3((,!—7)—7n)2+(2<71+2)(a—77—m)+(0'1—1)2}

1 1
x{x(a+m+t even) €(L+§(t73a+m),L+§(t7017m72)71€)
1 1
—x(a+m +1t odd) q7%7(L+§(t*OZ*m*1)*k,L+§(t*3OZ+m*1))}

where x(true) =1 and y/(false) = 0.
We now insert the representations for -, § and € provided by lemma 5.2. After
the shift h — o — h, expression (5.14) becomes for both parities of a

(_1)tq(*;1)+(L—a)(L—a+t) Z Z(_1)h+k+mq(h;1)+h(h+2L+t—2a)
0<h<a/2 k,m
h7m7k+1)

™) —mhA4 (¥t +k(L+€—t—2h) [BL—a+l—m—k] [a—m] [a (g a—2h
xq() () Ravieni N | (@aon
Applying lemma 5.3 to this expression with M =3L —a+/fand b=L+ ¢ —1t (so
that indeed 0 < 2a < 3L + ¢) yields the right-hand side of (5.4). O

5.3. Character identities for M (3,3k + 1)3. We now use the supernomial iden-
tity (5.3) to derive g-series identities for M (3,3k 4 1)3 characters. Since we will
be dealing with quite lengthy expressions some shorthand notation is needed. For
v € Z2, set [v| = vy + v2, (a)y, = (a)y,(a)y, and vAv = Zij:l v; A jvj, with A a
two-by-two matrix. Thus vf —v1vg + 115 = %vCU, with C the Cartan matrix of A,.
With this notation (4.11) can, for example, be rewritten as

a™ q%TCT

ﬂi = ET) Z (q)

reZ3

Br.

L—r

We now proceed as in section 3. First we take (5.3) with £ = 0 and iterate the
corresponding A, Bailey pair of type I (relative to a = 1) once. This gives a Bailey
pair of type II in the form of a doubly bounded version of the A, Euler identity,
(5.15)

3
S (k3 +k3+kK3) L(8ks—0s+s)2—asks Li+Lo _ [Li+Ls
E q* E e(o) Hq2 [L1+3ks—as+s} - [ Ly ]
k1+ko+k3=0 0€S3 s=1

According to our recipe we should rewrite this as a sum over determinants such
that these determinants can be evaluated explicitly, whilst retaining an expression
of A, Bailey type. This can be achieved by making the variable changes k; — —k,,
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yielding the following determinantal form for the left-hand side of (5.15)

6(k24k24+k2)+4(k1+2ka+3k3) t(t—s—3ks) Li+Ls
(5.16) Z g TR 1<(1e}<3 q [L173k5+t—s] :
k1+ka+k3=0 -

Determinants of the above type have been frequently encountered in the theory of
plane partitions, and Krattenthaler has shown that (ref. [23], page 189)
(5.17)

n

t(t—Bs)[ Li+L2 _ _ Bi— L1+L2+S—1
1<dett< (q [L1—Bs+t]) - H 1 q H ( ) !
Seran 1<s<t<n s=1 —Bs+n\q)L2+B, -1

Hence the determinants in (5.16) can be evaluated leading to

3
qe(k§+k§+k§)+kl+2k2+3k3 H (l_q?)kt73ks+t s Li+La+2
§ : L1 3k, —s+3
ki1+ko+ks=0 1<s<t<3 s=1
_ (Q)L1+L2+2
(@) ri+2,41(Q)z, (@)L,

We observe a slight difference with the case treated in section 3. There we started
with a Bailey pair relative to a = 1 and rewrote it as a Bailey pair relative to
a = q. Here the analogous rewriting using determinants has transformed a Bailey
pair relative to a = 1 into a new Bailey pair relative to 1. Iterating (the Bailey pair
of type II implied by) the previous equation k — i times leads to

Z q 8 ks (6ksts+3(k—i)(3ks+2s))
k1+ka+k3=0
3
_ 3ki—3ks+t—s Li+Lo+2
X H (1—-g¢ ) )H[Llf?,krws]
1<s<t<3 s=1

Zk;f %r(j)Cr(j)—i-\r(J)\)

