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Fun at the Water Park
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Transition functions

State-space. S = {0,1,...}

MASCOS Workshop on Markov chains, April 2005 - Page 3



Transition functions

State-space. S = {0,1,...}

Transition functions. A set of real-valued functions
P(-) = (pij(+), 4,7 € S) defined on (0, c0) is called a
transition function (or simply process) if

°* pii(t) >0, > ;pij(t) <1, and
* pij(s+1t) =Y, pi(s)prj(t).  [Chapman-Kolmogorov]

MASCOS Workshop on Markov chains, April 2005 - Page 3



Transition functions

State-space. S = {0,1,...}

Transition functions. A set of real-valued functions
P(-) = (pij(+), 4,7 € S) defined on (0, c0) is called a
transition function (or simply process) if

* pij(t) =0, > ;pi(t) <1, and

° pij(s+1t)=> 1 pir(s)pr;(t). [Chapman-Kolmogorov]
It is called standard if

° limy g pi;(t) = dij
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Transition functions

State-space. S = {0,1,...}

Transition functions. A set of real-valued functions
P(-) = (pij(+), 4,7 € S) defined on (0, c0) is called a
transition function (or simply process) if

* pij(t) =0, > ;pi(t) <1, and

° pij(s+1t)=> 1 pir(s)pr;(t). [Chapman-Kolmogorov]
It is called standard if

° limy g pi;(t) = dij
and honest if

* > ,;pij(t) =1, for some (and then for all) ¢ > 0.
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The ¢-matrix

For a standard process P, the right-hand derivative
p.;(0+) = ¢;; exists and defines a g-matrix Q = (¢5,4,j € 5).
lts entries satisfy

° 0<gqi <o, jF#1i,and

° Zj;éz‘ qij < —@qi < 00,
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The ¢-matrix

For a standard process P, the right-hand derivative
p.;(0+) = ¢;; exists and defines a g-matrix Q = (¢5,4,j € 5).
lts entries satisfy

° 0<gqi <oo, j#1i,and
° Zj;éz‘ qij < —@qii < 00.

We set g = —Qii, 1 € 8.
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The ¢-matrix

For a standard process P, the right-hand derivative
p.;(0+) = ¢;; exists and defines a g-matrix Q = (¢5,4,j € 5).
lts entries satisfy

° 0<gqi <oo, j#1i,and
° Zj;éz‘ Gij < —Qii < Q.
We set g = —Qii, 1 € 8.

Suppose that @ is given.
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The ¢-matrix

For a standard process P, the right-hand derivative
p.;(0+) = ¢;; exists and defines a g-matrix Q = (¢5,4,j € 5).
lts entries satisfy
° 0<gqi <oo, j#1i,and
° Zj;éz‘ Gij < —Qi < OO.
We set g = —Qii, 1 € 8.

Suppose that ) is given. Assume that @ is stable, that is
g; <o foralliins.
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The ¢-matrix

For a standard process P, the right-hand derivative
p.;(0+) = ¢;; exists and defines a g-matrix Q = (¢5,4,j € 5).
lts entries satisfy

° 0<gqi <oo, j#1i,and
° Zj;éz‘ Gij < —Qii < Q.
We set g = —Qii, 1 € 8.

Suppose that ) is given. Assume that @ is stable, that is
gi < ooforalliin S. A standard process P will then be called
a ()-process if its g-matrix is Q.
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The Kolmogorov DEs

For simplicity, we assume @ is conservative, that is

D iziliy =, 1€
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The Kolmogorov DEs

For simplicity, we assume @ is conservative, that is
D iti Qi = Qis 1€ 5.

Under this condition, every Q-process P satisfies the
backward equations,

BEi;  pi;(t) = > qakprj(t), t>0,
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The Kolmogorov DEs

For simplicity, we assume @ is conservative, that is
D iti Qi = Qis 1€ 5.

Under this condition, every Q-process P satisfies the
backward equations,

BE;;  pj;(t) =2k @ikpri(t), >0,
but might not satisfy the forward equations,

FE;;  pj(t) =1 pi(t)arj, t>0.
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Stationary distributions

A collection of positive numbers = = (7,5 € S) is a
stationary distribution if > . 7; = 1 and

> ;i Tipij(t) = 7, JESs. (1)
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Stationary distributions

A collection of positive numbers = = (7,5 € S) is a
stationary distribution if > . 7; = 1 and

> ;i Tipij(t) = 7, JESs. (1)

Recipe for finding a stationary distribution!

