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Abstract We considera Markovian modelproposedby Gyllenberg andSilvestrov [5] for studyingthe behaviour of
a metapopulation: a populationthatoccupiesseveralgeographicallyseparatedhabitatpatches.Althoughthe individual
patchesmaybecomeemptythroughextinctionof localpopulations,they canberecolonizedthroughmigrationfrom other
patches.Thereis considerableempiricalevidence(seefor example[3]) whichsuggeststhatabalancebetweenmigration
andextinction is reachedwhich enablesthesepopulationsto persistfor long periods. The Markovian modelpredicts
extinction in afinite time. Thus,therehasbeenconsiderableinterestin developingmethodswhichaccountfor thepersis-
tenceof thesepopulationsandwhich provide aneffective meansof studyingtheir long-termbehaviour beforeextinction
occurs.We shallcompareandcontrastthemethodsof Gyllenberg andSilvestrov [5, 6] (pseudo-stationarydistributions)
and thoseof Day andPossingham[2], which arebasedon the classicalnotion of a quasi-stationarydistribution. We
presentherea convincingrationalefor thelatter, usinglimits of conditionalprobabilities.

1. INTRODUCTION

Suppose that we are using a stochastic process� ��� � � �����
	 �
to modelapopulationwhichmighteven-

tually becomeextinct. Thestate
��� � �

at time
�

mightbe
somethingassimpleasthenumberin thepopulation,but
it couldbemorecomplicated:

��� � �
mightbeavectorin-

dicatingthenumbersof variousspecies,or thenumbers
occupyingvariousgeographicalregions.If weareto use
ourmodelto explainobservedphenomena,to makepre-
dictions,or if, in the first instance,we wish simply to
refineit in orderthat it might faithfully capturethe be-
haviourof thepopulation,thentheverybestwecanhope
to extract from our model is the completeset of state
probabilities: �
� � � ������� � ��� � �������

,
���
�

,
����	

,
where

�
is the setof states.This canusuallybe done,

at leastin principle,by solvinga setof differenceequa-
tions or differentialequations.More often thannot, an
exactsolutioncannotbeobtainedanalytically, andsoei-
ther analyticalapproximations,computationalmethods
or asymptoticmethodsareused. But, for the moment,
let usimaginethatwe havecompleteinformation:to be
emphatic,we know �
� � � � for every

�
and

�
.

Now supposethatweobservethepopulationatanar-
bitrary time � andwe seethatextinctionhasnot yetoc-
curred. We know nothingmore. How canwe incorpo-
ratethis new information?We shouldevaluatea condi-
tional statedistribution, thatis, thestateprobabilitiesat
time � conditionedonnon-extinction:� � � � ������� � ��� � ���
� � ��� � �"!��	 �� �
� � � �#�$ � % � � � �&�'��(��

(1)

where
	

is the statecorrespondingto extinction, and
(

comprisestheremainingstates(
�
��) 	 *,+�(

).
Ourpurposehereis to usethisconditionalstatedistri-

bution to betterunderstandthe metapopulationmodels

introducedby GyllenbergandSilvestrov [5]. If thenum-
bersof statesis not too large,asis thecasein all theex-
amplesstudiedin [5], then � � � � � canbecalculatednu-
merically. We shallcomparetheconditionalstatedistri-
bution, � � � �-��� � � � � � ���
�.�,�

, with quasi-stationary
distributions(latercalledpseudo-stationarydistributions
in [6]) introducedby thoseauthors. We shall seethat,
as
�

becomeslarge, � � � � approachesa limit � , called
a limiting conditionaldistribution (traditionallycalleda
quasi-stationarydistribution), and that � is the eigen-
vector correspondingto the largest eigenvalue of the
transitionmatrix restrictedto

(
. Thus,whentheconver-

genceof � � � � to � is rapid, � providesasimplemeans
of assessingthelong-termbehaviour of themetapopula-
tion beforeextinction occurs.Day andPossingham[2]
haveusedthisapproachin analyzinga similar, morere-
finedmodel.They commentthatthequasistationarydis-
tribution and the pseudo-stationarydistribution appear
not to correspond.Weshallamplify thisobservation,by
showing that the two waysof analyzingthe modelcan
give riseto opposingconclusions.