_ Z q=7J (Q)%1+L2+2

(@) p—r@ (@ pte=i=1 k= (@)= (@) k41

r()ez2
Now we again apply (5.17) for n = 3 so that
5 (3k—3i+4) 323_, (3ka+2s)ks t(t—s—3ks)[ Li+Lo
Z - 1 132?}33 q [L1*3ks+tfs]
k1+ko+k3z=0
Z?;{’(%r(j)Cr(j)Jr\r(j)D(

_ Z q Dii+L:(DLitLa+1
S (@Drr) - (@ rtion -0 (@) -0 (D rx-0 41

As a final step we iterate this equation i — 1 times arriving at

1(Bk+1) 32, (3ks+2s)ks it(t—s—3ks Li+L
(5.18) E g7t )il °) 1<dse;5<3(qZ (= )[Ll—éksft—s])
k1+ka+k3=0 -
Zk 1,0 op() Zk 1,03 (i—1)
q2 T Ir ‘( g ‘+1)(q)L1+L2

2.

r()ez2

(D - (@re-2) _pe-1) (q)r(k_l)( k=1 |41

for all k > 1 and i = 1,...,k. When i = 1 one should identify (1 — ¢"”’1+1) with
(]_ _ qL1+L2+1).
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Many more identities can be derived using (5.3) for general ¢. However, for
¢ > 1 one cannot evaluate any determinants thus yielding a one-parameter family
of identities for each choice of ¢(> 1) only. A further complication arises from the
fact that the right-hand side of (5.3) is only a simple (¢)¢0L,,00L,,0 for £ =0,1. As
a consequence we find

(5.19) Z q%(3k’+1)2§:1(3k5+23)ks
k1+ko+k3=0
k(t+ex(t>1))(t—s—3ks Lyi+Lo+t
Xlgcl(?tt§3(q( X )[Ll—Bks—lirt—§+éx(t>1)])

k (1+5j,k)(%r<ﬁc7~<j>+er§j>)(

)
= 2 (q) . qHLHZ)[

o @i (@)= 0 (D) =0 110 (D er 9 46, (07 0 (@) o0

where for arbitrary ¢ we cannot perform the sum over 7). In this equation
x(true) = 1, x(false) = 0, Cr*) = (27‘§k) - rék),%‘;k) - rgk)) and e; = (1,0).
The sum over r¥) € Z2 is understood to be a sum such that Cr®*) + fe; € Zi.
(Of course 1/(q)cy(v) y4e, is zero outside this range, but we want to stay clear from
rF 4 <o)

As mentioned earlier, for ¢ = 0,1 the sum over r(*) trivializes since the kernel is
only non-zero for r*) = 0. This simplifies the right-hand side of (5.19) to

k=1(1,.() op() 4 pp()
qzj=1(2r Der) or) )(q)%1+L2+l
(5.20) , £=0,1.
oo @D (@r e (@)t (D)0 40
For ¢ = 2 we get contributions to the sum for 7(*) = 0 and r(*) = —e;. Combining

these two terms and making the shift r0) — () —¢; (j =1,...,k — 1) one finds
that the right-hand side of (5.19) with ¢ = 2 simplifies to

Z.I;:;ll(%r(j)CT(]‘)+T;J'))+T§IC—1)(

_ q 91 +Ly+2
5.21 —q¢tF 152 )
(521 2 (@) Lter—r (@r@) —p@) (@)1 (@) pk-1 | 41

r(i) ez?
Note that for k = 2 equations (5.20) with £ = 1 and (5.21) are equal up to an
overall factor and a shift in L.
To transform the above polynomial identities into identities of the Rogers—
Ramanujan type we let Ly, Lo tend to infinity and apply the Macdonald identity
(5.1) with n = 3. We can thus claim the following ¢-series identities.

Theorem 5.1. Let |g| <1 and k > 2. Then

15 k=1 .3) o (9) k—=1,.(5) i—1
¢ Ej:l rOopl +Zj:1‘, |rG ‘(1 . qlr(z )‘Jrl)

(5.22)

e (@ v - (@2 —p-0 (@0 (@) jpk- 41

3 . 21 . 3k—2i+1 , 3k—i+1 ,3k—i+1 ,3k+1 ,3k+1. , 3k+1
(q',q", g, g3k~ 2t g3hmitd g3kt SR gL gL

(@)%

q q q
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fori=1,... k, and

(5.23) > @ ¢

S (@ v - (@)t _p-0 (@)= (@) ik 41

Z?;f(%r“')Cr(j>+r§j’)+w§’“*1>

k—o k+1—0
b

(0,47, q o

2k+1 3k . 3k+1
e gtk gt

(@)3

3k+1. 3k+1)
) o0

q q q q

foro=0,1.