MASCOS Workshop on Markov chains, April 2005 - Page 6



Stationary distributions

A collection of positive numbers = = (7,5 € S) is a
stationary distribution if > . 7; = 1 and

> ;i Tipij(t) = 7, JESs. (1)

Recipe. Find a collection of strictly positive numbers
m = (m;,j € S) such that

)i migi; = 0.
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Stationary distributions

A collection of positive numbers = = (7,5 € S) is a
stationary distribution if > . 7; = 1 and

> ;i Tipij(t) = 7, JESs. (1)

Recipe. Find a collection of strictly positive numbers
m = (m;,j € S) such that

)i migi; = 0.

Such an m is called an invariant measure for ().
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Stationary distributions

A collection of positive numbers = = (7,5 € S) is a
stationary distribution if > . 7; = 1 and

> ;i Tipij(t) = 7, JESs. (1)

Recipe. Find a collection of strictly positive numbers
m = (m;,j € S) such that

)i migi; = 0.

Such an m is called an invariant measure for (). If
S m; < oo, We set m; = m;/ >, m; and hope 7 satisfies (1).
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Birth-death processes

Transition rates.
gi+1 =N (1 -Dbirth rates)
¢ii—1 = pi (| -death rates) (uo=0)
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Birth-death processes

Transition rates.
gi+1 =N (1 -Dbirth rates)
¢ii—1 = pi (| -death rates) (uo=0)

Solve ZiZO m;qi; = 0,720
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Birth-death processes

Transition rates.
gi+1 =N (1 -Dbirth rates)
¢ii—1 = pi (| -death rates) (uo=0)

Solve ZiZO m;qi; = 0, 7 >0, that iS, —moAg + mipu; = 0, and,

mj—1Aj—1 —mi(Aj + py) +mippip =0, j=>1
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Birth-death processes

Transition rates.
gi+1 =N (1 -Dbirth rates)
¢ii—1 = pi (| -death rates) (uo=0)

Solve ZiZO m;qi; = 0, 7 >0, that iS, —moAg + mipu; = 0, and,

mj—1Aj—1 —mi(Aj + py) +mippip =0, j=>1

Solution. my =1 and

C_TT1J A :
mj = [li—1 Jj = 1.
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Miller’s example

Transition rates. Fix » > 0 and set
)\i — 7“%, 1> O,

i =rat i > 1.
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Miller’s example

Transition rates. Fix » > 0 and set
)\i — 7“%, 1> O,

pp =ra7t i > 1.
Solution. my =1 and

LT A :
m] — i=1 wi J > 1.
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Miller’s example

Transition rates. Fix » > 0 and set
)\i — 7“%, 1> O,

Wi =T , 1> 1.

Solution. my =1 and

LT A :
m] — i=1 wi J > 1.

So, m; = p’/, where p = 1/r
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Miller’s example

Transition rates. Fix » > 0 and set
)\i — 7“%, 1> O,

i =r2=t > 1.

Solution. my =1 and

1T A1 :
my = [li—1 = 7 > 1.

So, m; = p’, where p = 1/r, and hence if r > 1,
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Simulation

Birth—death process simulation (minimal): xi=22i, ui=22i_1, x(0)=1
20 T T T T T T

18 .

16 .

4 — ~ —
2r —, .
0 | | | | | |

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
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What is going wrong?

Transition rates.
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What is going wrong?

Transition rates.

[y = 2=l 5> 1.

The relative proportion of births to deaths is r
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What is going wrong?

Transition rates.
[y = 2=l 5> 1.

The relative proportion of births to deaths is » and so, if » > 1,
the “process” is clearly transient.
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What is going wrong?

Transition rates.

[y = 2=l 5> 1.

The relative proportion of births to deaths is » and so, if » > 1,
the “process” is clearly transient.

In fact, the “process” is explosive. (Q is not regular.)
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What is going wrong?

Transition rates.

[y = 2=l 5> 1.

The relative proportion of births to deaths is » and so, if » > 1,
the “process” is clearly transient.

In fact, the “process” is explosive. (Q is not regular.) R.G.
Miller* showed that () needs to be regular for the recipe to
work.