2. A STOCHASTIC MODEL FOR METAPOPU-
LATIONS

Supposethat thereare / distinct geographicalregions,
or patches, andlet

��0 � � �
be1 or 0 accordingaspatch1

is occupiedor not at time
�
, where

�2�3	 � # � 4 � 5 5 5
. Let�6�7� �98 � ��: � 5 5 5 � ��; �

andsupposethat
� ��� � � �
���
	 �

is a (discrete-time)Markov chaintakingvaluesin
���) 	 � # * ;

. Its transitionstructureis definedasfollows.
Definean interaction matrix < �=� > 0 ? � 1 � @���A
�

,
where

AB�7) # � 4 � 5 5 5 � / * , which governsthebehaviour
of the patchesover a single time step:

> 0 ?
, for

@7!� 1 ,
is the probability that patch

@
will not be colonizedby

migration from patch 1 , and
> 0 0

is the probability that,



in the absenceof immigration,patchC will becomeex-
tinct. We shallassumethat the interactionprobabilities
dependonthedistanceD E F betweenpatchesC andG (note
that D E E'H=I and that D E F
HJD F E ) and the area K"E of
patchC in thefollowing way (see[5]):L E F"H
M N OQP R"S T�U V W X K"E Y Z[C Z G�\�]7Z
wherê ( _
I ) measureshow badlyindividualsareatmi-
grating. Thus,the larger the areaof a given patch,the
morelikely that patchis to survive andto successfully
colonizeotherpatches,while thelargerthedistancebe-
tweenpatchesthesmallerthechanceof colonizationbe-
tweenthem. In the extremecasê
H`I , colonization
doesnot dependon thedistancebetweencolonies;oth-
erwise,thelargerthevalueof ^ , themorepronouncedis
theeffectof distancebetweenpatches.

The variouscolonizationprocessesandlocal extinc-
tion processesareassumedto be independent.Hence,
we candefineL E P a
Y , wherea'H7P aQb Z a�c Z d d d Z a
e Y , by

L F P a
Y,H efE gQb L h WE F ZiG�\�]7ZQa'\�j"Z
to betheprobability thatpatchG will becomeextinct at
thenext epochgivenapresentconfigurationa . Thusit is
clearnot only that themodelaccountsfor spatialstruc-
ture in the populationbut also that the local extinction
probabilitymaydependon theeffectof migration.

Finally, thetransitionmatrix k�H�P lQP aQZ m Y Z�aQZ m�\9j,Y
canbewrittenas

lQP aQZ m Y�H efE gQb L E P a�Y b T�n W P o�R L E P a
Y Y n W ZQaQZ m�\�j"d
Notice that, since L E P I Y3Hpo for all Cq\=] , stateI�H3P I Z I Z d d d Z I Y (correspondingto theextinction of all
patches)is anabsorbingstatefor thechain:

lQP I Z m Y,H r o Z if m�H�I ZI Z otherwised
We shallassumethattheremainingstatess'H�t a'\9j
uaqvH�I w form an irreducible,aperiodicclass(Assump-
tionsA1-A3 of [5] guaranteethis). Weshallalsoassume
that L E E2x3I for all C-\y] , so that, locally, every patch
hasapositiveprobabilityof extinction. ThisensuresthatlQP aQZ I Y"x7I for somea�\'s , sothat theabsorbingstate
is accessiblefrom all statesin s , andhence,since s is
finite, eventualextinctionwill occurwith probability1.

A salientfeatureof thismodelis thatit helpsaccount
for thepersistenceof metapopulations.Figure1 showsa
simulationof a 5-patchmetapopulation.Thenumberof
occupiedpatchesis plottedagainsttimeup to extinction
at z�H�{ | } . All patcheshave the samearea( K"E2H~o ).
The distancebetweenPatches2,3,4and5 is the same
( D E F"H�I d o ), while Patch1 is 10timesthatdistanceaway
from eachof theothers( D b F"H�o ).

