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Abstract Let @ = (gj, i,j € S) be a stable and conservatiggmatrix over a state
spaceS consisting of an irreducible (transient) claSsand a single absorbing
state 0, which is accessible frath Suppose thap admits dinite u-subinvariant
measuren = (m;,j € C) onC. We consider the problem of identifying all
Q-processes for which is ap-invariant measure o€'.
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1. INTRODUCTION

l\We begin with a totally stabl€)-matrix over a countable sét, that is, a
collection@ = (g;j, 4,j € S) of real numbers which satisfies

Qi = — Qi < 00, 7‘657
Y gij<aq, i€S. (1.1)
J#i

The @-matrix is said to be&onservativef equality holds in (1.1) for alf € S.
For simplicity, we shall assume thét is conservative. A set of real-valued
functionsP(-) = (pi;(-), i,j € S) defined on(0, c0) is called astandard

1This manuscript was prepared using the Edited BagX style file ©Kluwer Academic Press 1998.
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transition function(or proces$ if

pij(t) =0, i,j €S, t>0, 1.2)
> pi(t) <1, i€ S, t>0, (1.3)
JjES
pij(s+t) =Y pi(s)pr;(t), i,5€ S, s,t>0, (1.4)
kesS
biun pi; (£) = i, i,j €8S. (1.5)

P is thenhonestif equality holds in (1.3) for some (and then all}> 0, and
it is called aQ-transition function(or Q-proces$ if pgj(o+) = ¢;; for each
1,7 € S. Under the conditions we have imposed, ev@rprocessP satisfies
thebackward differential equations

pi(t) =Y qinpr;(t), >0, (BE;;)
kes

forall 7, j € S, but might not satisfy thérward differential equations

P ()= pixa;,  t>0, (FEi;)
keS

forall 7, j € S. The classical construction problem is to find one and then all
Q-processes. Feller's recursion (Feller, 1940) provides for the existence of a
minimal solution F'(-) = (fi;(-), ¢,7 € S) to the backward equations (which
also satisfies the forward equations); see also (Feller, 1957; Reuter, 1957). This
process is theniqueQ-process if and only if the system of equations

Z qijTj; = Vi, 1€ S, (16)
jeSs

has no bounded, non-trivial solution (equivalently, non-negative solutifor)
some (and then ally > 0 (Reuter, 1957); for the non-conservative case, see
(Hou, 1974). When this condition fails, there are infinitely m&jyprocesses,
including infinitely many honest ones (Reuter, 1957), and the dimension
of the space of bounded vectarson S satisfying (1.6), a quantity which
does not depend on, determines the number of “escape routes to infinity”
available tothe process. A construction of@dprocesses was given by (Reuter,
1959; Reuter, 1962) under the assumption that1 (thesingle-exit casg and

this was later extended to tfiaite-exit casdd < oo) by (Williams, 1964).

If (1.6) has infinitely many bounded non-trivial solutions, the problem of
constructing all-processes remains unsolved; there are simply too many so-
lutions of the backward equations to characterize. For this reason, variants of
the classical construction have been considered in which various side conditions
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are imposed. The most recent work centres on an assumption that one is given
aninvariant measuréor the Q-matrix, that is, a collection of positive numbers
m = (m;, i € S) which satisfy

> migi; =0, JjESs.
icS
The problem is then to identif§)-processes witln as their invariant measure,
that is
Zmipij(t) =mj, j e S, t>0.
i€S
When does there exist suchiaprocess, and, when is it a unig@eprocess
with the given invariant measure? This variant of the classical construction
problem has particular significance wheris finite (>~ m; < oo), for then one
is looking for a@)-process whos&tationary distributiorhas been specified. The
problem of existence, and then uniqueness in the single-exit case, was solved
by (Hou and Chen, 1980) under the assumption@hiatm-symmetrizablghat
is,
miQij = M;jqji, i,j €5,
(see (Chen and Zhang, 1987) for the non-conservative case) and by me in the
general case (Pollett, 1991a; Pollett, 1994). Recently Han-jun Zhang announced
a solution to the existence problem under more general circumstances; see
(Zhang et al., 1998a; Zhang et al., 1998b).

Inthis paper we shall look at a slightly different kind of construction problem,
where the state space can be decomposed into an irreducibleCtlasd a
single absorbing state, and we shall suppose, rather thianaiant measure,

a u-invariant measure o€ is specified througld). We seek to determin@-
processes for whicln is a u-invariant measure ofy. Since here we shall
assume that thg-invariant measure ifinite, we are effectively identifying-
processes with a givequasi-stationary distributiofvan Doorn, 1991). And,
since we will not necessarily require these processes to satisfy the forward
equations, we shall relax theinvariance forQ to u-sulinvariance forQ).

