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Abstract We considera Markovian model proposedoy Gyllenbeg and Silvestros [5] for studyingthe behaiour of
a metapopulationa populationthat occupiesseveral geographicallyseparatedhabitatpatches.Although the individual
patchesnaybecomesmptythroughextinction of local populationsthey canberecolonizedhroughmigrationfrom other
patchesThereis considerablempiricalevidence(seefor example[3]) which suggestshatabalancebetweemigration
and extinction is reachedwhich enableshesepopulationsto persistfor long periods. The Markovian model predicts
extinctionin afinite time. Thus,therehasbeenconsiderablénterestin developingmethodswvhich accountfor the persis-
tenceof thesepopulationsandwhich provide an effective meansof studyingtheir long-termbehaiour beforeextinction
occurs.We shallcompareandcontrasthe methodsof Gyllenber andSilvestrw [5, 6] (pseudo-stationarglistributions)
andthoseof Day and Possinghanj2], which are basedon the classicalnotion of a quasi-stationargistribution. We
presentherea corvincing rationalefor thelatter, usinglimits of conditionalprobabilities.

1. INTRODUCTION

Suppose that we are using a stochastic process
(X (¢), t > 0) to modela populationwhich mighteven-
tually becomeextinct. ThestateX (t) attime¢ mightbe
somethingassimpleasthenumberin thepopulation put
it couldbemorecomplicated:X (¢) mightbeavectorin-
dicatingthe numbersof variousspeciespr thenumbers
occupying variousgeographicategions.If weareto use
ourmodelto explain obsenedphenomenap make pre-
dictions, or if, in the first instance we wish simply to
refineit in orderthatit might faithfully capturethe be-
haviour of thepopulationthentheverybestwecanhope
to extract from our modelis the completeset of state
probabilities: p,(t) = Pr(X() = z),z € S, ¢t > 0,
whereS is the setof states.This canusuallybe done,
atleastin principle, by solving a setof differenceequa-
tions or differentialequations.More oftenthannot, an
exactsolutioncannotbe obtainedanalytically andsoei-
ther analyticalapproximationscomputationamethods
or asymptoticmethodsare used. But, for the moment,
let usimaginethatwe have completeinformation:to be
emphaticwe know p, () for every z andt.

Now supposéhatwe obsere thepopulationatanar
bitrary time u andwe seethatextinction hasnotyetoc-
curred. We know nothingmore. How canwe incorpo-
ratethis new information?We shouldevaluatea condi-
tional statedistribution, thatis, the stateprobabilitiesat
time » conditionedon non-etinction:

mg(u) = Pr(X (u) = z|X (u) # 0)

Pz (u)

- 1—po(u)’
where( is the statecorrespondingo extinction, andC
comprisegheremainingstateqS = {0} U ().

Ourpurposehereis to usethis conditionalstatedistri-
bution to betterunderstandhe metapopulatiormodels

z €, ()

introducedby GyllenbegandSilvestror [5]. If thenum-
bersof stateds nottoo large,asis the casein all the ex-
amplesstudiedin [5], thenm, (t) canbe calculatechu-
merically We shallcomparethe conditionalstatedistri-
bution, m(t) = (m,(t), x € S), with quasi-stationary
distributions(latercalledpseudo-stationangistributions
in [6]) introducedby thoseauthors. We shall seethat,
ast becomedarge, m(t) approaches limit m, called
alimiting conditionaldistribution (traditionally calleda
quasi-stationangistribution), and that m is the eigen-
vector correspondingo the largest eigervalue of the
transitionmatrix restrictedto C. Thus,whenthe corver-
genceof m(t) tom is rapid,m providesasimplemeans
of assessinthelong-termbehaiour of themetapopula-
tion beforeextinction occurs. Day and Possinghanj2]
have usedthis approactin analyzinga similar, morere-
finedmodel. They commenthatthequasistationargis-
tribution and the pseudo-stationargistribution appear
notto correspondWe shallamplify this obsenation, by
shawing that the two waysof analyzingthe modelcan
giveriseto opposingconclusions.