Recalling the remark made after (5.18) we have (1—q‘r(0) +1) = 1inthei = 1 case

of (5.22). Note that despite the factor (1 — ¢I""""1+1) the left-hand side of (5.22)
is a series with positive coefficients since the summand is zero for r(*=1) ¢ Zi and

(i-1) (i=1))41
(1- qlr ‘+1)/(Q)\r(k‘*1)|+1 = [‘T 1 I+ ]/(q2)|r(k*1)|'

Comparing the right-hand sides of the above two formulas with the character
expression (5.2) of the W,, algebra, one can identify (5.22) and (5.23) as identities
for the M (3, 3k + 1)3 characters ngfglji)lim)(q) and Xgik::;k+g) (q), respectively.
However, in doing so we are confronted with the unpleasant fact that we have to
multiply both sides of (5.22) and (5.23) by a factor (q)s. But then the left-hand
sides are no longer series with manifestly positive (integer) coeflicients. It thus is
desirable to find a summation formula that allows the left-hand sides of (5.22) and
(5.23) to be rewritten in a form that has an explicit factor (¢)3! such that the
remaining expressions are manifestly positive. Such a summation formula is not

known to us generally.

5.4. A5 analogues of the Rogers—Ramanujan identities. In the following the
k = 2 instance of theorem 5.1 is treated in some further detail. Not only because this
case warrants special attention as the As generalization of the Rogers—Ramanujan
identities, but also because one can actually eliminate the spurious (¢)e. All that
is required is

—n —n

b 1 q
v 4, an/b] = 7 2¢1
(©)n
which is a special case of Jackson’s transformation (5.12). For example, taking the
right-hand side of (5.18) with ¢ = k = 2 and applying the above transformation to
the sum over 7y, we find the rewriting

2 (q)

1,72

,z/c

(5.24) Jim 261 [q 0 O cq”}

2 2
qu —rire+rs

Li—ry (q)L2 -T2 (Q)Tl (Q)Tz (Q)Tl +r2

Y o ]
B (Q)L1—r1 (Q)L2—T2(Q)L2+T1 (Q)Tl T2 .

1,72

When L, Ly tend to infinity the right-hand side has an extra factor 1/(¢)s as
desired. The two other M (3,7)3 identities ((5.18) with i = 1 and k¥ = 2 and (5.19)
with £ = 1 and k = 2) can be treated similarly. As a result we have the following
A, versions of the Rogers—Ramanujan identities
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Theorem 5.2 (A; Rogers—Ramanujan identities). For |¢| < 1,

Z qu riTo s 2, _ ﬁ 1
ro | (1— g 1)2(1 — g™=3)(1 — g'n—4)(1 — g'n—6)2°

r1,r2>0 n=1
qu T17‘2+7‘2+7‘1+T2 {2“}
§ : r
r1,72>0 q 1 2

- 1
-l = a—r=ra—r=ra—=
and
qrf—r1r2+r§+r1 2+ 1 qu—r1r2+r§+rz 2
TI%:ZO (@)rs { ] ,1%;0 (@)r, { r2 }

1
g e e e e e )

We have not been able to find an identity for the fourth M(3,7)s character,
corresponding to (5.2) with n = 3,k = 7 and j = (1,3,3) (or a permutation
thereof).