*Miller, R.G. Jr. (1963) Stationary equations in continuous time Markov chains. Trans.
Amer. Math. Soc. 109, 35—-44.
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Motivating question

If Q is regular, then there exists uniquely a Q-process, namely
the minimal process: the minimal solution F(-) = (fi;(-),
1,7 € S) to BEZJ
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Motivating question

If Q is regular, then there exists uniquely a Q-process, namely
the minimal process: the minimal solution F(-) = (fi;(-),
1,7 € S) to BEZJ

If  is not regular, then there are infinitely many Q-processes,
infinitely many of which are honest.
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Motivating question

If Q is regular, then there exists uniquely a Q-process, namely
the minimal process: the minimal solution F(-) = (fi;(-),
1,7 € S) to BEZJ

If  is not regular, then there are infinitely many Q-processes,
infinitely many of which are honest.

Question.
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Motivating question

If Q is regular, then there exists uniquely a Q-process, namely
the minimal process: the minimal solution F(-) = (fi;(-),
1,7 € S) to BEZJ

If  is not regular, then there are infinitely many Q-processes,
infinitely many of which are honest.

Question. Suppose that there exists a collection of strictly
positive numbers m = (r;,j € S) such that

Zz’ T, — 1 and Zz 7Tz'qz'j = 0.
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Motivating question

If Q is regular, then there exists uniquely a Q-process, namely
the minimal process: the minimal solution F(-) = (fi;(-),
1,7 € S) to BEZJ

If  is not regular, then there are infinitely many Q-processes,
infinitely many of which are honest.

Question. Suppose that there exists a collection of strictly
positive numbers m = (r;,j € S) such that

Zz’ T, — 1 and Zz Tiqi5 — 0.

Does = admit an interpretation as a stationary distribution for
any of these processes?
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Simulation

Birth—death simulation (exit): A=2%, n.=2%"", x(0)=1
20 I I I I I I I I I

0 ! ! ! ! ! ! ! ! !
o 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
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Simulation

Birth—death simulation (entrance): xi=22‘, ui=22i_1, x(0)=1
20 T T T T T

b —

o 2 4 6 8 10 12
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An invariance result

Let m = (my,i € S) be a collection of strictly positive
numbers.
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An invariance result

Let m = (m;,i € S) be a collection of strictly positive numbers.
We call m a subinvariant measure for Q) if Y. m;q;; <0
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An invariance result

Let m = (m;,i € S) be a collection of strictly positive numbers.
We call m a subinvariant measure for @) if Y, m;q;; <0, and
an invariant measure for Q if > . m;q;; = 0.
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An invariance result

Let m = (m;,i € S) be a collection of strictly positive numbers.
We call m a subinvariant measure for Q if >°. m;q; <0, and
an invariant measure for Q if > . m;q;; = 0.

It is called an invariant measure for P if . m;p;;(t) = m;.
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An invariance result

Let m = (m;,i € S) be a collection of strictly positive numbers.
We call m a subinvariant measure for Q if >°. m;q; <0, and
an invariant measure for Q if > . m;q;; = 0.

It is called an invariant measure for P if . m;p;;(t) = m;.

Theorem. Let P be an arbitrary Q-process.
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An invariance result

Let m = (m;,i € S) be a collection of strictly positive numbers.
We call m a subinvariant measure for Q if >°. m;q; <0, and
an invariant measure for Q if > . m;q;; = 0.

It is called an invariant measure for P if . m;p;;(t) = m;.

Theorem. Let P be an arbitrary Q-process. If m is invariant
for P, then m is subinvariant for Q:

Zmz’pij(t) =m; = Zmi%’j <0
i i
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An invariance result

Let m = (m;,i € S) be a collection of strictly positive numbers.
We call m a subinvariant measure for Q if >°. m;q; <0, and
an invariant measure for Q if > . m;q;; = 0.

It is called an invariant measure for P if . m;p;;(t) = m;.

Theorem. Let P be an arbitrary Q-process. If m is invariant
for P, then m is subinvariant for ¢, and invariant for Q)
If and only if P satisfies the forward equations FE,; over S:

(Z M Pi (t) =m; = Z m;iqQi; = O> < FE
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An invariance result

Let m = (m;,i € S) be a collection of strictly positive numbers.
We call m a subinvariant measure for Q if >°. m;q; <0, and
an invariant measure for Q if > . m;q;; = 0.

It is called an invariant measure for P if . m;p;;(t) = m;.

Theorem. Let P be an arbitrary Q-process. If m is invariant

for P, then m is subinvariant for (), and invariant for Q)
If and only if P satisfies the forward equations FE;; over S.
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An invariance result

Let m = (m;,i € S) be a collection of strictly positive numbers.
We call m a subinvariant measure for Q if >°. m;q; <0, and
an invariant measure for Q if > . m;q;; = 0.

