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Generalised linear model

* Response vector: Y, E(Y;) = 7;
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Generalised linear model

* Response vector: Y, E(Y;) = 7;
 Linear predictor: n = X3
* Link function: n; = g(m,)

* eg. Logistic regression: Bernoulli response, logit link
function

n; = logit{ P(y; = 1)} = log{ . }

1—7Tj
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Example: Nested logistic regression models

M; : logit(m1) = Bio + 1171 + S22
My . logit(ma) = Bog + B2121 + B22%2 + BosTin To
—1<xz,22 <1
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Talk outline

* Approximate designs
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* Optimal designs
o for model discrimination
o for parameter estimation
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Talk outline

* Approximate designs

* Optimal designs
o for model discrimination
o for parameter estimation

* Evaluation of optimal designs
* Hybrid designs for compromising over criteria
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Experimental design

* An experimental design on n points:

& & - &,

w Wy ... Wy

£ =

* £ are support points, w; are design weights
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Experimental design

* An experimental design on n points:

& & - &,

w Wy ... Wy

£ =

* £ are support points, w; are design weights
* Exact designs: where w; = r; /N, with r; replications at

§;
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Experimental design

* An experimental design on n points:

&8 &
wp wy ... Wy
* £ are support points, w; are design weights
* Exact designs: where w; = r; /N, with r; replications at

&
* Approximate designs: where weights w; € [0, 1] sum to

1, represent proportion of experimental effort at each
point
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Designs for model discrimination

e T-optimality for nonlinear models (Atkinson & Fedorov,
1975): assume model 2 true, choose £ to maximise

> i1 wilm2(&;) — m (&, 0:)}
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Designs for model discrimination

e T-optimality for nonlinear models (Atkinson & Fedorov,
1975): assume model 2 true, choose £ to maximise

D i wilna (&) — m(&;, 0:)}
o T-optimality for GLMs (Ponce de Leon & Atkinson,
1992)

° For nested GLMs, assume larger model M, Is true,
with w5 known

o Choose design £ to maximise the deviance of the fit
of M, to the expected response under M5, 7
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Designs for model discrimination

e T-optimality for nonlinear models (Atkinson & Fedorov,
1975): assume model 2 true, choose £ to maximise

> i1 wilm2(&;) — m (&, 0:)}

o T-optimality for GLMs (Ponce de Leon & Atkinson,
1992)

° For nested GLMs, assume larger model M, Is true,
with w5 known

o Choose design £ to maximise the deviance of the fit
of M, to the expected response under M5, 7

f*T — arg mgax D(y; 7t1), where

[ - T2 1—7TZ'
D(7y; 1) = szz’ [7T2i log (7;7) + (1 — ;) log (1 A2 )]

— T,
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Example: 1 '-optimal design

e Recall

M; : logit(m1) = Bio + Br1z1 + S22
M, : logit(ma) = Bag + P11 + Baoe + Bogxiixs
—1 <x,290 <1
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Example: 1 '-optimal design

e Recall

M; : logit(m1) = Bio + Br1z1 + S22
M, : logit(ma) = Bag + P11 + Baoe + Bogxiixs
—1 <x,290 <1

e Assume M, Is true, with

52 — (520,521,5227523)’
= (1,1,1,0.5)
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Example: 1 '-optimal design

e Recall

M; : logit(m1) = Bio + Br1z1 + S22
M, : logit(ma) = Bag + P11 + Baoe + Bogxiixs
—1 <x,290 <1

e Assume M, Is true, with

52 — (520,521,5227523)’
= (1,1,1,0.5)

e Find £*1 using a search routine such as simulated
annealing
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Example: 1 '-optimal design

e Recall

M; : logit(m1) = Bio + Br1z1 + S22
M, : logit(ma) = Bag + P11 + Baoe + Bogxiixs
—1 <x,290 <1

e Assume M, Is true, with

52 — (520,521,5227523)’
= (1,1,1,0.5)

e Find £*1 using a search routine such as simulated
annealing

* Intermission. ..
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Example: 1 '-optimal design

Design

““““““

r; —1.0000 —-1.0000 1.0000 1.0000
ro —1.0000 1.0000 —-1.0000 1.0000
w 0.19/3 0.1973 0.19/3 0.4081

A

B, = (31076117612),
= (0.8679,0.8679, 0.8679)’

Optimal design for discrimination and estimation in general
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Designs for parameter estimation

* D-optimal designs
o Maximise determinant of information matrix

o Minimise volume of confidence ellipsoid of
parameter estimates
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* D-optimal designs
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o Minimise volume of confidence ellipsoid of
parameter estimates

* Information matrix for model « in logistic regression
example:

where M, = Xu,Bu and W, = dlag(wmm(l — Wuz))
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Designs for parameter estimation

* D-optimal designs
o Maximise determinant of information matrix
o Minimise volume of confidence ellipsoid of
parameter estimates

* Information matrix for model « in logistic regression
example:
M,B,¢) =X W, X,

where M, = Xu,Bu and W, = dlag(wmm(l — Wuz))

* Product optimality (Atkinson & Cox, 1974, Woods et
al., 2005): maximise product of determinants, scaled
for # parameters

f*P — alrg mgax ‘Ml</31,f)‘l/pl‘Mg(,BQ,f)‘l/m
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Example: Product optimal design

* Parameters for M, are already specified for T-optimal
design

By = (520, a1, B2z, F23)" = (1,1,1,0.5)

|
Optimal design for discrimination and estimation in generalised linear models — p. 10/18