2. A STOCHASTIC MODEL FOR METAPOPU-
LATIONS

Supposehattherearen distinct geographicategions,
or patches andlet X;(t) be 1 or 0 accordingaspatchi
is occupiedor notattime ¢, wheret = 0,1,2,.... Let
X = (X4, Xs,...,X,) andsupposehat(X (t), t > 0)
is a (discrete-timeMarkov chaintakingvaluesin S =
{0, 1}™. Its transitionstructureis definedasfollows.
Definean interaction matrix @ = (gij, %,j € N),
whereN = {1,2,...,n}, which governsthe behaiour
of the patchesover a singletime step: g;;, for j # 1,
is the probability that patchj will not be colonizedby
migration from patchi, and ¢;; is the probability that,



in the absencef immigration, patchi will becomeex-
tinct. We shallassumehattheinteractionprobabilities
dependnthedistancel;; betweerpatches andj (note
thatd; = 0 andthatd;; = d;;) andthe areaA; of
patchi in thefollowing way (see[5]):
gi; = exp(—e %% 4;), i,j €N,

wherea(> 0) measuretow badlyindividualsareat mi-
grating. Thus,the larger the areaof a given patch,the
morelik ely that patchis to survive andto successfully
colonizeotherpatcheswhile the largerthe distancebe-
tweenpatcheghesmallerthechanceof colonizationbe-
tweenthem. In the extremecasea = 0, colonization
doesnot dependon the distancebetweencolonies;oth-
erwise thelargerthevalueof a, themorepronounceds
the effect of distancebetweerpatches.

The variouscolonizationprocesseandlocal extinc-
tion processesre assumedo be independent.Hence,
we candefineg; (z), wherez = (21, z2,...,2,), by

n
q](x):qul;a jENaxesa
i=1

to be the probability thatpatchj will becomeextinct at
thenext epochgivenapresentonfigurationz. Thusit is
clearnot only thatthe modelaccountdor spatialstruc-
ture in the populationbut alsothat the local extinction
probabilitymay depencdbon the effect of migration.

Finally, thetransitionmatrix P = (p(z,y), z,y € S)
canbewrittenas

n

p(@,y) = [[a@)' (1 -a@)*, s,y €S.

=1

Notice that, since ¢;(0) = 1 for all ¢ € A, state
0 =(0,0,...,0) (correspondingo the extinction of all
patches)s anabsorbingstatefor the chain:

1, ify=0,

p(0y) = {0, otherwise

We shallassumehattheremainingstate’ = {z € S :
z # 0} form anirreducible,aperiodicclass(Assump-
tionsA1-A3 of [5] guarante¢his). We shallalsoassume
thatg;; > 0 for all i € A, sothat,locally, every patch
hasa positive probabilityof extinction. Thisensureshat
p(z,0) > 0 for somez € C, sothatthe absorbingstate
is accessibldrom all statesin C, andhence,sinceC is
finite, eventualextinction will occurwith probability 1.

A salientfeatureof this modelis thatit helpsaccount
for the persistencef metapopulationgrigurel shovsa
simulationof a 5-patchmetapopulationThe numberof
occupiedpatchess plottedagainstime up to extinction
att = 728. All patcheshave the samearea(4; = 1).
The distancebetweenPatches2,3,4and5 is the same
(di; = 0.1), while Patchlis 10timesthatdistanceaway
from eachof theothers(d,; = 1).

Do the conditionalstateprobabilitiesaccountfor the
obsenred behaiour? Figure 2 compareghe obsened
frequenciedor the samplepathillustratedin Figure1,
with the conditional state distribution m,(t) at¢ =
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Figurel: Simulationof a 5-patchmetapopulation
with =7 andinitially all patchesccupied.
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Figure 2: Comparisonbetweenthe conditional
statedistribution (black) and the simulatedpro-
portionsof occupiedpatchegwhite).