Do theconditionalstateprobabilitiesaccountfor the
observed behaviour? Figure 2 comparesthe observed
frequenciesfor the samplepathillustratedin Figure1,
with the conditional state distribution � h P z Y at z3H
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Figure1: Simulationof a 5-patchmetapopulation
with ^ =7 andinitially all patchesoccupied.
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Figure 2: Comparisonbetweenthe conditional
statedistribution (black) and the simulatedpro-
portionsof occupiedpatches(white).

o Z | Z � and o I . In eachcase,theblackbaris thedistribu-
tion of thenumberof occupiedpatchesevaluatedusing� h P z Y , while thewhite bar is theproportionof time for
which C patcheswereoccupied(C"H�o Z | Z d d d Z � ) during
the periodof the simulation. Theconditionalstatedis-
tribution wasevaluatedusing(1) andtheiteration

lQP z �
o Y,HylQP z Y k�Z�z,H�I Z o Z d d d Z (2)

with lQP I Y assigningall its massto the initial state.No-
tice thatwhenz is largetheconditionalstatedistribution
is in reasonableagreementwith empirical frequencies.
Thisagreementis notsurprisingfrom atheoreticalpoint
of view, for in a sensewhich canbemadevery precise,
the setof frequenciesis a “good” estimateof the state
distribution for z large. My purposehereis to endorse
thereader’s commonsense:thatusingconditionalstate
probabilitiesis asensibleapproachto modellingthebe-
haviour of thepopulationbeforeextinctionoccurs.



3. LIMITING CONDITIONAL DISTRIBUTIONS

Thetrendillustratedin Figure2 hasasimpletheoretical
explanation.Since� is a finite set,thelimit� � �� �-�.�9� � � �,�
�9� (3)

existsanddefinesa properdistribution �=�q� �'� � ���� � , calleda limiting conditionaldistribution, and � is
theleft eigenvectorof �Q� ( � restrictedto � ) correspond-
ing to the eigenvalue, � � , with maximalmodulus.This
is truefor any aperiodicMarkov chainwith afinite tran-
sientclass� ; seeDarrochandSeneta[1]. Indeed,clas-
sical (Perron-Frobenius)matrix theoryguaranteesthat,
underour assumptions,�
� hasmultiplicity 1, it is real
andstrictly lessthan1, and,thecorrespondingleft and
right eigenvectorshavestrictly positiveentries.

Figure 3 illustratesthe rapid convergenceof �'� � � �
to �9� for the 5-patch metapopulationmodel. The
correspondingdistributionsof the numberof occupied
patchesare plotted andcomparedat times �9�6� � �
� �
and � � .
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Figure 3: Comparisonbetweenthe conditional
statedistribution (black) and the limiting condi-
tionaldistribution(white) for thenumberof occu-
piedpatches.

Again since � is finite, we canbe preciseaboutthe
rateof convergencein (3) by examiningtheeigenvalue,� � , of ��� with second-largestmodulus.Thiseigenvalue
might not be real, and it might have a multiplicity, � ,
whichis greaterthan1,but, for simplicity, let ussuppose
that � � � . It canbeshown (see[1]) that�9� � � �,�
�9�"�����   � � as �,¡=¢��
where  6�¤£ � � £ ¥ � � � ¦ � � . Thus, the smaller £ � � £ is
comparedwith �
� , the fasterthe convergenceof �'� � � �
to �9� . Further, the expectedtime till absorption,§ , is
approximately�
� ¥ � �2¨.� � � andso if, in addition, � � is
closeto 1, weshouldexpect� to faithfully describethe
behaviour of the populationbeforeextinction. For the
5-patchmetapopulationmodelwith © ��ª , we find that�
�'«~¬ ­ � � ª � , � �y«`¬ ­ ® ¯ � � (real with multiplicity 1), �� � � � ¥ � � � «�¬ ­ ® ¯ � � and §�« � ° ° .

