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6 X
XC IS Recall that a function is Newton integrable on if
there is a differentiable function F such that F' for all
Give examples of functions which are Newton integrable and which are not.
[Hint: a polynomial; J
XC IS Give an example of a function which is Riemann integrable

but not Newton integrable. Give an example of a function which is Newton
integrable but not Riemann integrable. Is there a discontinuous function which
is both Riemann and Newton integrable? [Hint:

Vv F'  where F J



6 E

XC IS Using the theorem on uniform continuity show (indepen-
dently of Theorem 1.4.1) that a function continuous on is Riemann in-
tegrable there.

XC IS 4 Prove that a function continuous on is Newton inte-
grable there. [Hint: Do not work hard, use Theorem 1.4.1.]

XC IS 5 Prove inequalities to

XC IS 6 Prove: If and g are Riemann integrable on then so
are , g,/ g,M g and M g . [Hint: Use Theorem 1.4.3].

XC IS 7 Consider a function R +— R. Find a condition on such
that g Is Riemann integrable when both and g are. [Hint: Continuity,
Theorem 1.4.3, use the Weierstrass Theorem to prove boundedness.]

XC IS 8 Prove: If is Riemann integrable on and the function
is well defined and bounded on then is Riemann integrable on
. [Hint: Use Theorem 1.4.3.]

XC IS 9 Do the previous three exercises without using Theorem
1.4.3.

XC IS 0 Let for irrational and q for a
rational p q in the lowest terms. Prove that is continuous at every

irrational point and discontinuous at every rational point. Deduce that is
Riemann integrable on

XC IS Continuing with the previous exercise show that is
not differentiable at any point. If g q 3 for rational p g in the lowest
terms and g otherwise, show that g is differentiable at every irrational

point :l:\/ r withr in the lowest terms. [Hint: for p q we have

g g
-B
g g q

where

is bounded as — ]

XC IS Prove: No function is continuous at rational and
discontinuous at irrational points. [Hint: This is best done with the help of
the so-called Baire category theorem. See reference [4] p. 56.]

XC IS A partition of is said to be a refinement of
another partition of if every interval in is a subinterval of some

interval in . Prove: A function is Riemann integrable with if



and only if for every positive there exists a partition  such that inequality
holds whenever is a refinement of . [Hint: If is R-integrable then
there exists such that holds whenever . Fix with
and the condition is satisfied. Find  according to the condition

and a division satisfying and . Form a partition = whose
intervals are intersections of intervals of and . Show s

; ]

XC IS 4  Prove some properties of the Riemann integral using the
definition from the previous exercise. For example, prove relation and
the first inequality in

XC IS 5 Let , g be Riemann integrable on and , k real

numbers. Write F N 7) and G “gd k. Prove that
Fg F G F G G

[Hint: For F G F G ® Fg G showthat '

for all or almost everywhere and then use Lemma 1.4.8.]

XC IS 6 Prove: If g is Riemann integrable on and g
for all then @ * g is strictly increasing on . [Hint: It
suffices to show G G . Use Theorem 1.4.3 and continuity of g to show
that on some subinterval of the function g is bounded away from zero.]

XC IS 7 Let  be the division and  arbitrary points in

. Prove that
G G g
where and denote the upper sum and the lower sum of g, respec-
tively.

XC IS 8 Prove: If g is Riemann integrable on E
the function G with @& g is strictly increasing and  is bounded on
G then

G()
oG g
G()
provided that either or oG g is integrable on GF or , re-
spectively. [Hint: G provides a one-to-one correspondence between partitions
of G G and . Use the previous exercise.]

XC IS 9 Let be a sequence of functions converging uniformly

on . If each is continuous at then is also

— 00
continuous at . Prove it.



6 E

XC IS 0 Use the previous exercise and Theorem 1.4.3 to prove
that a uniform limit of a sequence of R-integrable functions is R-integrable.
(An alternative proof of Theorem 1.5.1.)

XC IS Prove: A function is Riemann integrable on if and
only if there are two sequences of step functions ¢ and 1  such that
¢ P for all andall ,and Y ¢ — as — oo.
Furthermore P ¢

— 00 — 00

XC IS If the conditions in Exercise 1.21 hold with and with
replaced by =~ where each  is Riemann integrable on then is Riemann
integrable on and . Prove it.

