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LAPLACE TRANSFORM

Differentiation & Integration
of Transforms;

Convolution;

Partial Fraction Formulas;

Systems of DEsSs;

Periodic Functions.



Differentiation of Transforms.

F(s) = /O et () dt, F'(s) = — /O et £(2)) dt

L) =—F'(s), L HEF'(s)) = —tf(t).
Example. Find inverse transforms of

S 1 52
(s2482)2" (248227 (24527

Differentiating L£(sin §t) = #
oo d B 2Bs
L(tsinGt) = 21 (22
Similarly,
2 2\ ~.2 2 32
£(tcos[3t)=—(8 A7) 2 _ o h

(s2462)2 (24 p2)2



+ +

Hence,
1 . . s2 — 32 1

L(tcos Gt — Bsm gt) = (2 1 57)2 Ry

_ 23°

(24622
Similarly,

2
L(tcospt + %sin Ot) = (2 ?l—S52)2 :

Integration of Transforms. If lim,_ o4 f(%)/t
exists, then

£<@> Z/OOF(U)dJ

t

£l (/SOOF(G)dG) 2@,

t
because

/SOOF(J)CZJ — /:O :/Oooe_atf(t)dt] do

_ /O°° /OO et £ (1) da] dt
/OO f(t)e_St dt = L (@) |

0 t
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Note: If G(s) = [° F (o) do, then

F(s) = —G'(s).

Example. £~!(In(1-a2/s2)). First, find
F(s) with G(s) = [° F (o) do.

Put G(s) = In(1 — a?/s?).

a? —2q2
F(s) =-G'(s) = _% In (1 B 3_2> - 8(822— a?)

2 1 1
s s—a s—+a
f(t) = LTHF)=2—¢c @ _ o

= 2(coshat —1).

-1 (In (1 B a_2>> __f(®) _ 2(1 - cosh at).
t t




CONVOLUTION.

L(fg) # LNL(g), LTHF()G(s) # F(B)g(t),

but there is a relation between them, which is
called convolution: if H(s) = F(s)G(s),

t
h(t) = (f * g)(t) = /O F(r)g(t — ) dr.

Example. H(s) = =295 L

241 241

2s
(s24+1)°
h(t) = 2cost=*sint
t
= Q/OCOSTSin(t—T)dT

/Ot(sint—l—sin(QT—t))dT

1 t
= [TSint——COS(QT—t)] = tsint.
2 0

Example. H(s) = S(SQEWQ)
1 1 1
£l (—) — 1, ,c—1< ) — Zsinwt.
S s2 4+ W2 w



By convolution,
t1

1
h(t) = —sinwtx1 = —sSinwTdr
w 0w

1 t
= [—? COSWT]O
1 1

= — — — CoSwt.
w2 w2

Proof of convolution: By 2nd shift,

e 5tG(s) = Egg(t —71)u(t — 1))
— /O e Stg(t — Tu(t — 1) dt

— /TOO e Stg(t — 7) dt
F(s)G(s) = /O T eI H ()G (s) dr
/OO f(7) /TOO e Stg(t — 1) dt dr.

0
Changing the order of integration,

F(s)G(s) = /OOO e_St/Ot f(r)g(t — 1) drdt
= [T e dt = LS+ 9).



Differential Equation:

y"' +ay' + by r(t), y(0) =y¢'(0) =0,

Y(s) R(s)Q(s),

y() = r(®) xq®), @) =LQ),
where Q(s) = 1/(s? + as + b) is the transfer
function.

y(t) = /Ot q(t — 7)r(7r)dr.

Example.

y' +y=sin3t, y(0)=1y'(0)=0.
Now Q(s) = 1/(s2+ 1), ¢(t) = sint.

y(t) = r(t)*q(t)
t
y(t) = /Osin37-sin(t—7-)d7-

= %/Ot(cos(t — 47) — cos(t + 27)) dr

3 . 1 .
— —sSint — —sin 3t.
8 8



Integral Equations.
Integral equations which are in a convolution
form can be solved very easily:

y(t) = f@)+(yxg)(t) =

Y(s) = F(s)+Y(s)G(s) = Y(s) = 1)

1 —G(s)
Example: y(t) = et — 2 [§y(r) cos(t — 7) dr.
This is in convolution form

y = e_t—2y*COSt
Y(s) = — — 2V ()"
T sx 1 241
32—|—1
HA N A )E
_ 12
 os+1 (s+1)2 (s+1)3
y(t) = (1—t)%e .



