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ABSTRACT : This paper is concerned with
the performance evaluation of loss networks. For
the simplest networks there are explicit analyti-
cal formulae for the important measures of per-
formance, but for networks which involve some
level of dynamic control, exact analytical meth-
ods have had only limited success. Under several
regimes the Erlang Fized Point (EFP) method
provides a good approximation for the blocking
probabilities, but when these regimes are not op-
erative the method can perform badly. In many
cases this is because the key assumption of inde-
pendent blocking does not hold. We derive meth-
ods for estimating the blocking probabilities which
specifically account for the dependencies between
neighbouring links. For the network considered
here, namely a ring network with two types of traf-
fic, our method produced relative errors typically
102 of that found using the EFP approximation.

1. INTRODUCTION

We shall be concerned with circuit-switched net-
works of the kind depicted in Figure 1. These
consist of a set of links indexed by j =1,2..., K,
with C} circuits comprising each link j, and a col-
lection of routes R. Each route r € R is a set of
links. Calls using route r are offered at rate v, as
a Poisson stream, and use a;,(> 0) circuits from
link j. R indexes independent Poisson processes.
Calls requesting route r are blocked and lost if,
on any link j, there are fewer than a;, free cir-
cuits. Otherwise, the call is connected and simul-
taneously holds a;, circuits on each link j for the
duration of the call. For simplicity, we shall take
a;jr € {0,1}. Call durations are independent and
identically distributed exponential random vari-
ables with unit mean, and are independent of the
arrival processes.

Let n = (n,., r € R), where n, is the num-
ber of calls in progress using route r, let C =
(Cjy, 3 =1,...,K), and let A = (a4, r €

R, j =1,...,K). Then, the usual model for a
circuit-switched network (see for example [5]) is a
continuous-time Markov chain (n(t), t > 0) tak-
ing values in
S=SC)={neZl : An<C}

and its unique stationary distribution is given by
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Fig 1. A typical circuit-switched network
(5 nodes, 6 links and 5 routes)

The stationary probability that a route-r call is
blocked is then given by
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where e, is the unit vector from S(C) describing
just one call in progress on route r. However, al-
though we have an explicit expression for L, in
terms of ®, the latter can’t (usually) be computed
in polynomial time. To see this, we only need con-
sider the trivial case of a fully-connected network
with all possible one-link routes (that is, [R| = K
and A = I) and with C; = C; clearly |S| = CK.
Thus, for networks with even moderate capacity,
one is forced to use alternative methods, and, ar-
guably the most important of these is the EFP
approximation.

2. THE EFP APPROXIMATION

Kelly [ proved that there is a uni ue vector
( k) [ ¥ satisfying

where

( O)is s for the loss probabil-
ityonas e with C circuits and Poisson
tra c o ered at rate . The EFP approximation
is obtained by using ; to estimate the probability
that link is full, and L, to estimate the route-r
blocking probability.

The rationale for the EFP approximation is one
of ee et f links along route r were
blocked independently (they are clearly not) and
if ; e ethelink- blocking probability, then L,
would be the route-r blocking probability

L, = ( )= ( )

r

arrying this further, the tra ¢ o ered to link
would be Poisson (at rate ;, say) and the e
t (that which is accepted) on link would be

jr r( L,.) (:( j)j)

r

The EFP approximation therefore stipulates
that the link blocking probabilities ( K)
should be consistent with this level of carried traf-
c
i= (;6) = K

n combining ( ), ( ) and ( ) we obtain a set of
e uations for ( K)

j= ir r ( ) G

The existence of an Erlang Fixed Point, namely
a xed point of these e uations is easy to prove
using the e e t the e ; they de-

ne a continuous mapping from a compact convex
set [ ¥ into itself. The uni ueness is consider-
ably more di cult to prove [ e note that for
more complex systems, there may be more than
one xed point (see for example [ ).

The EFP approximation performs particularly
well under two limiting regimes. The rst is one
in which the topology of the network is held xed,
while capacities and arrival rates at the links be-
come large [ ; this has become known asthe e

t e e, or (somewhat misleadingly) as
the he t t. nder the second limit-
ing regime, called e se t , the number of
links, and the number of routes which use these
links, become large, while the capacities are held

xed and the arrival rates on multi-link routes be-
come small. Examples of this are star networks
and fully-connected networks with alternate rout-
ing [, , , , f neither regime is operative,
the EFP method can perform badly in partic-
ular, in highly linear networks and or networks
with low capacities. Further, adding controls to
the network may cause the method to perform
badly under otherwise favourable regimes.  par-
ticularly useful control is ¢ ese t . Here,
tra c streams are assigned priorities and calls are
accepted only if the occupancies of links along
their route are not above a given threshold, the
si e of which depends on the type of call. This
widely used control mechanism is typically very
robust to uctuations in arrival rate and has the
added advantage of eliminating pathological be-
haviour such as bistability [ ith such a con-
trol operating in a network of reasonable si e, the
occupancy of neighbouring links may be highly de-
pendent and the e uilibrium distribution will no
longer have a product form, as it does for the cor-
responding uncontrolled network.  odelling de-
pendencies in th s context is thus critical. For an
excellent review of the theory of loss networks, and
in particular EFP methods, see Kelly |

e shall focus attention on simple, highly lin-
ear networks, since here the EFP approximation
is expected to perform poorly.