—r o0
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hat was done in the last example can be criticized as unnecessarily
complicated after all inequality 2.6 can be guaranteed by simply de-
manding that 40000 for all 12 . However, example
2.2.1 was only preparatory. For an unbounded the condition that some
intervals of the partition are s bstantially smaller than others becomes
essential.

XAMPL L etf(z) Oforz [0,1],z ~'and f( )
2 for N. The anticipated value of the integral is clearly zero. e
show that

(I (2.8)
™

for every é-fine partition with a suitably defined function §. For every
positive choose 6( ~!) =27%"2k~2 fork € N, and 6(2) = 1 otherwise.
Let 7 be 6-fine. The number ) _ f equals to a sum of finitely many terms
of the form k?(v; —u;), each is less than e27 %1 and there are at most two
terms for the same k. Clearly we have that > f < 2e(1/22+---+1/2N)
for some positive integer N, and inequality (2.8) follows. We could have
taken any convergent series Y ax, where a; > 0, in place of . 27%. Also
we could have used another § defined for £ > 0 more compactly by

5()

__ e
2eF2(f(6) +1)

This formula shows rather clearly the dependence of § on f and &.

With Example 2.2.3 we made some progress: we could feel comfortable
defining an integral in exactly the same way as the Riemann integral
but replacing the number J with a positive function ¢ : [a, b] — R;.
This definition would include the Riemann integral as a special case
and would have the advantage that many unbounded functions would
become integrable. However, such a definition would make no sense if
inequality (2.7) were satisfied only vacuously for some d. In other words
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if there were no d-fine partition of [a, b]. To illustrate this point we
mention that there need not be a dé-fine partition if ¢ is zero at some
point. For example there is no d-fine partition of [—1, 1] if §(z) = |z|.
Indeed, if it existed then one interval, say [u, v], would contain zero and
the inequality v — u < 6(€) would imply v — u < Max{|u|,v}, which is
impossible. The existence of a J-fine partition becomes an important
issue to which we devote the next section.

2.3 Cousin’s lemma

We have seen in the last section that it is not immediately clear that
given a function § there is a d-fine partition. It might look a little
surprising that a d-fine partition always exists no matter ‘how badly’
the function § behaves. It is however important that 6 > 0 and the
interval is compact. The discovery of the existence of a J-fine partition
for any positive § has been traced back to the nineteenth century and
to the Belgian mathematician Cousin.}

THEOREM 2.3.1 (Cousin’s lemma) Ifé : [a,b] » Ry and a <
¢ < d < b then there ezists a 0-fine partition of [c,d].

COROLLARY 2.3.2 Ifa<c<bandd :[a,b] — Ry then there is
a partition 7 of [a, b] with m <« § and ¢ as one of the endpoints of the
intervals of m.

Proof of Theorem 2.3.1 It is indirect and based on the method of
nested intervals. Assume, contrary to what we want to prove, that there
is no d-fine partition of [c, d]. Then, either [c, (¢ + d)/2] or [(c + d)/2, d]
has no ¢-fine partition. Let us denote the half of [c, d] without a d-fine
partition by [c1,d;]. Now continue this halving process indefinitely and
obtain a sequence of nested intervals [¢,, d,] with d,,—¢, = (d—¢)27" —
0. There exists a point C which lies in all [¢,, d,]. Since §(C) > 0 there
exists a number N such that for n > N we have

dp, —cn < 6(C).

This last inequality shows that if 7 = {¢, = u; < =C < v =dy}
then 7 is a d-fine partition of [¢p, d,]. This contradicts the definition of
[Cn; dn] [ ]

1 [6] p- 22
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Theorem 2.3.6 in the next subsection states that Cousin’s lemma is
equivalent to the least upper bound axiom. The existence of -fine par-
titions can therefore be used as the fundamental principle in teaching
elementary real analysis. For references as well as some proofs see [46].
The next subsection, containing applications of Cousin’s lemma, is not
needed in the rest of the book and can be skipped over.

2.3.1 Applications of Cousin’s lemma

We begin with a proof of a classical theorem.