Before proceeding, let me remark that in this introductory section | have
restricted my attention to thitally stable casdq; < o for all i € S). Of
course, the problem of constructirdg-processes when all states, or a finite
subset of states, are unstable is an important one, and can be traced back to
Lévy and Kolmogorov; for an informative summary see (Rogers and Williams,
1986).

2. PRELIMINARIES

We shall suppose that = {0} U C, whereC'is an irreducible class (for
the minimalQ-process, and hence for a@tprocess) and 0 is an absorbing
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state which is accessible frofi, that isqg = 0 andg;p > 0 for at least one
1 € C. Then, ifi is some fixed non-negative real number, a collection of strictly
positive numbers: = (m;, j € C) is called gu-subinvariant measure (of)
for Q if
> migij < —pmj, jed, (1.7)
ieC
andu-invariantif equality holds for allj € C'. We shall suppose thgt admits
a u-subinvariant measure ati, and then identifyQ)-processes’ such thatn
is ap-invariant (onC') for P, that is,

Z mipij(t) = e_“tmj, jeC, t>0. (18)
ieC

The relationship between (1.7) and (1.8) has been divined completely for
the minimal Q-processF. It was shown by (Tweedie, 1974) thatsif is a
p-invariant measure fof’, then it isu-invariant for@. Conversely (Pollett,
1986; Pollett, 1988), ifn is a u-invariant measure fap, then it isu-invariant
for F if and only if the equations

> wiaij = —vy;, 0<y; <my, jeC,

icC
have no non-trivial solution for some (and then allx w. If 4 > 0 and the
measuren is assumed to bénite, that is) .~ m; < oo, then much simpler
conditions obtain (Pollett and Vere-Jones, 1992; Nair and Pollett, 1993). For
example, if ' is honest(and hence the uniqu@-process), then a finitg-
subinvariant measure for () is u-invariant for F' if and only if

[y mi =Y migi. (1.9

ieC ieC

As we shall see, this condition guarantees, more generally, that eets

a -processP such thatm is a u-invariant measure foP; it is honest and
satisfies FE;o) for i € C'. We note that, in determining such/3, we are
effectively identifying aQ)-process with a givenuasi-stationary distribution
(van Doorn, 1991): a probability distribution= (7;, j € C') overC'is called

a quasi-stationary distribution if;(¢)/ >~,cc pi(t) = =; for all t > 0, where
p;i(t) = > iec mipi;(t), t > 0, so that, conditional on non-absorption, the state
probabilities of the underlying continuous-time Markov chain are stationary. It
was shown by (Nair and Pollett, 1993) that a distributios: (7;, j € C)is a
quasi-stationary distribution if and only if, for some> 0, 7 is au-invariant
measure forP, in which case ifP is honest, them;o(t) — 1 foralli € C as

t — oo (absorption occurs with probability 1).



Identifying@-processes with g-invariant measure 5

3. THE MAIN RESULT

We shall specify transition functions through their resolvent®? i a given
transition function, then the functior(-) = (v;(-), 4,5 € S) given by

Yij(ar) = /0 h e “py(t)dt, o >0, (1.10)

is called theresolvent of P. If 7,5 € C, the integral in (1.10) converges for
all « > —Ap(C), whereAp(C) is the decay parameter of' (for P); see
(Kingman, 1963). In particular, sinag is irreducible, the integral (1.10) has
the same abcissa of convergence for eaghe C. Notice also that, since 0
is an absorbing statey; () = do; /. Analogous to properties (1.2)—(1.9),
satisfies

Yij(a) >0, i,j€S, a>0, (1.11)
> arhijla) <1, i€ S, a>0, (1.12)
jeS
wij( ) 1% szk wk]
kes
,7 €S8, a,8>0, (1.13)
Jim_ aij(a) = 8, 1,5 € 8. (1.14)

(Note that (1.13) is called tiresolvent equatiof Indeed, any which satisfies
(1.11)—(2.14) is the resolvent of a standard transition function (see (Reuter,
1959; Reuter, 1962)). Further, (1.12) is satisfied with equality if and oy if

is honest, in which case thiesolventis said to be honest. Also, tlig-matrix

of P can be recovered fronlr using the following identity:

Gij = Jim_o(aij(a) — dij). (1.15)

And, a resolvent which satisfies (1.15) is calle@-aesolvent. The resolvent
O(-) = (¢45(-), 1,7 € S) of the minimal Q-process has itself a minimal
interpretation (see (Reuter, 1957; Reuter, 1959)); it is the minimal solution
to the equations

avii(a) =0 + Y qirbri(a), 0,5 €S, a>0,
kesS

which are analogous to (B, and® is called the minimaf)-resolvent.