5.5. Character identities for M (3,3k — 1)3. Further families of identities follow
by making the replacement ¢ — 1/¢ in (5.16) and multiplying the resulting equation

by ¢3F12. Then proceeding exactly as in section 5.3, one readily finds that
1(8k—1) X 3_, (3ks+25)ks it(t—s—3ks) Li+L
(5.25) Z qz o=t ° 1<(lett<3 ¢ [L1+31k3+23—t]
k1 +k2+ks=0 -
q? Sio rPer4y i |T(j)|+2T§k71)Tgkil)( g 1)|+1)(Q)L +L
1 2

>

e (@ r—r@ -+ (@)pte-2) o) ((1)7-%71)( )r=v41

Again, for i = 1 we must take (1—g/™”1#1) = (1—gE1+L2+1). If we use the ¢ — 1/q
variant of (5.19) with & =1 and iterate we find the polynomial identities

(5.26) Z q%(Sk*1)2311(3k3+2s)k5
k1+ka+k3=0
k(t+€x(t>1))(t—s—3ks Li+Lo+e
x 12(1?553((] (e )[Lr3ks+t782+fx(t>1)])

ko 10.0) ) 4o
(—1)6(12]:1(” r9)tor] )(q)r§k)+£<1)rék’)(q)%1+L2+e

(@D - (@1 —p 0 (@) e | 40(D) 0 ) 4,

k—1 k—1 k—1 k—1 k k—1 k 4
3 TR T gD e = (T e (g ) = (51

r(d)ez?
X q

For small £ the sum over 7(¥) can be performed so that the right-hand side of (5.26)
can be replaced by
(5.27)

E R P

r(i) ez?

SR LD Cr® 4op)y fop (= =D 4 g (k=1

j=1

(DL, 4Lote _
. i=0,1,
(@) -+ (@r@) —p (@ -1 (@) rk-1) | 4



20 G. E. ANDREWS, A. SCHILLING, AND S. O. WARNAAR

and

- (SATL GO0 ) 2 )

9Ly +Lo+2 /=9

q :
(@) Lter—r (@) r@) —r@ (@)= (@) }pe-1) |41

r()ez2

Letting L1, Lo tend to infinity and once again using the A, Macdonald identity we
obtain further Ay Rogers—Ramanujan-type identities.

Theorem 5.3. Let |g| <1 and k > 2. Then

Zf—ll T(j)CT(j)JrZ?;il ‘T(J’)|+2T§k*1)7ﬂ;k*1)(l _ q‘r(i71)|+1)

(528 S L

e @ro—re  (@re2 0 (@) re0 (@011

] : 21 3k—21—1  3k—i—1 ,3k—:1—1 ,3k—1 3k—1. ,3k—1
(" a5 ¢, 2 ot R T )

(@)3

oo

fori=1,...,k, and

Z.,;Z_ll(%T(_j)Cr(j)+r§j))+2T§k—1),’ﬂgk—l)+arék71)

q
(5.29)
r@ez2 (Q)r(l)fr(’é’) t (Q)r(kfz),T(kfl) (q)r(kfl) (q)\r(k*1)|+1
_ (q’ qk—o, qk-ﬁ-l—a7 q2k:—2+0" q2k—1+0'7 q3k—27 qSk—l7 q3k—1; q3k—1)oo
(@)3
foro=0,1.

In equations (5.25) and (5.27)-(5.29) the sum over r*~1) can be simplified to
a one-dimensional sum by the ¢-Chu-Vandermonde summation (4.7) and trans-
formation (5.24). This simplification will be carried out explicitly in the next
section where we deal with the case k = 2. Comparison with (5.2) shows that
(5.28) and (5.29) are identities for the M(3,3k — 1)3 characters Xg?f’;;_lél_l)(q)

3,3k—1 )
and X517k—0,2)k—2+g) (), respectively.

5.6. The Rogers—Ramanujan identities. Again the case k = 2, corresponding
to M(3,5)s, deserves special attention. First we note that the Wy and W3 alge-
bras M(2,5)2 and M(3,5)s are equivalent under level-rank duality [24]. Since the
M (2, 5)2 identities are nothing but the Rogers-Ramanujan identities (1.1) and (1.2),
so should be the M (3,5)3 identities. To transform the k = 2 identities of the previ-
ous section into the Rogers—Ramanujan identities we simplify the two-dimensional
sum over (1), This can be achieved by observing that for ¢ = 0, 1,

(5.30)
2 (@) A1 (@) B2 (@ (D (Drrrato 2 (@)

T1,T2 T

qr§+r1r2+r§+a(r1+r2) qT(T+U)