EXAMPLE 2.3.3 (Weierstrass theorem) Let f be continuous on
[a,b]. Then we want to prove that f attains its largest value on [a,b].
Assume the contrary. Then by continuity of f for every y € [a, b] there
exist a number Y and a function ¢ : [a,b] = Ry such that

fA) < fY) for y—6<t<y+94 (2.9)

and tin [a, b]. If {yx, [uk, vk]} is now a d-fine partition of [a, b] and f(Y))
the largest number among finitely many numbers f(Yy), k=1,2,...,n
then Y, lies in some interval [u;, v;] and consequently by (2.9)

f(Yp) <f(Y3) < f(Yy),

a contradiction. °

EXAMPLE 2.3.4 Let S = {c1,¢2,...} with ¢; # ¢; for i # j and
F'(z) > 0 for « € [a, b]\ S. If F is continuous we wish to prove that
F is increasing.t It is sufficient to prove F(b) — F'(a) > 0. Given £ > 0
define d(c,) > 0 by using continuity so that

€

IP(0) — F(u)| < 0

(2.10)
for ¢, — d(cn) < u < ep <v < c+d(cy). The derivative can be defined
asi

F(v) = F(u)

F'(z) =lim
v—u
1 Recall that we use ‘increasing’ and ‘strictly increasing’ rather than ‘non-decreasing’
and ‘increasing’ and similar terminology for ‘decreasing.’
1 For the proof see Lemma, 2.6.1.
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for (u,v) = (z,z) with u # v and u < z < v. It follows that for z ¢ S
there is a 6(z) > 0 such that if

z—0(z)<u<z<v<z+i(z) (2.11)
we have
F(v) — F(u) > —e(v — u). (2.12)

For a d-fine partition 7 we obtain with the help of inequalitiest (2.10)
and (2.12)

F(b) — F(a) = ZF(U,’U) = ZF(u,v) + Z F(u,v)

ges ¢S
F®b)—F(a) > —522”—52(7}—1&)
1 £¢5s
> —e(l1+b—a).
Letting € — 0 completes the proof. .

Our next example provides an alternative proof of sufficiency in The-
orem 1.4.3 (Characterization of R-integrability) to the one given in Sec-
tion 1.4.

EXAMPLE 2.3.5 We wish to prove that if |f(z)| < M for all z in
[a, b] and the set E = {x; f discontinuous at z} is of measure zero} then
f is R-integrable. For z ¢ E there is 6(z) > 0 such that inequality (2.11)
implies

sup{f; [u, v]} —inf {f; [u, v]} =M —m < (2.13)

_c
2(b—a)’
There exists a system of open disjoint intervals {I,, : n € N} covering E
with

S API (2.14)

- aM

For every z € E then there is a unique I,,, which contains it and there
is a § > 0 such that [z — 0(z), z + 6(z)] C I,,. We now have a positive
0(z) defined on all of [a, b]. Let m = {(z, [u, v])} be a d-fine partition of

t Recall that F(u,v) = F(v) — F(u).
1 Sets of measure zero were introduced in Section 1.4.



28 2 Basic Theory

[a, b]. Then
S(m) = s(m) =Y (M —m)(v—u)+ Y (M—m)(v—u).
z¢E zeEE

Using inequality (2.13) on the first sum and inequality (2.14) on the
second, we have
€

S(m) —s(w) < ——— v—u)+2M v—u

0 =s) < g Dmw M P =
E o0

<2(b_a)(b—a)+2M;w€zIn(v—u)

oo
g
= §+2M21:|In|<s.

This shows that f is Riemann integrable by (iii) of Theorem 1.3.1. e

The next theorem states that Cousin’s lemma is equivalent to the least
upper bound axiom. Let us recall that an ordered field F is said to be
complete if every set X C F which is non-empty and bounded above
possesses a least upper bound.

THEOREM 2.3.6 (Cousin and l.u.b.) Let F be an ordered field.
Then F is complete if and only if for every closed bounded interval [a,b]
and every function § positive on [a,b] there exists a d-fine partition of

[a, b].

Proof The only if part is Cousin’s lemma. For the if part we proceed
indirectly. Let M be a non-empty set bounded from above which has
no least upper bound; take a € M and b an upper bound for M. We
now define § as follows: If £ € [a,b] and is not an upper bound for M
then there exists > &, ¢ € M. Let §(§) = x — £ in this case. Note
that this defines ¢ at a. If £ € (a,b] and is an upper bound for M then
there exists z < & which is also an upper bound (since by assumption &
cannot be the least upper bound). Let 6(§) = £ — 2. Let

= {(&, [ui, vi));i=1,...,n}
be a d-fine partition of [a, b]. The partition 7 has the following properties:

(v) if & is not an upper bound neither is v;, i.e. if v; is an upper
bound so is &;;
(n) if &; is an upper bound so is u;.
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The tag &, is an upper bound by (v) and & is not an upper bound by
(1). There is a smallest 4 for which &; is an upper bound; let us denote
it by p. Clearly p > 2, consequently £,_; exists and is not an upper
bound. By (v) the endpoint v,_; is not an upper bound, on the other
hand vp_1 = up is an upper bound by (v). .