1,2,5 and10. In eachcasetheblackbaris thedistribu-
tion of the numberof occupiedpatchesvaluatedusing
m, (t), while thewhite baris the proportionof time for
which i patchesvereoccupied(i = 1,2, ...,5) during
the periodof the simulation. The conditionalstatedis-
tribution wasevaluatedusing(1) andtheiteration

p(t+1):p(t)P, t=0,1,..., (2

with p(0) assigningall its massto theinitial state.No-
ticethatwhent is largethe conditionalstatedistribution
is in reasonableagreementvith empiricalfrequencies.
Thisagreemenis notsurprisingfrom atheoreticalpoint
of view, for in a sensewhich canbe madevery precise,
the setof frequencieds a “good” estimateof the state
distribution for ¢ large. My purposehereis to endorse
thereaders commonsensethatusingconditionalstate
probabilitiesis a sensibleapproacto modellingthe be-
haviour of the populationbeforeextinction occurs.



3. LIMITING CONDITIONAL DISTRIBUTIONS

Thetrendillustratedin Figure2 hasa simpletheoretical
explanation.SinceC is afinite set,thelimit

Jim m () = my 3
exists anddefinesa properdistributionm = (m;, z €
C), calleda limiting conditionaldistribution, andm is
theleft eigervectorof P¢ (P restrictedo C) correspond-
ing to the eigervalue, p1, with maximalmodulus. This
is truefor ary aperiodicMarkov chainwith afinite tran-
sientclassC ; seeDarrochandSenetd1]. Indeed,clas-
sical (Perron-Frobeniusinatrix theory guaranteeshat,
underour assumptionsp; hasmultiplicity 1, it is real
andstrictly lessthan 1, and,the correspondindeft and
right eigervectorshave strictly positive entries.

Figure 3 illustratesthe rapid corvergenceof m(t)
to m, for the 5-patch metapopulationmodel. The
correspondinglistributions of the numberof occupied
patchesare plotted and comparedat timest = 2,4,9
and15.
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Figure 3: Comparisonbetweenthe conditional
statedistribution (black) and the limiting condi-
tional distribution (white) for the numberof occu-
piedpatches.

Again since( is finite, we canbe preciseaboutthe
rate of corvergencen (3) by examiningthe eigervalue,
p2, of Pe with second-lagestmodulus.This eigervalue
might not be real, andit might have a multiplicity, «,
whichis greatethanl, but, for simplicity, letussuppose
thatk = 1. It canbeshown (seg[1]) that

mg(t) = my + O(8?) ast — oo,

where 8 = |p2|/p1(< 1). Thus, the smaller|pz| is
comparedwith p,, the fasterthe corvergenceof m (¢)
to m,. Further the expectedtime till absorption;r, is
approximatelyp: /(1 — p1) andsoif, in addition, p; is
closeto 1, we shouldexpectm to faithfully describehe
behaiour of the populationbeforeextinction. For the
5-patchmetapopulatiormodelwith ¢ = 7, we find that
p1 =~ 0.9979, po ~ 0.6312 (real with multiplicity 1),
B(= p2/p1) ~ 0.6325 andr ~ 488.

Beforewe proceedo examinethenotionof apseudo-
stationary distribution, we remark that usageof the
term quasi-stationarydistribution for limiting condi-
tional distribution is commonplace However, in recent
times, this term hasbeenusedfor ary initial distribu-
tion (az, x € C) suchthat the conditional probabil-
ity m,(t) doesnot dependon ¢: m,(t) = « for all
t > 0, z € C. Everylimiting conditionaldistribution is
aquasi-stationargistribution in this sensebut thecon-
verseis not true; seefor exampleNair and Pollett [8],
vanDoorn[10], andvanDoornandSchrijner[11]. The
interchangabilityof thetermsaroseperhapdecausefor
Markov chainswith S irreducible,the stationarydistri-
bution andlimiting distribution coincide. The problem
of identifying conditionsunderwhich aquasi-stationary
distributionis alsoalimiting conditionaldistributionhas
beenthe subjectof muchrecentresearchsee[7].

4. PSEUDO-STATIONARY DISTRIBUTIONS

If we had assumedhat a given patch, say Patch 1,
had a zerolocal extinction probability (g;; = 0), that
patchwould behae,in anobvioussenseasamainland
State0 would nolongerbeaccessiblérom all statesand
indeedC would decomposénto two irreducibleclasses,
Co and(y, consistingof thosestatesin C which have,
respectiely, x; = 0 andz; = 1. eitherthe process
would startin C; (themainlandis inhabited)andremain
there,or, startin Cy (the mainlandis uninhabited)and
eventuallyentereitherC, or theabsorbingstate.

