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Abstract This note considers continuous-time Markov chains whose
state space consists of an irreducible class, C, and an absorbing state
which is accessible from C. The purpose is to provide results on u-
invariant and g-subinvariant measures where absorption occurs with prob-
ability less than 1. In particular, the well known premise that the u-
invariant measure, m, for the transition rates be finite is replaced by the
more natural premise that m be finite with respect to the absorption
probabilities. The relationship between p-invariant measures and quasis-
tationary distributions is discussed.

1 INTRODUCTION

We consider the problem of obtaining quasistationary distributions for a continuous-
time Markov chain directly from the g-matrix, ), of transition rates. In Nair
and Pollett (1993) it was shown that, for an arbitrary @-process, a necessary and
sufficient condition for a proper distribution, m, to be a quasistationary distribution
is that m be a p-invariant measure for the transition function. Thus, in view of
Theorem 1 of Pollett (1986), which provides a necessary and sufficient condition for
a p-invariant measure for @) to be a y-invariant measure for the minimal transition
function, the problem of determining quasistationary distributions directly from
the g-matrix is ostensibly solved, at least in the practically important case of the
minimal process. However, the invariance condition, which is usually expressed
in terms of the regularity or otherwise of a related g-matrix (see Theorem 3.1 of

Pollett (1988)), is not easily verified in practice. Simpler conditions, which are



much easier to check, are available under the premise that the y-invariant measure,
m, for @ be finite, that is, Y ;ccm; < o0o; see Nair and Pollett (1993), Pollett
and Vere-Jones (1992), van Doorn (1991) and Vere-Jones (1969). In view of the
theory for the existence of limiting conditional distributions for evanescent Markov
chains (see, for example, Flaspohler (1974)), a much more useful premise would
be that m is finite with respect to the absorption probabilities, that is, m satisfies
> jec mja; < oo, where a; is the probability that the process is eventually absorbed

after starting in state j.

2 PRELIMINARIES

Let § = {0,1,...} and let @ = (gj, t,7 € S) be a stable and conservative g-
matrix over S. Suppose that P is a given @-process, that is, a standard (but not
necessarily honest) transition function, (p;;(-), 4,5 € S), with pi,(0+) = g¢;;, over S.
For C, a given subset of S, and p some fixed non-negative real number, the measure
m = (m,, 7 € C) is said to be a u-subinvariant measure on C for P if
Zmipij(t) < e_”tmj, jeC, t>0,
1eC
and p-invariant if equality holds for all 7 € C and ¢ > 0. In contrast, m is said to
be a p-subinvariant measure on C for Q) if
> migi; < —pmy,  jeC,
1eC
and p-invariant if equality holds for all 7 € C.

Take C = {1,2,...} and, for simplicity, suppose that C is irreducible for P, that
is, for all 7,57 € C, p;;(t) > 0 for some (and then for all) ¢ > 0. The irreducibility
ensures that non-trivial p-subinvariant measures, m, satisfy m; > 0 for all 7 € C.
In addition, assume that 0 is an absorbing state, that is, po;(t) = éoj, for 7 € S and
t > 0; this is equivalent to assuming that go = 0. Finally, assume that ¢;0 > 0 for at
least one ¢ € C. This guarantees that there is a positive probability of absorption,
that is, pio(t) > 0 for all ¢t > 0.



3 INVARIANT VECTORS AND THE DUAL CHAIN

The key to our results is the notion of a dual chain and the application of the results
of Nair and Pollett (1993) to that chain. The dual is usually defined in terms of
an arbitrary invariant or subinvariant vector, but there will be no loss of generality

P

in defining it in terms of the absorption probabilities, a” = (af

[RR]

1 € S), given by
af = lim; o pio(t) fori € S.
Let z be an invariant vector (on ) for P, that is, a collection of strictly positive
numbers, (z;, j € §), which satisfies
> pii(t)z; = i, 1€S85,t>0. (3.1)
Jjes
Suppose that zo > 0, so that under the above assumptions z; > 0 for all j € C.
Define P(-) = (;;(*), 1,7 € S), the dual of P with respect to z, by

pii(t) = pi(t)zs/ze;, 1,7 €5, £20. (3.2)
Then, it is elementary to show that P is an honest transition function over S.
Furthermore, if we divide (3.2) by ¢ and let ¢ | 0 we find that p;,(0+) = g;;, where
Gij = 4T/, 1,7 € S. Clearly, g = ¢ > —o0, and, for j # 4, g;; > 0. The

g matri = (g, 4,7 € S) is called the dual of  with respect to z. The following

result demonstrates that  is conservative.
T zist aria t for  thatis  jegqz; =0 foric S

From (3.1) we have that

ijt():ﬂj: f():ﬂ“ ’LES,t>0,

ji

and so, letting ¢ | 0 and using Fatou s lemma, we deduce that z is su + aria ¢ for
, that is, ;csqyz; Ofori € S. ence ;o @; O0forj € C, with e uality

if and only if z is invariant for . Now, since is conservative, P satisfies the

backward e uation

pij(t) = Z q; p j(t)J t>0, (33)

for all 7,7 € S, from which it follows that P satisfies the corresponding backward

e uation

ﬁ;j(t) = Z q; p j(t)J t >0, (3 )
