Revision of Partial Fractions.
Solutions of subsidiary equation appear as

F(s)

G(s)
where F, G have real coefficients, and it
IS necessary to expand the rational function
as partial fractions. There are four cases
commonly occurring, where G(s) has a factor:

Y(s) =

deg(F) < deg(G),

e Simple factor s — a;

e Repeated factor (s —a)™;

e Irreducible quadratic (s — )2 + 82;



Simple factor:

F
Y(s) = ﬁ has partial fraction :
G(s) s —a
y(t) has a term Ae®.

Example 1.

—r7s—1 Al AQ A3
Y e e
(s) s3S—T7s+6 8—1+8—2+8—|—3

—7s—1 = A1(s —2)(+3) + A2(s — 1)(s + 3)
+A3(s—1)(s — 2).

s=1: —4A1=—8, A1=2.
s=2: BA,=-15 A,= —3.
s=—3: 20A3 = 20, A3 = 1.

y(t) = /L_l(Y) = D¢l — 32t 4 ¢3¢
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Example 2. Repeated factor

y' + 4y + 4y = 2e72L y(0) = 3, 3/ (0) = —10.

Y — 35410 + 4(sY — 3) +4Y = —=
s+ 2’

> B 2  35°48s5+6

(s -|—43—|—4)Y—33—|—2—|—S+2_ i

F(s) 3s°+8s+6
G(s)  (s+2)3

A3z Ao Aq
G238 Ttz T sra

352 + 8546 = Az + Ao(s +2) + A1 (s + 2)2.

Y(s) =

cft of 2 : A; =3
cftofs | Ay+4A41 =8, Arx=-4
const : A3+2A>,+4+4A1 =6, Az3=2
y(t) = 3Be 2t — 4te 2t 4 22,
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Irreducible quadratic factor (s — a)? + 32
Y (s) has a partial fraction

Ars+ A Ai(s—a)taA;+ Ap

(s—a)2 482 (s — )2+ B2
S — &

TR

aAdl + Ao

(s —a)? + 52

_|_

and the inverse transform is
aAdl + Ao

y(t) = e™ (Al COoS Bt + sin ﬂt) :



Example: vy’ +4y = sinht, y(0) = ¢/(0) = 0,

s?Y — sy(0) —y/(0) + 4Y =

s2 -1’
Y(s) = -
YT 2 HAG-DG+1)
_ A13+A2+ B n C

s24+4 s—1 s+ 1

1 = (A1s+A42)(s—1)(s+ 1)
+B(s+1)(s* + 4)
+C(s—1)(s* +4)
s=1 : 10B=1, B=1/10.
s=-1 : —-10C=1, C=-1/10.
cft s> : A{4+B+C=0, A;=0.

const | —-A>,—-2+4+4B-4C =1, A, = —2/10.

1 1
t) = ——sin2t 4+ — (et — et
y(t) G -I—lo(e e ")
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Systems of DEs.
Example 1.

y’=[_13 _13]y+[‘26 21, y(@z[é]

Taking the Laplace transform,

HH

v — 1 s+3 1 —6 |
 (s+2)%(s+4)| 1 s+3 _

sY —y(0) =

s+3 -1
-1 s+43

n 1 s+ 3 1 1
(s+2)(s+4)[ 1 s+3]][0]
_ 1 [sz—s—lO]

(s+2)2(s +4) | 3s+2
s2 —s—10

(s +2)2(s+4)
3s+2

(s +2)2(s+4)

Y1(s)

= y1(1),

Y2(s) = yo(t).




A By  C
s ST

- (s+2)2  s+2 s+4

A1(s+4)+ Bi(s+2)(s+4)
+C1(s +2)?

—4 =2A., A1 = —2.

10 =4Cy, C1=05/2.

1=B,+Cy, B;y=-3/2.