It is called an invariant measure for P if . m;p;;(t) = m;.

Theorem. Let P be an arbitrary Q-process. If m is invariant
for P, then m is subinvariant for ¢, and invariant for Q)
If and only if P satisfies the forward equations FE;; over S.

Corollary. If m is invariant for the minimal process F, then m
IS Invariant for Q.
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A construction problem

Suppose that @ is a stable and conservative ¢g-matrix, and
that m is subinvariant for Q).
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A construction problem

Suppose that @ is a stable and conservative ¢g-matrix, and
that m is subinvariant for Q).

Problem 1. Does there exist a Q-process for which m is
invariant?
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A construction problem

Suppose that @ is a stable and conservative ¢g-matrix, and
that m is subinvariant for Q).

Problem 1. Does there exist a Q-process for which m is
invariant?

Problem 2. Does there exist an honest Q-process for
which m is invariant?
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A construction problem

Suppose that @ is a stable and conservative ¢g-matrix, and
that m is subinvariant for Q).

Problem 1. Does there exist a Q-process for which m is
invariant?

Problem 2. Does there exist an honest Q-process for
which m is invariant?

Problem 3. When such a Q-process exists, is it unique?
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A construction problem

Suppose that @ is a stable and conservative ¢g-matrix, and
that m is subinvariant for Q).

Problem 1. Does there exist a Q-process for which m is
invariant?

Problem 2. Does there exist an honest Q-process for
which m is invariant?

Problem 3. When such a Q-process exists, is it unique?

Problem 4. In the case of non-uniqueness, can one identify
all Q-processes (or perhaps all honest )-processes) for
which m is invariant?
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The resolvent

Let P be a transition function.
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The resolvent

Let P be a transition function. If we write
ww()\) = fooo G_Atpij (t)dt, A > 0,

for the Laplace transform of p;;(-), then W(-) = (¢4;(-),¢,5 € 5)
enjoys the following properties:

* Pii(A) =0, 325 Mpi(A) < 1, and
® Yij(A) — ij(p) + (A — 1) Dop Yir (M) r; () = 0.
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The resolvent

Let P be a transition function. If we write
ww()\) = fooo G_Atpij (t)dt, A > 0,

for the Laplace transform of p;;(-), then W(-) = (¢4;(-),¢,5 € 5)
enjoys the following properties:

® szg()\) >0, Zj )\lﬂz]()\) <1, and
® Pij(N) = ij(p) + (A — ) Dop Yie(N) i () = 0.
U is called the resolvent of P.
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The resolvent

Let P be a transition function. If we write
ww()\) = fooo G_Atpij (t)dt, A > 0,

for the Laplace transform of p;;(-), then W(-) = (¢4;(-),¢,5 € 5)
enjoys the following properties:

¢ Qpij()\) > 0, Zj )\%;j()\) <1, and

® Yij(A) — ij(p) + (A — 1) Dop Yir (M) r; () = 0.

U is called the resolvent of P. Indeed, if ¥ is a given
resolvent, in that it satisfies these properties, then there exists
a standard (!) process P with ¥ as its resolvent*.

*Reuter, G.E.H. (1967) Note on resolvents of denumerable submarkovian processes. Z
Wahrscheinlichkeitstheorie 9, 16—19.
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Identifying ()-processes

Now, if one is given a stable and conservative ¢g-matrix (2, and
a resolvent ¥ satisfying the backward equations,

ADii(A) = 045 + D1 qintri(N), A >0,

then ¥ determines a standard ()-process:
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Identifying ()-processes

Now, if one is given a stable and conservative ¢g-matrix (2, and
a resolvent ¥ satisfying the backward equations,

Mij(A) = 0i5 + > Gik¥ri(N), A >0,
then ¥ determines a standard ()-process: as A — oo,

¢ )\wz]()\) — (52']', and
¢ )\()\@DU(A) — (523) — ;-
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Identifying ()-processes

Now, if one is given a stable and conservative ¢g-matrix (2, and
a resolvent ¥ satisfying the backward equations,

Mij(A) = 0i5 + > Gik¥ri(N), A >0,
then ¥ determines a standard ()-process: as A — oo,