Themethodof Gyllenbeg andSilvestror depend®n
beingableto identify a“quasi-mainland”namelyasin-
gle patchi with ¢;; small; take this to be Patch1. By
consideringa sequencef processesdexedby € = g;;,
Gyllenbeg andSilvestros wereableto invoke the pow-
erful perturbatiortheoryof Markov chainsby treatinge
asa perturbation.It is worth reviewing their resultsin
somedetail.

Lete € (0,1] (now arbitrary) and supposethat our
interactionmatrix depend®ne in thefollowing way:

qg;) = ¢ij + €Gij + o(€) ase = 0,
where

gij = lim q§;’ andg;; = 21_13(1)% (q§;’ - Qij) )

thelatterassumedo benon-ngativeandfinite, and,that
Q = (g5, 3,j € N) satisfiesg;; = 0. (This notation
might causesomeconfusion;it is importantto realize
that Q(¢ is the original interactionmatrix, with € cho-
senappropriately(saye = ¢11), andthathereq@ is the
interactionmatrix obtainedn thelimit ase — 0.) Then,
in anobviousnotation,

P9 (z,y) = p(z,y) + eb(z,y) + o(€), 7,y € S,

where P() = (p(9)(z,y), =,y € S) is the transition
matrix correspondingo Q© andP = (p(z,y), =,y €
&) is the transition matrix correspondingto Q. It
is worth emphasizingat this stagethat, of necessity
qﬁ) — 0, andsothe choicee = ¢; is a naturalone,



andonewhich Gyllenbeg andSilvestros adoptedn all
theirexamplegseeSection7 of [5]).

Next, Gyllenbeg andSilvestror examinedtheasymp-
totic behaviour of the stateprobabilities,obtainedfrom
P pylettinge — 0 andt(= t.) = oo in suchaway
thatete — s, where0 < s < oo. Thisis anintrigu-
ing idea. By arguing that the expectedlifetime of the
quasi-mainlands of order1/e, they wereableto study
the proceson differenttime scalessmallerthan,larger
than, and of the sameorder as, the expectedlifetime
(thesecorrespondingrespectiely, to s = 0, s = o0,
and0 < s < o00). They provedthat,for z,y € C, the
limit

lim Pr(X (t) = y| X (0) = z)

e—0
exists andis given by a mixture of the limiting proba-
bilities 7 (z,y) for the (ergodic) chaingeneratedy @
andthedegeneratalistribution 6(y, 0) which assignsall
its massto state0, the mixing probability beinge=*#,
where) is apositive constantvhichis specifiedn terms
of p(z,y). GyllenbegandSilvestros calledthis mixture
a quasi-stationandistribution; later, in [6], they coined
the term pseudo-stationardistribution to distinguishit
from thedistributionsdescribedn Section3. Note that
7(y) = w(z,y) isthesamefor all z € €y, thatw(y) =0
for y € {0} U Cy andstrictly positive otherwise,and,
thatfor z € Cy andy € Cq, w(z,y) = h(z,C1)7(y),
h(z,C,) istheprobabilitythatthechainreache¢, start-
ingin z.

Themostinterestingcasefor the practitioneris s = 0,
wherethe populationis obsened beforeextinction oc-
curs;whent, grows more slowlythanthe expectedife-
time, thelimiting stateprobabilitiescorvergeto thedis-
tribution obtainedby settingg;; = 0. In all the exam-
plesgivenin [5], only this casewasexamined.

Thecases = oo givesriseto anobviousconclusion:
thatif the populationis obsened on a time scalewith
t. growing more rapidly thantheexpectedifetime, then
thelimiting distribution would be degenerate.

The mostinterestingcasefrom a mathematicapoint
of view is 0 < s < oo, wherethe procesds obsened
onthesametime scaleasexpectedifetime—thoughthe
authorcontendghatthe obsenercouldnotpossiblydis-
cernthis. Here, the limiting distribution is a genuine
mixture of = ands.

5. A COMPARISON

In this sectionwe shall comparethe two approaches
to modellingquasi-stationarpehaiour in metapopula-
tions.