Example: Product optimal design

* Parameters for M, are already specified for T-optimal
design

By = (520, a1, B2z, F23)" = (1,1,1,0.5)

* Parameters for M, are taken from T-optimal design

B, = (Bro, Bi1, Pr2) = (0.8679,0.8679, 0.8679)
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Example: Product optimal design

* Parameters for M, are already specified for T-optimal
design

By = (520, a1, B2z, F23)" = (1,1,1,0.5)

* Parameters for M, are taken from T-optimal design

B, = (Bro, Bi1, Pr2) = (0.8679,0.8679, 0.8679)

* Find £*F using a search routine such as simulated
annealing
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Example: Product optimal design

* Parameters for M, are already specified for T-optimal
design

By = (520, a1, B2z, F23)" = (1,1,1,0.5)

* Parameters for M, are taken from T-optimal design

B, = (Bro, Bi1, Pr2) = (0.8679,0.8679, 0.8679)

* Find £*F using a search routine such as simulated
annealing

* Intermission. ..
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Example: Product optimal design

Design

““““““

r; —1.0000 —-1.0000 0.4676 1.0000 1.0000
ry —1.0000 1.0000 1.0000 —-1.0000 0.4676
w 0.2745 0.2655 0.0973 0.2655 0.0973
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Evaluation: Model discrimination

* For design &, Ny, sets of simulated random binomial
data generated from Bin(|w; Nsample], 72;) distribution,

where |z| is the integer nearest to «
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* Naample IS total sample size, chosen in an ad hoc
manner to be large enough to be able to reasonably fit
both models to the data, but not so large that
discriminating between them becomes a trivial
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Evaluation: Model discrimination

* For design &, Ny, sets of simulated random binomial
data generated from Bin(|w; Nsample], 72;) distribution,
where |z| is the integer nearest to «

* Naample IS total sample size, chosen in an ad hoc
manner to be large enough to be able to reasonably fit
both models to the data, but not so large that
discriminating between them becomes a trivial

* Power = (# times M, Is chosen by LRT)/ Ny

* To compare power of these designs, Ngmple = 200 was
chosen after preliminary investigation

* Nim = 5000 gave reasonably stable estimates of power
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Evaluation: Parameter estimation

* |Individual D-optimal designs were found for each
model:

§*D“ — argm?X\Mu(,Bu,ﬁ)\l/p“, u=1,2

* D-efficiencies for design £ under model « calculated by

Uu (g) — ‘Mu(/gua‘f)‘l/pu
eff |M’U,(IB’U,7€*DU)|1/pu
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Design evaluation

Design

Power

g*T
g*P

0.6914
0.5358
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Design evaluation

Design | Power D) D2,
¢t 0.6914 | 0.8452 | 0.9168
&b 0.5358 | 0.9592 | 0.9879

* How do we compromise between the criteria?
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Compromise designs

* For nonlinear models, we considered ‘conditional’
criteria: find T-optimal design, add support points
which maximise product criterion (Waterhouse et al.,

2004)
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Compromise designs

* For nonlinear models, we considered ‘conditional’
criteria: find T-optimal design, add support points
which maximise product criterion (Waterhouse et al.,
2004)

* Later tried reversing the process, finding product
optimal design, adding points to maximise 7T-optimality
criterion

o Similar designs to original method
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Compromise designs

* For nonlinear models, we considered ‘conditional’
criteria: find T-optimal design, add support points
which maximise product criterion (Waterhouse et al.,
2004)

* Later tried reversing the process, finding product
optimal design, adding points to maximise 7T-optimality
criterion

o Similar designs to original method

* Computationally simpler ‘hybrid’ designs showed
similar results yet again
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Hybrid designs

Given T-optimal and product optimal designs,

T’ €>1<T x P g*P
T 1 e nrt *xP 1 : np
£ = and &7 =
w*T w*T w*P w*P ?
1 e o o nT 1 e o o nP
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Hybrid designs

Given T-optimal and product optimal designs,

*T €>x<T * P £>1<P
«T 1 - n «P 1 np
£ = and & =
wiT w*t wif w7’
1 e o o nT 1 e o o nP

we define a ‘hybrid’ of the two designs as

* P €>|<P *T €>|<T
ghybrid _ 1 T np 1 tee nr
“ awi” .. oawt 1-owi’ ... I-wil |’
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Hybrid designs

Given T-optimal and product optimal designs,

*T €>x<T * P £>1<P
*T 1 e nrt *xP 1 : np
£ = and &7 =
w*T w*T w*P w*P ?
1 e o o nT 1 e o o nP

we define a ‘hybrid’ of the two designs as

* P £>|<P xT £>I<T
ghybrid _ 1 T np 1 tee nr
“ awi” .. oawt 1-owi’ ... I-wil |’

where « € (0, 1) represents the importance placed on
parameter estimation
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Discussion

* T-optimal designs are not as efficient as product
optimal designs in terms of parameter estimation
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* Conversely, product optimal designs are not as
effective as 7T-optimal designs in terms of model
discrimination

* Hybrid designs offer a suitable trade-off between
criteria, with no further optimisation
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Discussion

* T-optimal designs are not as efficient as product
optimal designs in terms of parameter estimation

* Conversely, product optimal designs are not as
effective as 7T-optimal designs in terms of model
discrimination

* Hybrid designs offer a suitable trade-off between
criteria, with no further optimisation

* Concept of hybrid designs can be easily generalised to
handle any number of type of criteria
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