¢ )\wz]()\) — (52']', and
¢ )\()\@DU(A) — (523) — ;-

One can also use the resolvent to determine whether or not
the Q-process is honest.
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Identifying ()-processes

Now, if one is given a stable and conservative ¢g-matrix (2, and
a resolvent ¥ satisfying the backward equations,

Mij(A) = 0i5 + > Gik¥ri(N), A >0,
then ¥ determines a standard ()-process: as A — oo,

¢ )\wz]()\) — (52']', and
¢ )\()\@DU(A) — (523) — ;-

One can also use the resolvent to determine whether or not
the Q-process is honest. This happens if and only if

YA (A) =1, i€S, A>0.
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Identifying invariant measures

Theorem. Let P be an arbitrary process and let ¥ be its
resolvent.
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Identifying invariant measures

Theorem. Let P be an arbitrary process and let ¥ be its
resolvent. Then, m is invariant for P if and only if it is invariant
for &
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Identifying invariant measures

Theorem. Let P be an arbitrary process and let ¥ be its

resolvent. Then, m is invariant for P if and only if it is invariant
for U, that is,

D> mipij(t) = m;
If and only if
> MiAY;(A) = my.
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Steps to identifying P

Steps to identifying a -process (an honest ()-process) for
which a given m is invariant:

° ¢ij()\) > 0, Zj )‘wij()\) <1, and
Vig(A) — i () + (N = 1) Dop Vi (M) Yrj () = 0.
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Steps to identifying P

Steps to identifying a -process (an honest ()-process) for
which a given m is invariant:

* Pij(A) >0, > Mpii(A) <1, and
Yig(A) — ij(u ) (A=) D p Vi N)ri (1) =

° )‘wz]()‘) — 5@] + Zk %kwk]( ) A > 0.

MASCOS Workshop on Markov chains, April 2005 - Page 19



Steps to identifying P

Steps to identifying a -process (an honest ()-process) for
which a given m is invariant:
* Pij(A) =0, 35 Aii(A) <1, and
Yig(A) — Yig () + (A = ) 2o Vi (M) i (1) = 0.
® MNpii(A) = 6i5 + D> p qirtri(A), A > 0.
* (X Mij(A)=1,i€5,A>0)
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Steps to identifying P

Steps to identifying a -process (an honest ()-process) for
which a given m is invariant:

* Pij(A) =0, 35 Aii(A) <1, and

Vij(A) — i (p ) (A=) D Vi (M) r; (1) =
® Aii(A) = dij + 2k ik¥ri(A), A > 0.

o (3, Moi(\) =1, €5, A>0.)
* 2imidPii(A) = my.
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Existence of a )-process

Theorem. Let Q be a stable and conservative ¢-matrix, and
suppose that m is a subinvariant measure for Q).
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Existence of a )-process

Theorem. Let Q be a stable and conservative ¢-matrix, and
suppose that m is a subinvariant measure for . Let

®(-) = (¢i(+), 1,4 € S) be the resolvent of the minimal
()-process
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Existence of a )-process

Theorem. Let Q be a stable and conservative ¢-matrix, and
suppose that m is a subinvariant measure for . Let

®(-) = (¢i(+), 1,4 € S) be the resolvent of the minimal
Q-process and define z(-) = (z;(+),i € S) and

d(-) = (di(-),i € S) by

zi(A) =1 =22, Adij(A),
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Existence of a )-process

Theorem. Let Q be a stable and conservative ¢-matrix, and
suppose that m is a subinvariant measure for . Let
®(-) = (¢i(+), 1,4 € S) be the resolvent of the minimal
Q-process and define z(-) = (z;(+),i € S) and
d(-) = (di(-),i € S) by

zi(A) =1 =225 Adij(N),

and
di(A) = mi — 3 miAg;i(A).
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Existence of a )-process

Theorem. Let Q be a stable and conservative ¢-matrix, and
suppose that m is a subinvariant measure for . Let
®(-) = (¢i(+), 1,4 € S) be the resolvent of the minimal
Q-process and define z(-) = (z;(+),i € S) and
d(-) = (di(-),i € S) by
zi(A) =1 =225 Adij(N),

and

di(A) = mi —2_; mjAgji(N).