First let us return to the 5-patchmodel studiedin
Section2. Recall that all patcheshad the samearea
(A4; = 1), Patches2,3,4and5 (“islands”) were a dis-
tance0.1 from one anothey while Patch 1 (the quasi-
mainland)was a distancel from eachof the others.
Figure4 compareghelimiting conditionaldistribution,
the simulatedproportionsof occupiedpatchesand the
pseudo-stationargtistribution. The disparityis marked:
for this example,the two ways of analysingthe model
lead to quite different predictions. And, asillustrated
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Figure4: Comparisorbetweenthe limiting con-
ditionaldistribution (black),thesimulatedoropor

tions of occupiedpatcheqgrey) andthe pseudo-
stationarydistribution (white).

in Figure 5, this disparity becomeswvorseasthe time-
scaleparametes increases.The sourceof the dispar
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Figure5: The effect of varying s on the pseudo-
stationary distribution (black). The white bar
representshe simulatedproportionsof occupied
patches.

ity is easyto identify. The limiting conditionaldistri-

bution assignsmassto all states,whereaghe pseudo-
stationarydistribution assigngnassto only thosestates
z with z; = 1, and, for thesestatesthe distributions
are markedly different. For example,underthe limit-

ing conditionaldistribution, state(1, 0,0, 0,0) hasneg-

ligible masswhereaghe pseudo-stationargtistribution

assignsearlyhalf its masgto this state.

To illustratethis graphically it is simplerto consider
the corresponding-patchmodel. All patcheshave the
samearea,the distancebetweenthe islands(Patches?
and 3) is 0.1, and the quasi-mainlandPatch 1) is 10
times that distanceaway from eachof 2 and 3. This
is preciselythe first exampleof [5]. Figures6 and7
comparethelimiting conditionaldistribution, the simu-



lated proportionsof occupiedpatchesandthe pseudo-
stationarydistribution for the 3-patchmetapopulation
modelwith a = 3. Figure 6 shaws the distribution of
the numberof patcheswhile Figure 7 shaws that ac-
tual statedistribution. The white barin Figure6 canbe
comparedvith Figurel1(d)of [5]. Thedisparityis par

051

Probability
s 2

o
N
T

0.1r

1 3

2
Number of occupied patches

Figure 6: Comparisorbetweenthe limiting con-
ditional distribution (black), the simulatedpro-
portions of occupied patches (grey) and the
pseudo-stationandistribution (white) for a 3-
patchmetapopulatiomodelwith a = 3.
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Figure 7: Comparisorbetweenthe limiting con-
ditional distribution (black), the simulatedpro-
portions of occupied patches (grey) and the
pseudo-stationangdistribution (white) for a 3-
patchmetapopulatiomodelwith a = 3.

ticularly noticible in the statedistribution. Obsere, in
particular theunexpectedlyhigh probabilityassignedo
state(1, 0, 0) underthe pseudo-stationarglistribution.
We remarkthat for the 3-patchmodel, repeateduns
areneededo accuratelyestimatethe proportionsof oc-
cupied patches for extinction occursquickly (the ex-
pectedtime till extinction beingr ~ 12.94 starting,as
we did, in state(0, 1, 1)). Our resultsarebasecon 1000
runs. For thea = 3 modelwe have p; ~ 0.9155,

p2 ~ 0.6005 and 8 ~ 0.6560. The anticipatedrapid
convergenceof the conditonalstatedistribution is ob-
sened.

6. DISCUSSION

In arecentpaper Gosselif4] hasattemptedo reconcile
the two approachesy establishingan intuitively obvi-
ousresult. Denotethe stateprobabilitiescorresponding

to P by p(O () = (p{ (¢), = € S), sothat
p(e)(t+1) :p(e)(t)P(e), t=0,1,...,

and denotethe correspondingconditonal probabilities
by m$? (t) (cf (1)). Gosselinprovedthat

lim lim m{9(t) = m(z), ﬁxea,
e—0t—00 0, if re CO,

which he comparedvith Theorem6.2 of [5]:

{7‘[‘(.’1:), if z € Cy,

lim mi (te) = 0 if 2 € Co

e—0

(Theseresultshave beenstatedherein slightly more
generalitythanin [4] and[5]; they assumepr condi-
tion on, a particularinitial state,but sinceC is a finite
set, we may usean arbitrary initial distribution, p(0),
over states,in which casethe limits do not dependon
p(0).) Thus,in theimportantcases = 0, the limiting
conditonaldistribution andthe pseudo-stationarggree
whene is small. Theproblemwith themodelsexamined
aboveis thate(= ¢11) ~ 0.3679, independentlyof the
numberof patches.