Beforeweproceedto examinethenotionof apseudo-
stationarydistribution, we remark that usageof the
term quasi-stationarydistribution for limiting condi-
tional distribution is commonplace.However, in recent
times, this term hasbeenusedfor any initial distribu-
tion � ±Q� �2�~� � � suchthat the conditionalprobabil-
ity �9� � � � doesnot dependon � : �'� � � �'�=±Q� for all�2² ¬ , �.� � . Every limiting conditionaldistribution is
a quasi-stationarydistribution in this sense,but thecon-
verseis not true; seefor exampleNair andPollett [8],
vanDoorn[10], andvanDoornandSchrijner[11]. The
interchangabilityof thetermsaroseperhapsbecause,for
Markov chainswith ³ irreducible,thestationarydistri-
bution and limiting distribution coincide. The problem
of identifyingconditionsunderwhichaquasi-stationary
distributionis alsoalimiting conditionaldistributionhas
beenthesubjectof muchrecentresearch;see[7].

4. PSEUDO-STATIONARY DISTRIBUTIONS

If we had assumedthat a given patch, say Patch 1,
hada zero local extinction probability ( ´ � � � ¬ ), that
patchwouldbehave,in anobvioussense,asamainland.
State¬ wouldnolongerbeaccessiblefrom all statesand
indeed� woulddecomposeinto two irreducibleclasses,� µ and �
� , consistingof thosestatesin � which have,
respectively, � � � ¬ and � � � � : either the process
wouldstartin �
� (themainlandis inhabited)andremain
there,or, start in � µ (the mainlandis uninhabited)and
eventuallyentereither �
� or theabsorbingstate.

Themethodof Gyllenberg andSilvestrov dependson
beingableto identify a “quasi-mainland”,namelyasin-
gle patch ¶ with ´ · · small; take this to be Patch1. By
consideringasequenceof processesindexedby ¸ � ´ · · ,
Gyllenberg andSilvestrov wereableto invoke thepow-
erful perturbationtheoryof Markov chainsby treatinģ
asa perturbation.It is worth reviewing their resultsin
somedetail.

Let ¸ ��� ¬ � � ¹ (now arbitrary) andsupposethat our
interactionmatrix dependson ¸ in thefollowing way:

´ º » ¼· ½�� ´ · ½ � ¸ ¾´ · ½ ��¿ � ¸ � as ¸ ¡ ¬ �
where

´ · ½ � � � �» � µ ´ º » ¼· ½ and ¾´ · ½ � � � �» � µ � ¸�À ´ º » ¼· ½ ¨.´ · ½ Á �
thelatterassumedto benon-negativeandfinite,and,thatÂ ��� ´ · ½ � ¶ � Ãy�.Ä
� satisfieś � � � ¬ . (This notation
might causesomeconfusion;it is importantto realize
that

Â º » ¼ is the original interactionmatrix, with ¸ cho-
senappropriately(say ¸ � ´ � � ), andthathere

Â
is the

interactionmatrixobtainedin thelimit as ¸ ¡ ¬ .) Then,
in anobviousnotation,Å º » ¼ � �Q� Æ ��� Å � � � Æ � � ¸
¾Å � �Q� Æ �Q�
¿ � ¸ � �Q�Q� Æ�� ³ �
where � º » ¼��=� Å º » ¼ � � � Æ � �"�Q� Æ�� ³ � is the transition
matrix correspondingto

Â º » ¼ and � �3� Å � �Q� Æ � � �Q� Æ'�³ � is the transition matrix correspondingto
Â

. It
is worth emphasizingat this stagethat, of necessity,´ º » ¼� � ¡ ¬ , andso the choice ¸ � ´ � � is a naturalone,



andonewhich Gyllenberg andSilvestrov adoptedin all
their examples(seeSection7 of [5]).