Then, if d = 0, m is invariant for the minimal Q)-process.
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Existence of a )-process

Theorem. Let Q be a stable and conservative ¢-matrix, and
suppose that m is a subinvariant measure for . Let
®(-) = (¢i(+), 1,4 € S) be the resolvent of the minimal
Q-process and define z(-) = (z;(+),i € S) and
d(-) = (di(-),i € S) by
zi(A) =1 =225 Adij(N),

and

di(A) = mi —2_; mjAgji(N).
Then, if d = 0, m is invariant for the minimal Q)-process.
Otherwise, if Y. d;(A) < >°.m;zi(A) < oo, for all A > 0, there
exists a Q-process P for which m Is invariant.
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Existence of a )-process

Theorem continued. The resolvent of one such process is
given by

Vij(A) = ¢ij(A) + (2)
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Existence of a )-process

Theorem continued. The resolvent of one such process is

given by
A = b zi(A)d;j(A)
Vi (V) = 65N + 5557 (2)
and this is honest if and only if > . d;(\) = > . m;z;(\), for all
A > 0.
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Existence of a )-process

Theorem continued. The resolvent of one such process is
given by

zi(A)d;(A)
AD g mgzk(A)

and this is honest if and only if > . d;(\) = > . m;z;(\), for all
A > 0. A sufficient condition for there to exist an honest
(Q-process for which m is invariant is that m satisfies
>_imi(1—Agj;(A)) < oo, forall A > 0.

Vij(A) = ¢i5(A) +

(2)
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Existence of a )-process

Theorem continued. The resolvent of one such process is
given by

zi(A)d;(A)
AD g mgzk(A)

and this is honest if and only if > . d;(\) = > . m;z;(\), for all
A > 0. A sufficient condition for there to exist an honest
(Q-process for which m is invariant is that m satisfies
>_imi(1—Agj;(A)) < oo, forall A > 0.

Vij(A) = ¢ij(A) + (2)

Corollary. If m is a subinvariant probability distribution for @,
then there exists an honest Q-process with stationary
distribution m. The resolvent of one such process is given

by (2).
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The single-exit case

Suppose that @ is a single-exit ¢g-matrix
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The single-exit case

Suppose that @ is a single-exit g-matrix, that is, the space of
bounded, non-negative vectors ¢ = (&;,7 € S) which satisfy

> i€ = a&i, a >0,

has dimension 1.
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The single-exit case

Suppose that @ is a single-exit g-matrix, that is, the space of
bounded, non-negative vectors ¢ = (&;,7 € S) which satisfy

> i€ = a&i, a >0,

has dimension 1. (The minimal process has only one
available “escape route” to infinity.)
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The single-exit case

Suppose that @ is a single-exit g-matrix, that is, the space of
bounded, non-negative vectors ¢ = (&;,7 € S) which satisfy

> i€ = a&i, a >0,

has dimension 1. (The minimal process has only one
available “escape route” to infinity.) Then, the condition

2. di(A) < 2 ymizi(A) < oo

IS necessary for the existence of a Q-process for which the
specified measure is invariant;
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The single-exit case

Suppose that @ is a single-exit g-matrix, that is, the space of
bounded, non-negative vectors ¢ = (&;,7 € S) which satisfy

> i€ = a&i, a >0,

has dimension 1. (The minimal process has only one
available “escape route” to infinity.) Then, the condition

2. di(A) < 2 ymizi(A) < oo

IS necessary for the existence of a Q-process for which the
specified measure is invariant; the @-process is then
determined uniquely by

2 (N di (O
Vij(A) = ¢ij(A) + Azi gﬂujékzx\)
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Non-unigueness
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Non-unigueness

Consider a pure-birth process with strictly positive birth rates
(g¢;,7 > 0), but imagine that we have two distinct sets of birth

rates, (¢\”,i > 0) and (¢!",i > 0), which satisfy
> e 1/q§r) < oo, r=0,1.
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Non-unigueness

Consider a pure-birth process with strictly positive birth rates
(g¢;,7 > 0), but imagine that we have two distinct sets of birth

rates, (¢\”,i > 0) and (¢!",i > 0), which satisfy
D e 1/%@ <oo,7=0,1. Let § ={0,1} x {0,1,...} and define
Q — (quaxay < S) by

( ngr)’ ifj=:+1and s =r,

q(ri)(s,5) = ¢ —qzm, ifj=¢and s =r,

. 0, otherwise,

forr=0,1and > 0.
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Non-unigueness

Consider a pure-birth process with strictly positive birth rates
(g¢;,7 > 0), but imagine that we have two distinct sets of birth
rates, (¢\”,i > 0) and (¢!",i > 0), which satisfy