We can identifyu-invariant measures using resolventsPlfs aQ-process
with resolvent¥ andm = (m;, j € C) is ap-invariant measure faP, where
of necessityy < Ap(C) (see Lemma 4.1 of (Vere-Jones, 1967)), then, since
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the integral in (1.10) converges for all > —A\p(C), we have, for allj € C
anda > 0, that
Z miopij(o — p1) = my. (1.16)
i€S
We refer tom as beingu-invariant forW if (1.16) is satisfied. Finally, a simple
extension of Lemma 4.1 of (Pollett, 1991b) establishes thas u-invariant
for W ifitis p-invariant for P, and, ifu < Ap(C), thenm is u-invariant for P
ifitis p-invariant forw.
We are now ready to state our main result.

Theorem 1 Let x > 0 and suppose thaf) admits a finiteu-subinvariant
measure. Then, if

Y mi =Y migo, (1.17)
ieC ieC
there exists &)-processP for whichm is u-invariant. The resolven¥(-) =
(¢i5(+), 4,5 € S) of one suclQ-process has the form

zi(a)dj(a)
(o + 1) Xpec mrzk(a)’
wherez(-) = (z;(+), ¢ € C) is given by
zi(a) =1— Z agij(a), 1€ C,
j€S
with the interpretation tha¥ = @ if zisidentically0, andd(-) = (d;(-), i € S)
is given by

Vij(a) = ¢ij(a) + i,j €5, (1.18)

di(a) = m; — Z mj(o+ p)oji(a), 1€C, (1.19)
jec
doe) = 530 my = 30 m(a+ m)jo(o). (1.20)
jec jec

This process is honest and satisfEE;) for i € C.

Proof. First observe that i is identically 0, the minimal)-procesd is honest
and, by Theorem 3 of (Pollett and Vere-Jones, 1992), (1.17) is necessary and
sufficient form to beu-invariant for F* (in which casel is identically 0 and, by
Proposition 2 of (Tweedie, 1974}, is u-invariant forQ@). Trivially, F' satisfies
(FEy) fori € C.

Suppose that is not identically 0. We will first show that: cannot beu-
invariant for ' and, in so doing, establish thais not identically 0. Suppose,
by contradiction, thatn is p-invariant for /', so that

> midij(a) =

icC

m;j
a+p’

jecC. (1.21)
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Multiplying by o and summing ovef € C gives

Z miadio(a) + Z mizi(a) = Z m;. (1.22)

ieC ieC a Jr Ko

Now, sinceF" satisfies (FE) overS, we have in particular that

O‘d’zo Z ¢Z] q](]v 1€ C7 (123)

jecC

and so, again using (1.21), we get

Z mza¢10

eC

Z miqio-

a+MzEC

This expression combines with (1.22) and (1.17) to give -~ m;zi(«) = 0,
which is a contradiction becausés notidentically 0. We deduce thaitcannot
be p-invariant for . Moreover, we must have

Z mi(a + p)gij(a) < m; (1.24)
ieC

for at least ong € ', and hence, from (1.23) and (1.17),

Zmza+ﬂ¢10 <_Zmz%0— Zmz

eC zGC zGC

Thus,dp(«) > 0 andd,(a)) > 0 for at least ong € C.

Next we shall show tha¥’(-) = (¢4;(-), i,7 € S), given by (1.18), is the
resolvent of an honeg)-processP and thatn is au-invariant measure foP.
Clearly ¢;;(«) > 0 for all 4,5 € S. Sincem is finite, we have, from the
definition ofd, that

a) djfa)=(a+p) Yy mjza)
jeSs jeC

andsoy ;¢ s atbij(a) = 1foralli € S. Inorder to prove tha¥ is the resolvent

of a standard transition functioR, we need only show thab satisfies the
resolvent equation (1.13); see Theorem 1 of (Reuter, 1967). We shall use the
following identities:

zi(a) = zi(B) + (a = B) Y din(@)z1(B) =0, i€l (1.25)
keC

di(a) — (a—5)Y_ de(a)pri( ieC,  (1.26)
keC



ado(a) — Bdo(B 3) Y di(a)Béro(B) =0 (1.27)
keC
and
(atp) Y mizi(@) = (B4p) Y mizi(B) = B8) > di(e - (1.28)
ieC ieC ieC

The first three of these can be verified directly using the fact®hstisfies the
resolvent equation and thag(«r) = 0. The fourth identity follows from the
first on multiplying bym,; and summing over. Using (1.25) — (1.28), together
with the resolvent equation fab, it is easy to prove tha¥ satisfies its own
resolvent equation.