A By  C
2 4 U2 4 2

 (s+2)2 s+2 s+ 4
= Ax(s+4)+ Ba(s+2)(s+4)

+Ca(s +2)°
—4 =2A5, Ao = -2,
—10 =4C>, cp=-5/2.
O0=By+Cs By=5/2.

= —2te 2t —3e 2 /2 45742
= —2te 24 5e7%/2 —5e /2,
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Example 2. Two masses on springs.

vy = —ky1 + k(yo> — y1)

v = —k(y2 —y1) — kyo,
y1(0) = »2(0) =1,

y1(0) = V3k, y5(0) = —V3k.

Let Y7 = L(y1), Yo = L(y2).

s°Yy —s—V3k = —kYi +k(Ys—Y7)
Yo —s+V3k = —k(Yo—Yy) — kY>
(s2 +2k)Y; —kY> = s+ V3k
—kY7 + (52 + 2k)Y> = s— V3k.



Solving for Y7, Yo,
(s + V3k)(s2 4+ 2k) + k(s — V3k)

o= (52 + 2k)2 — k2
vy — (s2 4 2k)(s — V3k) + k(s + v/3k)

(52 4 2k)2 — k2

(82 + 2k)? — k? [(s% + 2k) — K][(s% + 2k) + K]

= (s2+ k) (s2 + 3k)
s V3k
o= 82+k+32—|—3k
ve — _ S V3k
2 T 23k 243k
y1(t) = cosVkt+ sinv3kt
y>(t) = cosVkt—sinv3kt



Periodic Functions. f(¢t) defined for all
t > 0, and has period p > 0,

fE+p)=f(#) Vi>0.

p —st 2p —st
/Oe fdt—i—/p et F dt
3p —st

-|—/2pe Fdt+ ...

= [emi@ar+ [T () ar
+ /Op e sH20) £y dr + .

= [14ePte 2Pt ] /Op e f(7) dr
= L /p e °7T f(1) dr.

1 —eP5JO
This is because in the integral fé§+1>p e SUf dt,
we can substitute t = 7 4 kp to obtain

p —s(t+kp) — —kp P sr
/Oe f(r+kp)dr = ¢ /Oe f(7)dr,

because f(7 4 kp) = f(7).

L(f)

+ 18



Example 1.

F(¢) ={

L(f)

—1 ifn<t<2m,

LifO<t<m oy pp.

1 T st o —st
1_6_%8(/06 d,t+/7T “lemstat

1 1 —7S —27s
1_6—27rs;(1_2€ +€ >
(1 . 6—7‘(‘8)2
s(1 — e—2ms)

1 —e 75 TS
— — coth (—)
s(14+e-75) s 2
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Example 2. Halfwave Rectifier:

£(t) = sinwt iIf 0<t,7/w,
B 0 if 7/w<t<2r/w,
fit+2m/w) = f(2).
L(f) = = Y st sinwt d
(f) = 1_6_27T8/w/0 e “*sinwtdt.
The integral is the imaginary part of
/ Y st gy = L oot} /W
0 —s 4+ w 0
_ TS w — ST /w
- 32—|—w2(_€ o 1)7
and so

w(l 4 e 57/w)

L(f) = (82 + w2>(£}_ _ 6—2377/w)

(32 + w2)(1 _ e—sw/w)°



Example 3. Rectifier of sinwt:
f(t) = sinwt, 0<t< ", f(t+ ) = f(1).
w w

/W

L) = s [

e St sin wt dt.
1 e—ws/w 0

/7r/w e—steiwt dt

0 /W/w e~ (sTiw)t gy

o)

_e—(s—iw)t /W
S — 1w

0
1 _ e~ (s—iw)m/w

S — 1w
1 _|_€—7Ts/w
S — 1W

(14 e T5/9) (s 4 iw)
g2 + w2 )

+ 21



Since e~ sin wt is the imaginary part of e~ (s—iwt)
take the imaginary part of the integral and
multiply by 1/(1 — e~ ™/%) to obtain

1 w(1 4 e~ T8/W)
1 — e~ TS/w 52 4 2

L(>f) =

1 w(eﬂs/Qw _|_6—7rs/2w)
eTS/2w _ o—ms/2w s2 4 w2

w cosh(rs/2w)
s2 + w? sinh(rws/2w)