%1/ < oo, r=0,1. Let § = {0,1} x {0,1,...} and define
Q = (Qa:yaxay < S) by

( ngr)’ ifj=:+1and s =r,

q(ri)(s,5) = ¢ —qzm, ifj=¢and s =r,

0, otherwise,

\

forr=0,1and i > 0. The measure m = (m,,x € S), given by
My i) = 1/q,f7’), r=20,1, ¢ > 0, IS subinvariant for Q.
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Non-unigueness
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Non-unigueness

The resolvents of two distinct Q-processes for which m is
iInvariant are given by
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Non-unigueness

The resolvents of two distinct Q-processes for which m is
iInvariant are given by

27 (Ney) (A)
2— {28 (V)+2P ()}

Vi) (s,5)(A) = 5rs¢§§)(k) +
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Non-unigueness

The resolvents of two distinct Q-processes for which m is
iInvariant are given by

RO
B (r) (V)65 (V)
iri)(s,) (A) = Orsy;” (A) + 2—{ 30>(A)+ SV}

and
( 2D ()60 (A
(r) (A)z (Mg (A) B
Cbz‘j ()\) + 1 ZO%)(A)Z(U(A) , S=T
V(ri)(s.5) (A) = <
2 ()L
(Nog; (V)

\ EEORVEOIY SFET
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Non-unigueness

Interpretation.
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Non-unigueness

Interpretation.

The first process chooses between (0,0) and (1,0) with equal
probability as the starting point following an explosion, no
matter which was the most recently traversed path.
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Non-unigueness

Interpretation.

The first process chooses between (0,0) and (1,0) with equal
probability as the starting point following an explosion, no
matter which was the most recently traversed path.

The second process traverses alternate paths following
successive explosions.
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The reversible case

Suppose that @ is symmetrically reversible with respect to m
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The reversible case

Suppose that @ is symmetrically reversible with respect to m,
that iS, mM;iQ;; = M;jqji, 1,7 € S.
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The reversible case

Suppose that @ is symmetrically reversible with respect to m,
that iS, mM;iQ;; = M;jqji, 1,7 € S. Then, dz()\) = mzzz()\), and so
we arrive at the following corollary*.
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The reversible case

Suppose that @ is symmetrically reversible with respect to m,
that iS, mM;iQ;; = M;jqji, 1,7 € S. Then, dz()\) = mzzz()\), and so
we arrive at the following corollary*.

Corollary. If Q is reversible with respect to m
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The reversible case

Suppose that @ is symmetrically reversible with respect to m,
that iS, mM;iQ;; = M;jqji, 1,7 € S. Then, dz()\) = mzzz()\), and so
we arrive at the following corollary*.

Corollary. If  is reversible with respect to m, then there
exists uniquely a Q-function P for which m is invariant
if and only if } . m;z;(\) < oo, forall A > 0.
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The reversible case

Suppose that @ is symmetrically reversible with respect to m,
that iS, mM;iQ;; = M;jqji, 1,7 € S. Then, dz()\) = mzzz()\), and so
we arrive at the following corollary*.

Corollary. If  is reversible with respect to m, then there
exists uniquely a Q-function P for which m is invariant
if and only if >~ m;z;(\) < oo, forall A > 0. It is honest and its

resolvent is given by

Zi(A)mjz; (A
%‘(A): ij()‘)‘|’>\ Ay (())\)°
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The reversible case

Suppose that @ is symmetrically reversible with respect to m,
that iS, mM;iQ;; = M;jqji, 1,7 € S. Then, dz()\) = mzzz()\), and so
we arrive at the following corollary*.

Corollary. If  is reversible with respect to m, then there
exists uniquely a Q-function P for which m is invariant
if and only if >~ m;z;(\) < oo, forall A > 0. It is honest and its

resolvent is given by

Zi(A)mjz; (A
Pii(N) = ¢ij(N) + yent A

Moreover, P is reversible with respect to m in that
M Di 5 (t) — mjpﬁ(t) (Or, equivalently, mzww()\) = mﬂbﬁ(}\))

*Hou Chen-Ting and Chen Mufa (1980) Markov processes and field theory. Kexue.
Tongbao 25, 807-811.
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Birth-death processes

Suppose that the birth rates (\;,7 > 0) and death rates
(i, i > 1) are strictly positive.
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Birth-death processes

Suppose that the birth rates (\;,7 > 0) and death rates
(ui,7 > 1) are strictly positive. @ is then regular if and only if

> 20 o Do T = 00, (3)
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Birth-death processes

Suppose that the birth rates (\;,7 > 0) and death rates
(ui,7 > 1) are strictly positive. @ is then regular if and only if

> 20 o Do T = 00, (3)

Proposition. Let m = (m;, ¢ € S) be the essentially unique
iInvariant measure for Q).
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Birth-death processes

Suppose that the birth rates (\;,7 > 0) and death rates
(ui,7 > 1) are strictly positive. @ is then regular if and only if

> 20 o Do T = 00, (3)

Proposition. Let m = (m;, ¢ € S) be the essentially unique
iInvariant measure for Q).