Next we need to verify thaP is indeed &)-process, that ig;; (0+) = gi;
foralli,j € S. We shall use a remark of Reuter on Page 83 of (Reuter, 1959)
(see also Theorem 3.1 of (Feller, 1957)): if one is given a standard transition
function P, then it is a@Q-process if and only if the backward equations hold,
equivalently,

aii(a) = 8ij + > qwtbe(@), 1,5 E€S.
kesS

But, this follows almost immediately from the identity

> qiwzi(@) = azia), i€ S,
kes
which can be deduced from the backward equation®for
We have shown thab is the resolvent of &-processP. To show thatn is
a p-invariant measure foP, we again use the definition df it is elementary
to check that
Zmi(a + ,u)awij(a) =mj, jes.
icS
We have already seen thE&tis honest and so it remains only to show tifat
satisfies (Fk) for « € C. But, sincez is not identically0, this happens when
and only when
> di(a)gio = ado(a),
e’
because it is easily verified that

> (@) qro = atbio(@) + Cazi( (de )ako — ado (e )),

keC keC

where

Colt = (a+p) Y mepzk(a).
keC
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On substituting forl, we find that

ado(a) =Y di(@)gio = p Y, mp — Y miqro =0,

ieC keC keC
and so the result follows.

Remarks (1) The final part of the theorem states that the proé¢esse have
identified satisfies (Fk) for @ € C. The remaining forward equations do
not necessarily hold. By Theorem 3.1 of (Nair and Pollett, 1993), this happens
when and only whem is p-invariant for@ (rather than merely-subinvariant).
Indeed, a simple calculation shows that, forjalt C,

Z Yin()qrj = aij(a) — 65 + Cozi(a (Z di()qrj — adj(a ))

kel kel

and, for the giverP,

=Y di(a)giy = —pmy — > magi; (> 0), JjedC,
ieC 1eC

this later quantity measuring the-invariance deficit” ofm for Q.
(2) A straightforward calculation shows that the giversatisfies

Zmz o+ p)bio(a Mzml?

eC ieC

and hencen satisfies a set of “residual equations” #r namely

> mipio(t) = (1—e ") mi,  t>0, (1.29)
ieC ieC

which can be regarded as a “process counterpart” to (1.17). (Hiichonest,
(1.29) follows more directly on summing (1.8) ovee C.)

4. NECESSARY CONDITIONS

It would be tempting to conjecture that condition (1.17héxessaryor the
existence of @)-process for which the given measureinvariant. However,
while this isnot the case, condition (1.17) turns out to be necessary when extra
conditions are imposed.

Let P be aQ-process withC' being an irreducible class (the conditions we
have imposed or) ensure that O is an absorbing state which is accessible
from C) and suppose that = (m;, j € C) is a finite y-invariant measure
for P. Of necessityyn will be p-subinvariant fox), but does (1.17) necessarily
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hold? Under the conditions we have imposed fameard integral inequalities
are satisfied (Reuter, 1957); in particular,

t
OEDD /0 pie(s)awods,  i€C. (1.30)
keC

On multiplying bym,; and summing over € C, we find that

(1 —e™) Y mrgro < iy mipio(t) (< 00). (1.31)
kec icC

If we divide by and lett — 0, we may use dominated convergence to deduce

that
H Z mia; > Z m;go,
icC icC
wherea; (the probability of absorption starting in stafeis given bya; =
limy—, o0 pio(t). Thus, ifa; is strictly less than 1 for some (and then ali C,
(1.17) cannot hold.
If we were to assume tha satisfies FE;y) over C, then we would have
equality in (1.30) and (1.31), and so

H Z mia; = Z migi0-
ieC ieC
If instead P were assumed to beonest then we would have; = 1 for all
1 € C. This can be seen as follows. Sineeis a u-invariant measure foP,
we have, in particular, that;p;;(t) < e—“tmj fori,j € C,and so

| _
1—pio(t) = Zpij(t) <e “thmj, 1€ C.
jeC Mi jec

Sincem is finite andu > 0, limy_, (1 — p;o(t)) = 0, and hence,; = 1 for all
1 € C. Thus, if P were honest, we would have