Next, GyllenbergandSilvestrov examinedtheasymp-
totic behaviour of thestateprobabilities,obtainedfromÇ�È É Ê

, by letting Ë"ÌJÍ and Î Ï Ð�Î É Ñ ÌÓÒ in sucha way
that Ë Î É Ì¤Ô , where Í�Õ�Ô.Õ�Ò . This is an intrigu-
ing idea. By arguing that the expectedlifetime of the
quasi-mainlandis of order Ö × Ë , they wereableto study
theprocesson differenttimescales:smallerthan,larger
than, and of the sameorder as, the expectedlifetime
(thesecorresponding,respectively, to Ô.Ð~Í , Ô.Ð6Ò ,
and ÍyØqÔ'Ø�Ò ). They provedthat, for Ù Ú Û
Ü�Ý , the
limit Þ ß àÉ á2â�ã ä Ï å�Ï Î É Ñ Ð�ÛQæ å�Ï Í Ñ Ð
Ù Ñ
exists andis given by a mixture of the limiting proba-
bilities ç�Ï Ù Ú Û Ñ for the (ergodic) chaingeneratedby è
andthedegeneratedistribution é Ï Û�Ú Í Ñ whichassignsall
its massto state0, the mixing probability being ê ë�ì í ,
whereî is apositiveconstantwhichis specifiedin terms
of ïð Ï ÙQÚ Û Ñ . GyllenbergandSilvestrov calledthismixture
a quasi-stationarydistribution; later, in [6], they coined
the termpseudo-stationarydistribution to distinguishit
from thedistributionsdescribedin Section3. Note thatç�Ï Û Ñ Ð�ç�Ï Ù Ú Û Ñ is thesamefor all Ù'Ü9Ý
ñ , that ç�Ï Û Ñ Ð�Í
for Û7Ü3ò Í ó"ôyÝ â andstrictly positive otherwise,and,
that for Ù�Ü�Ý â and Û�Ü�Ý
ñ , ç�Ï ÙQÚ Û Ñ Ð�õQÏ Ù Ú Ý
ñ Ñ ç�Ï Û Ñ ,õQÏ ÙQÚ Ý
ñ Ñ is theprobabilitythatthechainreachesÝ
ñ start-
ing in Ù .

Themostinterestingcasefor thepractitioneris Ô2Ð�Í ,
wherethe populationis observed beforeextinction oc-
curs;when Î É growsmore slowly thantheexpectedlife-
time, thelimiting stateprobabilitiesconvergeto thedis-
tribution obtainedby setting ö ñ ñ�Ð�Í . In all the exam-
plesgivenin [5], only thiscasewasexamined.

ThecaseÔ�Ð�Ò givesriseto anobviousconclusion:
that if the populationis observed on a time scalewithÎ É growing morerapidly thantheexpectedlifetime, then
thelimiting distributionwould bedegenerate.

Themostinterestingcasefrom a mathematicalpoint
of view is ÍyØ�Ô'Ø�Ò , wherethe processis observed
onthesametimescaleasexpectedlifetime—thoughthe
authorcontendsthattheobservercouldnotpossiblydis-
cern this. Here, the limiting distribution is a genuine
mixtureof ç and é .
5. A COMPARISON

In this sectionwe shall comparethe two approaches
to modellingquasi-stationarybehaviour in metapopula-
tions.

First let us return to the 5-patchmodel studied in
Section2. Recall that all patcheshad the samearea
( ÷"ø�ÐJÖ ), Patches2,3,4and5 (“islands”) werea dis-
tance0.1 from one another, while Patch 1 (the quasi-
mainland)was a distance1 from eachof the others.
Figure4 comparesthe limiting conditionaldistribution,
the simulatedproportionsof occupiedpatchesand the
pseudo-stationarydistribution. Thedisparityis marked:
for this example,the two waysof analysingthe model
lead to quite different predictions. And, as illustrated
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Figure4: Comparisonbetweenthe limiting con-
ditionaldistribution(black),thesimulatedpropor-
tions of occupiedpatches(grey) andthe pseudo-
stationarydistribution (white).