Further examples on the use of Cousin’s Lemma are in Exercises 2.1
and 2.2.

2.4 The definition

The Kurzweil-Henstock integral, fab f, is defined as the limit of Riemann
sums, in very much the same way as the Riemann integral is, except that
d-fineness is measured by a function §. More precisely we define:

DEFINITION 2.4.1 A number I is the Kurzweil-Henstock integral
(or just integral) of f from a to b (or on [a,b]) if for every positive £
there is a function § : [a,b] = Ry such that for every d-fine partition

1> f-Il<e. (2.15)

We denote the Kurzweil-Henstock integral I as usual by f; f or by
fab f(z)dz and refer to it as the KH-integral. If K = [a, b] then we also
write [, f for f; f- If we wish to distinguish the Kurzweil-Henstock
integral from another integral we may denote it by KH fab f- We shall
often refer to functions which have an integral according to Definition
2.4.1 as Kurzweil-Henstock integrable or as KH-integrable, and only
when no confusion can arise as integrable.

The KH-integral is well defined; this is the content of the next theorem.
First we look at some examples.

Examples 2.2.1 and 2.2.3 showed that K [ f = 3 and KH [} f =0,
respectively. A definition of the integral must be judged on the power
and usefulness of the theory which can be built on it and not on examples
of its direct application. However, we still give three more examples of
integral evaluation directly from the definition to illustrate now

e that the definition is easy to work with;

e that the class of KH-integrable functions is richer than the class of
Riemann integrable functions.



3
Development of the Theory

3.1 Equivalent forms of the definition

Our basic Definition 2.4.1 can be rephrased in several ways. Before we
can state the appropriate theorems we need a few new concepts. We
shall say that the Riemann sums are Cauchyt for f on [a, b] if for every
positive € there is a 0 : [a,b] = R} such that for two é-fine partitions
m and 73 we have

<E.

d.I-21

A function M is said to be a major function to f on [a, b], or simply a
major function, if there exists a dys : [a, b] = Ry such that

Mv) — M(u)

v—1u

flz) <

for
z—0u(z)<u<z<v<z+iu(z)

and [u, v] C [a, b]. A function m is a minor function to f on [a, b],
or simply a minor function, if —m is a major function to —f. If now
m K dpr then f(x;)(v; —u;) < M(v;) — M(u;) and consequently

D P (M(v) = M(ui) = M) — M(a). 3.1)

™

t The necessary and sufficient condition for the existence of a limit of a sequence,
function etc. is known as the Cauchy convergence principle. It was known before
Cauchy to a Czech Jesuit priest B. Bolzano living in Prague but writing in German.
Some authors, as we do, prefer the term Bolzano—Cauchy condition, but the term
Cauchy sequence is used exclusively and we have followed this custom for Riemann
sums.

76
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Similarly if 7 < §,,, then

> f>m(b) - m(a). (3:2)
Using (3.1) and (3.2) for a subinterval [z, y] we obtain

m(y) —m(z) <D Uf < M(y) — M(a), (3:3)

i.e. M —m is always increasing (not necessarily strictly increasing). We
can now state

THEOREM 3.1.1 (Characterization of integrability) The follow-
ing four conditions are equivalent

(A) f is KH-integrable on [a, b] C R;

(B) the Riemann sums are Cauchy;

(C) for every positive € there are major and minor functions M and
m, respectively, such that

M(b) — M(a) — [m(b) —m(a)] <é;
(D) for the following supremum and infimum

I(f) =sup{m(b) —m(a): m a minor function}  (3.4)
I(f) =inf{M(b) — M(a): M a major function}  (3.5)

the relation
—oo < I(f) = I(f) < o0 (3.6)
holds.

Proof The implications (A) = (B) and (C) = (D) are obvious. To
prove (D) = (A) we find for £ > 0 a minor m and a major M such that

M) —M(a) <I(f)+¢ (3.7)
and
m(b) —m(a) > I(f) —e =I(f) —e. (3.8)

If 6 = Min(das, 0,) and 7 is d-fine then in view of (3.1), (3.2), (3.7) and
(3.8)

() =D fl<e. (3.9)



4
The SL-integral

4.1 The strong Luzin condition

In this chapter we offer an alternative development of the KH-integral.
The definition is perhaps less natural but its advantage is that sets of
measure zero are automatically neglected and some proofs become easier
and shorter.