A+B+o(Q)A-r(@) B-+(0)r

by first summing over ro using the ¢-Chu—Vandermonde summation (4.7) with
b — oo and then applying transformation (5.24). Now, since %TC?” + 2riry =
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r2 +r17re + 13, one can use (5.30) to rewrite (5.25) and (5.27) for k =2 as

(5.31)
15 2 2 2 Y e . ) t
Z ¢ (RFEHREHRE) 5142k +3ks) 1<Clett<3(q(2 Ye(t—s—3k )[Llff}lj;lftfs}>
k1+ko+k3z=0 S8,
— qT(T—i-a) (q)L1+L2
T‘ZO (q)Ll—r(Q)LQ—r(Q)r

for 0 = 0,1 and
(5.32) — Z 3 (WK +RE)+5 (k1 +2ka+3ka) +1

k1+ko+k3z=0

2(t+x(t>1))(t—s—3ks) Li+La+1
X 1§C£it§3<q [L173k5+tfs+x(t>1)])

N V@i
= (@ri—r(@) 22 (a)r

In the large Lq, Lo limit this reproduces the Rogers—Ramanujan identities as it
should. It is intriguing to observe that the level-rank duality, which predicts the
equality of characters (which are infinite g-series), pertains at the polynomial level.
That is, the doubly bounded versions of the Rogers—Ramanujan identities (5.31)
and (5.32) admit an A; representation even at finite Ly and Ly. Explicitly, one can
replace (5.31) by

1 r(rt9)(g)
5.33 _1)d 25(5j+20+1) L1+L‘2 L1+L‘2 _ q q)Li+Lo
o3 2.0 S = L
and (5.32) by
(5.34) Z(,l)jq%j(wﬁ) [FrrLatt] [Latlat] "N (Q), 1Ly .
- S A ()T () PR ()

To see that this is indeed correct, take Watson’s g¢7 transformation formula (ref.
[14], (III.18))

n n+2

a,qa%, fqa%,b, c,d,e,q” _ a’q

az, —(ﬁ,aq/b7 aq/c,aq/d,aq/e,aq®tt’ © Tpede ]
(agq,aq/de), q ",d,e,aq/be

" (ag/d,agfe), * 3[aq/b, ag/c, deq‘"/a;q’q}’

8P7

replace n — Lj and e — ¢~ %2 and let b,c,d — co. Specializing a to 1 one finds
(5.33) for 0 = 0, whereas specializing a to ¢ yields (5.34). To obtain (5.33) for
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o = 1 we observe that

(o]
S (1P

j=—o00

o0
- Z(_1)jqéj(5j+3> ([LLllJr_Lf] [LLIJ_LJ;] _ [LLllij_zl] [Lilij_zJ)
=0

! oo

(Q)L1 +L2

O _1)jq%j(5j+3)(1 e [L1+L2+1] [L1+L2+1}
1+La+1 T
7=0

Li—j Lo—j

which corresponds to (5.34). The equality of the last two lines follows by application
of the determinant identity (5.17) with n =2, By =1 —j and By = 2+ j.

5.7. Rogers—Ramanujan-type identities for “M(3,3k)s”. As a further appli-
cation we derive a family of identities generalizing Bressoud’s series [8]

T i g2k g2k Qk)
) )

(5.35) 3 q _ (dq 7*") o

(Dnr—ns -+ (Dngs—ni 1 (6% 6% i, (@)oo

MN1yeeesN—1

true for all k > 2, 1 <4 < k and |g¢| < 1. Comparing the right-hand side with
(5.2) we are led to label (5.35) as identities for the anomalous series M (2, 2k),. To
generalize this to M (3, 3k)3, we do not rely on the supernomial identity (5.3) as ini-

tial condition, but on the following polynomial identity of Gessel and Krattenthaler
(ref. [15], (6.18))

353 (Bks+28)ks t(t—s—3ks) Lyi+L» Li+Lo
2 =1 s g s =
. ]; :k oq ‘ 1&?&3 q (1, me—d] [z, }qs-
1+k2t+ks=

Clearly this gives rise to a Bailey pair of type II relative to a = 1. Along the now
clear-trodden path we thus derive for 1 <i < k,

Z q%k2§:1(3ks+2s)ks det <qit(t7373lcb.)[ Li+1Lo ])

k1+ko+ks=0 1<s,t<3 Li+3ks+s—t
1 2+k3=
Ly kol or@ 4y kol () 1)
— Z qZ2 2_7:1 r ) Cr +Z_7:z [r I(]_ — q"’“ |+1)(q3; q3)|r(k*1)‘(q)%l+L2
r()ez? (@D r—r)  (@rk-2 _pe- (6% ¢ ) pie-1) (Q)\r(k—1)|+1(Q)|T(k71)‘

When L,, L, approach infinity this yields the following theorem.