in Figure 5, this disparitybecomesworseas the time-
scaleparameterÔ increases.The sourceof the dispar-
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Figure5: The effect of varying Ô on the pseudo-
stationarydistribution (black). The white bar
representsthe simulatedproportionsof occupied
patches.

ity is easyto identify. The limiting conditionaldistri-
bution assignsmassto all states,whereasthe pseudo-
stationarydistribution assignsmassto only thosestatesÙ with ÙQñ.ÐJÖ , and, for thesestatesthe distributions
are markedly different. For example,underthe limit-
ing conditionaldistribution, state Ï Ö Ú Í Ú Í Ú Í Ú Í Ñ hasneg-
ligible mass,whereasthepseudo-stationarydistribution
assignsnearlyhalf its massto thisstate.

To illustratethis graphically, it is simplerto consider
the corresponding3-patchmodel. All patcheshave the
samearea,the distancebetweenthe islands(Patches2
and 3) is Í ù Ö , and the quasi-mainland(Patch 1) is 10
times that distanceaway from eachof 2 and 3. This
is preciselythe first exampleof [5]. Figures6 and 7
comparethe limiting conditionaldistribution, thesimu-



latedproportionsof occupiedpatches,andthe pseudo-
stationarydistribution for the 3-patchmetapopulation
modelwith ú�û�ü . Figure6 shows the distribution of
the numberof patches,while Figure 7 shows that ac-
tual statedistribution. Thewhite bar in Figure6 canbe
comparedwith Figure1(d) of [5]. Thedisparityis par-
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Figure6: Comparisonbetweenthe limiting con-
ditional distribution (black), the simulatedpro-
portions of occupied patches (grey) and the
pseudo-stationarydistribution (white) for a 3-
patchmetapopulationmodelwith ú�û�ü .
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Figure7: Comparisonbetweenthe limiting con-
ditional distribution (black), the simulatedpro-
portions of occupied patches (grey) and the
pseudo-stationarydistribution (white) for a 3-
patchmetapopulationmodelwith ú�û�ü .

ticularly noticible in the statedistribution. Observe, in
particular, theunexpectedlyhighprobabilityassignedto
stateý þ ÿ � ÿ � � underthepseudo-stationarydistribution.

We remarkthat for the 3-patchmodel,repeatedruns
areneededto accuratelyestimatetheproportionsof oc-
cupiedpatches,for extinction occursquickly (the ex-
pectedtime till extinction being ���~þ � � � � starting,as
we did, in stateý � ÿ þ ÿ þ � ). Our resultsarebasedon 1000
runs. For the úqûBü model we have 	�
��
� � � þ � � ,

	 ����� � � � � � and ����� � � � � � . The anticipatedrapid
convergenceof the conditonalstatedistribution is ob-
served.

6. DISCUSSION

In arecentpaper, Gosselin[4] hasattemptedto reconcile
the two approachesby establishingan intuitively obvi-
ousresult. Denotethestateprobabilitiescorresponding
to ��� � � by ��� � � ý � �,û�ý � � � �� ý � � ÿ��! #"$� , sothat

� � � � ý �&%
þ �,û�� � � � ý � � � � � � ÿ'��û�� ÿ þ ÿ � � � ÿ
and denotethe correspondingconditonalprobabilities
by ( � � �� ý � � (cf (1)). Gosselinprovedthat

) * +� ,.- ) * +/ ,10 ( � � �� ý � �,û
243 ý ��� ÿ if �! 65�
 ÿ� ÿ if �! 65 - ÿ

which hecomparedwith Theorem6.2of [5]:

) * +� ,.- ( � � �� ý � � ��û
2 3 ý ��� ÿ if �! 65�
 ÿ� ÿ if �! 65 - �

(Theseresultshave beenstatedhere in slightly more
generalitythan in [4] and [5]; they assume,or condi-
tion on, a particularinitial state,but since 5 is a finite
set, we may usean arbitrary initial distribution, �Qý � � ,
over states,in which casethe limits do not dependon�Qý � � .) Thus, in the importantcase7'û8� , the limiting
conditonaldistribution andthe pseudo-stationaryagree
when 9 is small.Theproblemwith themodelsexamined
above is that 9 ý û�: 
 
 �1��� � ü � ; � , independentlyof the
numberof patches.