The Russian mathematician N.N. Luzin recognized the importance the
condition which now bears his name and is also referred to as condition
N. A function F satisfies condition N on a set S if F(E) is of measure
zerot for every E C S of measure zero. Most functions encountered in
applications satisfy condition N. The function H from Example 3.6.1 is
continuous and increasing but it maps Cantor’s discontinuum which is
of measure zero onto a set which is obtained from [0, 1] by removing a
countable set. It is even possible to define a continuous strictly increasing
function which does not satisfy the Luzin condition. (See [42] pp. 198-
200.) We need a condition stronger than N.

DEFINITION 4.1.1 (Definition of SL) A function F is said to
satisfy the strong Luzin condition, or briefly SL, on a set S C R if
for every set E C S of measure zero and every positive € there erists
v: S = Ry such that if m = {(&, [u, v])} is any y-fine partial division
tagged in Ef

> O IF(u,v)| <e. (4.1)

A function F is said to satisfy SL on an interval [A, B] C R if it satisfies
t Asusual F(E)={y:y = F(z), x € E}.

1 We use the notation F(u,v) = F(v) — F(u). This should not be confused with
F([u, v]).
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Integration in Several Dimensions

6.1 Introduction

In practice there is a need for integration in n dimensions. Since we live
in a three-dimensional world there are more applications of two- and
three-dimensional integrals than of one-dimensional ones. In generaliz-
ing results from Chapters 2 and 3 we want to create a theory which also
covers integration over infinite intervals and in doing so we have a choice
between analogues of Definitions 2.9.1 and 2.10.1. We employ the latter.
Most of the theory is very similar and we shall not repeat almost identical
arguments, leaving it to the reader to make the necessary modifications,
if any are needed. Naturally there are differences; the first one concerns
the existence of d-fine partitions for possibly infinite intervals, which
we prove in Section 6.2. The definition of the KH-integral in n dimen-
sions and the immediate consequences of the definition are dealt with
in Section 6.3. Theorems which are easily generalized to n dimensions
are collected in Section 6.4 whereas theorems which need adjustment
either in the formulation or in the proof are dealt with in Section 6.5.
The main difference between integration in one and in several dimen-
sions is the absence of a theorem like the Fundamental Theorem which
allows direct systematic evaluation of integrals; in several dimensions we
rely on successive repeated one-dimensional integrations. This topic is
covered by the renowned theorems of Fubini and Tonelli in Section 6.6.
There is an analogue of the Fundamental Theorem, namely the theo-
rem in Exercise 6.6, but it offers little help for evaluation of integrals.
Non-absolute convergence is a far more complex phenomenon in several
dimensions than in one and absolute integrability becomes even more
important. This comes to the foreground in Section 6.7 dealing with
change of variables.
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7

Some Applications

7.1 Introduction

In this last chapter we want to indicate some applications of the ideas
presented in previous chapters. Applications of KH-integration are var-
ied and many, and we just consider a few which are appropriate at our
level of presentation. The origin and most important applications of
the KH-integral lie in ordinary differential equations. We refer to the
excellent monograph by Schwabik [38] and shall not deal with ordinary
differential equations in this book.

In Section 7.2 we give the definition and basic properties of the so-
called line integral of a function F' : G — R*, G C R", along a curve
¢ (we say path). This integral in physics describes the work of the
field given by F' when a particle moves along ¢. In Theorem 7.2.8 we
establish the existence of a function U with dU = F(x)dz provided the
integrability condition (7.23) is satisfied.

Section 7.3 deals with differentiation of series. The main theorem there
is more general than the one usually given in analysis courses and has a
simple proof. We could have proved it in Section 2.7 on applications of
the Fundamental Theorem of calculus; the reason for this order is that
we need it in the Section 7.4.

In Section 7.4 we solve the Dirichlet problem for the Laplace equation
on a circle. This in itself is an important topic but we present it mainly
as a motivation for Abel’s summability of Fourier series considered in
the following section 7.5.

The concluding section shows that a measurable 27-periodic function
such that KH f(f ™ f2 is finite can always be represented by its Fourier
series in a well defined sense which is described in that section. Also the
important Riesz—Fisher Theorem is proved there.
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