Theorem 5.4. For|q| <1, k>2andi=1,...,k,

Ly k=10 op@) g 5T (0) G-Di41v, 3. 3
1T T _ T .
q2 2J71 2'777’ ! ‘(1 - q|7‘ | )(q yq )‘r(k*1)|

(D)r)—p@ = (@) rts-2) _px-1) (%5 ¢%) pix—1) (q)|r(k*1)‘+1(q)|r(k*1)‘

(@) ez?
IOl e e
- (@3
Comparing with equation (5.2) this corresponds to identities for the “characters”

(3,3k)
X(i,i,Bk—Qi)(q)'
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5.8. Identities for Kostka polynomials. A different type of application of the
A, Bailey lemma arises from the representation (4.8) of the supernomials in terms
of the Kostka polynomials. Using the summation (ref. [13], page 76)

Z e(U)Kn()\1+Ul_17~~»7>\n+0'n_n) = 577)\
oES,
one can invert (4.8), resulting in [38]
L1y
Kyu(q) = Z e(o )[)\1+o—1 11 o +anfn]’
o€Sn

where p = (151252 . (n—1)E»-1) and ) is a partition such that || = |u|. Forn =3
this supernomial identity can be used as input to the As Bailey lemma yielding the
following identity for the Kostka polynomials for k > 1 and i =1,...,k,

15k () () k=15 (i—1)
R et S C Tk LANARD) (ST ()

(5:36) (D)%,42. D

(@r—r@) -+ (@1 00 (@) 0e-1 41 (@) v

r(j)GZi
R (K2 k24E2)—k(k1+2ka+3k3) it(t—s+ks)[ Li+L
= gz det (4 PR
where p = (17" )12@r™2) = (1217 =" 920" =11y and A = () + (ky, ko, ks)

with ky > ky > ks, ki + ko + k3 = 0. Also recall that ()| = L; + Ly. Taking
the limit L;, Ly — oo of (5.36) and evaluating the determinant leads to our final
theorem.

Theorem 5.5. For|q| <1, k>1andi=1,...,k,

Z q

ri)ez2

1 Zk (j)CT(j)'FEf;il |T<j)|(1 _ qlr(iq)l_i_l)K/\lu(q)

(@r)—r@ - (@)ro-0 0 (@) -1 41 (@) o0

_ ﬁqg(k§+k§+k§)—(k—i)(k1+2k2+3k3) [ (1—gtetstn).
EZES 1<s<t<3

The above results can either be viewed as some formal identities for the Kostka
polynomials, or, by for example taking the representation for the Kostka polyno-
mials due to Kirillov and Reshetikhin [22] (see also ref. [26], page 245), as explicit
g-series identities.

For k =1 the identity (5.36) can be written as

o1y
(q)%1+L2+2 qz c Knu(‘])
(D r1+L2+1 o-irezz (@)—c-1-(a)r
3
= ¢z VA7) H (1 — gre—Aemstt) H Lflthsrzl
1<s<t<3 s=1
where 1 = (171272) and 5 = (1M ~A22%2=As3AsHl/3) with A} > Ay > A3, [A| = 0.
This is a bounded analogue of the [ = 1, n = 3 case of equation (4.39) of ref. [18].
Indeed, letting L1, Ly tend to infinity and recognizing

LOF+HXA3+03)
q (1 _ qAS—)\t—s+t)

2
(Q)Oo 1<s<t<3
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as the branching function by(g) of the level-1 basic representation V' (Ag) of Af}ll
we find

lrc—1r
q: Kyu(q)
bA(Q) - Z ( ) 4
C*WGZi Dr
of ref. [18].
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