However, quasi-stationarypehaiour is a property of
themodelandnotthemeanof analysingt. The5-patch
modelexhibits quasi-stationaritydemonstrategmphat-
ically in Figure 1, yet ¢;; is not small. The pseudo-
stationarydistribution doesnot capturethis behaiour.
On the other hand, the conditional state distribution
m(t) does:afterall,it is the mostinformationour model
canprovideatary timet giventhatwe know extinction
hasnot occuredby time £. In casesvhenthe conver
genceof m(t) to thelimiting conditionaldistributionm
is rapid, this distribution canbe usedinstead.

A casefor which ¢;1 is small, is the secondexam-
ple of [5]. It differsfrom the 3-patchexampledescribed
aboveonly in thatA = (10,5,0.001) anddag = ds2 =
0.001, sothatthe quasi-mainlands well away from the
two islands,a distancel000timesthat betweenthe is-
lands, and, of the two islands,one is half the size of
the quasi-mainlanc&nd 5000timesthat of the otheris-
land. Whena = 7.5 we find thate ~ 0.000045, and
that p1 ~ 0.9999, po ~ 0.9905 and 8 ~ 0.9906.
Thus, the expectedtime till extinction is large, while
convergenceof the conditonalstatedistribution is slow.
Figure 8 shaws the distribution of the numberof occu-
piedpatchesThewhite barin Figure8 canbecompared
with Figure3(c) of [5].

We shall concludewith a brief discussiorof compu-
tationalissues. Thereare mary numericalsoftware li-
brariesavailablewhich includeroutinesfor performing



051 q

Probability
s 2

o
[N
T
I

0.1r q

0 B |
1

2 3
Number of occupied patches

Figure 8: Comparisorbetweenthe limiting con-

ditional distribution (black),the simulatedoropor

tions of occupiedpatcheqgrey) andthe pseudo-
stationarydistribution (white) for the second3-
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matrix computationsand, in particular for evaluating
eigervaluesandeigervectors. Perhapghe mostwidely

an Arnoldi QR Iteration ¢

4 3543 1182 932 29
8 41966 12610 5768 45
16 260232 64996 15888 31
32 740295 527710 59424 29
64 1116134 3554160 245824 30

128 2264912 30466852 983168 30
256 5425752 223682282 3932416 30
512 17161871 - 15729152 30
1024 65372004 — 62915584 30

Table 1: Comparisorbetweenvariouscomputa-
tional methods.

usedis MATLAB. In usingthis packagewe have three
obviousmethodsavailableto us. We couldusethefunc-
tion ei g, which evaluatesall eigervaluesand/oreigen-
vectorsusingthe QR algorithm, or the function ei gs
(availablein Version5 or above),whichevaluategartic-
ular eigervaluesand/oreigervectorsusing the Arnoldi
algorithm,or, we couldsimply useiterationbasecbn (1)
and(2). We notethatthe Arnoldi algorithmis normally
usedfor large-sparsesystemgqseefor example[9]), but
canbe usedin the presentontext (P is alwaysdense),
thoughits advantagewill notbefully realized.Table1
compareghesemethods.The size of the system mea-
suredby the numberof states(equivalently; the size of
P), is givenin Column1. Columns2,3and4 list the
numberof flops(floatingpointoperationsysedoy each
method;theiteration wasstoppedat¢ givenin thelast
column)whenthemaximumelementwisealifferencebe-
tweenthe statevector and the correspondingesult of

the Arnoldi methodwas smallerthan10—¢ (this being
alsothe default toleranceof the Arnoldi method). The
QR algorithmworks well for small systemswhile the
Arnoldi algorithmappearso bebetterfor largesystems.
The performanceof the simplestmethod,namelyitera-
tion basedbn (1) and(2), is alwaysthebest.
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