However, quasi-stationarybehaviour is a propertyof
themodelandnot themeansof analysingit. The5-patch
modelexhibitsquasi-stationarity, demonstratedemphat-
ically in Figure 1, yet : 
 
 is not small. The pseudo-
stationarydistribution doesnot capturethis behaviour.
On the other hand, the conditional state distribution(.ý � � does:afterall,it is themostinformationour model
canprovideat any time � giventhatwe know extinction
hasnot occuredby time � . In caseswhen the conver-
genceof (yý � � to thelimiting conditionaldistribution (
is rapid,thisdistributioncanbeusedinstead.

A casefor which : 
 
 is small, is the secondexam-
ple of [5]. It differsfrom the3-patchexampledescribed
above only in that <�ûqý þ � ÿ � ÿ � � � � þ � and = � >-û?= > �-û� � � � þ , sothatthequasi-mainlandis well away from the
two islands,a distance1000timesthat betweenthe is-
lands,and, of the two islands,one is half the size of
the quasi-mainlandand5000timesthatof the otheris-
land. When ú�û@; � � we find that 9#�A� � � � � � � � , and
that 	�
B�C� � � � � � , 	 �D�C� � � � � � and �E�C� � � � � � .
Thus, the expectedtime till extinction is large, while
convergenceof theconditonalstatedistribution is slow.
Figure8 shows the distribution of the numberof occu-
piedpatches.Thewhitebarin Figure8 canbecompared
with Figure3(c) of [5].

We shall concludewith a brief discussionof compu-
tational issues.Therearemany numericalsoftware li-
brariesavailablewhich includeroutinesfor performing
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Figure8: Comparisonbetweenthe limiting con-
ditionaldistribution(black),thesimulatedpropor-
tions of occupiedpatches(grey) andthe pseudo-
stationarydistribution (white) for the second3-
patchmetapopulationmodelwith FHG?I J K .

matrix computationsand, in particular, for evaluating
eigenvaluesandeigenvectors.Perhapsthemostwidely

L M
Arnoldi QR Iteration N

4 3543 1182 932 29
8 41966 12610 5768 45
16 260232 64996 15888 31
32 740295 527710 59424 29
64 1116134 3554160 245824 30
128 2264912 30466852 983168 30
256 5425752 223682282 3932416 30
512 17161871 – 15729152 30
1024 65372004 – 62915584 30

Table 1: Comparisonbetweenvariouscomputa-
tionalmethods.

usedis MATLAB. In usingthis package,we have three
obviousmethodsavailableto us.Wecouldusethefunc-
tion eig, which evaluatesall eigenvaluesand/oreigen-
vectorsusingthe QR algorithm,or the functioneigs
(availablein Version5 orabove),whichevaluatespartic-
ular eigenvaluesand/oreigenvectorsusing the Arnoldi
algorithm,or, wecouldsimplyuseiterationbasedon(1)
and(2). We notethat theArnoldi algorithmis normally
usedfor large-sparsesystems(seefor example[9]), but
canbeusedin thepresentcontext ( O is alwaysdense),
thoughits advantageswill not befully realized.Table1
comparesthesemethods.Thesizeof the system,mea-
suredby the numberof states(equivalently, the sizeofO ), is given in Column1. Columns2,3 and4 list the
numbersof flops(floatingpointoperations)usedbyeach
method;the iteration wasstopped(at N givenin thelast
column)whenthemaximumelementwisedifferencebe-
tweenthe statevectorand the correspondingresult of

the Arnoldi methodwassmallerthan P Q R�S (this being
alsothe default toleranceof the Arnoldi method). The
QR algorithmworks well for small systems,while the
Arnoldi algorithmappearsto bebetterfor largesystems.
Theperformanceof thesimplestmethod,namelyitera-
tion basedon (1) and(2), is alwaysthebest.
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