Y mig >y migio.
icC icC
Neither the honesty aP, nor an assumption thdt satisfies FE;y) overC, is
enough on its own to establish (1.17); it is possible to construct examples of
Q-processes which illustrate this. But, these condittogetherimply (1.17).
We have therefore proved the following variant of Theorem 1:

Theorem 2 Let x> 0 and suppose thaf) admits a finiteu-subinvariant
measure. Then, there exists an horggirocessP satisfying(FE;y) overC for
whichm is p-invariant if and only if (1.17) holds. The resolvent of one such
Q-process is given by (1.18).
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Next we shall examine the question whiquenessinder the assumption
that(Q is a single-exitQ-matrix. This was considered briefly in Section 5 of
(Nair and Pollett, 1993) under a condition weaker than (1.1 7).iffsingle exit
and P is an arbitraryQ-process, then (Reuter, 1959) eithlieiis the minimal
()-process or otherwise its resolveht-) = (v4;(-), i,j € S) must be of the
form

Yij(a) = ¢ij(a) + zi(a@)y;(a), i,j €5, (1.32)
wherey(a) = (y;(«), j € S) is given by
n;(a)
¢+ Ypes ani(a)’

c is a non-negative constant, anth) = (n;(«), j € S) is a non-negative
vector which satisfies

yj(a) = jes, (2.33)

> mi(a) < oo, (1.34)
kesS
ni(a) —n;(8 B) > k()b (B jeSs. (1.35)
keS

FurthermoreW is honest if and only it = 0. Since we have assumed tids
an absorbing stateg(«) = 0 and so (1.35) can be written

n;(a) — (a=B8)> mle)dr; (B jec, (1.36)
keC
amo(ar) — Bno(B 3) > () Bowo(B (1.37)
keC

Oncen is determined, a family af)-processes, exactly one of which is honest,
is obtained by varying: in the range0 < ¢ < oo. Thus, the problem of
identifying those)-processes which satisfy a specified criterion, in our case,
that a given measure jsinvariant onC', amounts to determining which choices
of n andc are admissible; the procedure is purely arithmetical.

Theorem 3 Suppose thaf) is single exit and suppose that, for a given- 0,
() admits a finiteu-subinvariant measure. Then, there exists an hofgst
processP satisfying(FE;y) over C for whichm is p-invariant if and only if
(1.17) holds. Itis the unique honegtprocess for whichn is p-invariant and
its resolvent is given by (1.18).

Proof. In view of Theorem 2, we only need to establish uniqueness. If the
minimal @)-processF’ is honest, then it is the uniqug-process, and, as we
have already observed, (1.17) is necessary and sufficiemt fobey-invariant

for F.
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Suppose then that is dishonest, so that is not identically 0. We will
prove that if therés an honest)-processP for whichm is p-invariant, then its
resolvent must necessarily be given by (1.18).

Letd be given by (1.19) and (1.20). Sineeis u-invariant forP, multiplying
(1.32) by(« + p)m; and summing over € C gives

mj; = Z m;(a + N)‘bij(a) (a+ p) y] Z m;zi(a
ieC eC

forall j € C. SinceP is honest, we must set= 0 and so in view of (1.33)
we require

1 (@) dj(a) ,
= , jecC. (1.38)
Yresomi(a) (ot p) Yo mizi(a)
Notice thatd;(«) > 0 for at least ongj € C: sincem is p-invariant for P,
m cannot beu-invariant for F', and so (1.24) holds for at least oec C.
Furthermore, by the definition af we have that

aZd = (a+p) ijzj a) < 00, (1.39)
JeSs jeC

which is consistent with (1.34). From (1.38) we see tfjaty) = K(a)d;(),
atleast forj € C, whereK is some positive scalar function. Using the identity
(1.26), together with the fact thatmust satisfy (1.36), we find, on substituting
nj(a) = K(a)dj(a) in (1.36), that(K(«) — K(3))d;(8) = 0. Hence,K
must be constant, becausg3) > 0 for at least ong € C. Now, using (1.38)
again, we see that’ must satisfy

K ((a ) Y mpzp(a) —a dk(a)> = anp(a),

keC kel

or equivalently, by (1.39),
Kady(a) = ano(a). (1.40)

It is clear from (1.27) thaty, satisfies (1.37) no matter what the valuefof
It is also clear that there is no loss of generality in settig= 1, for this is
equivalent to replacingin (1.38) by a different constany . Hencern; = d;
for j € C, and, from (1.40)30 = do.

We have proved that if) is single exit andP is an honest)-process with
p-invariant measurer, then its resolvent must be given by (1.18).
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