* m is invariant for the minimal Q-process if and only if (3)
holds.
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Birth-death processes

Suppose that the birth rates (\;,7 > 0) and death rates
(ui,7 > 1) are strictly positive. @ is then regular if and only if

> 20 o Do T = 00, (3)

Proposition. Let m = (m;, ¢ € S) be the essentially unique
iInvariant measure for Q).

* m is invariant for the minimal Q-process if and only if (3)
holds.

* When (3) fails, there exists uniquely a Q-process P for
which m is invariant if and only if m is finite
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Birth-death processes

Suppose that the birth rates (\;,7 > 0) and death rates
(ui,7 > 1) are strictly positive. @ is then regular if and only if

> 20 o Do T = 00, (3)
Proposition. Let m = (m;, ¢ € S) be the essentially unique
iInvariant measure for Q).

* m is invariant for the minimal Q-process if and only if (3)
holds.

* When (3) fails, there exists uniquely a Q-process P for
which m is invariant if and only if m is finite, in which case
P Is the unique, honest @Q-process which satisfies FE;;
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Birth-death processes

Suppose that the birth rates (\;,7 > 0) and death rates
(ui,7 > 1) are strictly positive. @ is then regular if and only if

> 20 o Do T = 00, (3)

Proposition. Let m = (m;, ¢ € S) be the essentially unique
iInvariant measure for Q).

* m is invariant for the minimal Q-process if and only if (3)
holds.

* When (3) fails, there exists uniquely a Q-process P for
which m is invariant if and only if m is finite, in which
case P is the unique, honest Q-process which satisfies
FE,;; P is positive recurrent and its stationary distribution
Is obtained by normalizing m.
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u~lnvariance

Suppose that S = {0} U C, where 0 is an absorbing state
and C' is irreducible (for F).
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u~lnvariance

Suppose that S = {0} U C, where 0 is an absorbing state
and C is irreducible (for F). Let u > 0.
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u~lnvariance

Suppose that S = {0} U C, where 0 is an absorbing state
and C is irreducible (for F). Let u > 0. A collection
m = (m;,7 € C') of strictly positive numbers is called a

u-subinvariant measure for () if

ZiEC m;qi; < —pmgj, jJ € C,
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u~lnvariance

Suppose that S = {0} U C, where 0 is an absorbing state
and C is irreducible (for F). Let u > 0. A collection
m = (m;,7 € C') of strictly positive numbers is called a

u-subinvariant measure for () if
ZiEC miqi; < —pmg, j € C,
and a p-invariant measure for Q) if

D iccMiqij = —pmj, jeC.
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u~lnvariance

Suppose that S = {0} U C, where 0 is an absorbing state
and C is irreducible (for F). Let u > 0. A collection

m = (my,1 € C') of strictly positive numbers is called a
u-subinvariant measure for () if

ZiEC miqi; < —pmyj, j € C,
and a p-invariant measure for Q) if
D icc Midi; = —pmyj, j € C.

It is called a p-invariant measure for P, where P is any
transition function, if

> ico mipij(t) = e #my,  jeC.
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Quasi-stationary distributions

Proposition. A probability distribution = = (7;,7 € C) is a
u-invariant measure for some ;. > 0, that is,

if and only if it is a quasi-stationary distribution

MASCOS Workshop on Markov chains, April 2005 - Page 31



Quasi-stationary distributions

Proposition. A probability distribution = = (7;,7 € C) is a
u-invariant measure for some ;. > 0, that is,

pi(t) =D mipi(t) = pilt) m;.
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u~invariance for F

Theorem. If m is u-invariant for P, then m is u-subinvariant
for
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u~invariance for F

Theorem. If m is u-invariant for P, then m is u-subinvariant
for Q, and p-invariant for  if and only if P satisfies the
forward equations over C'.
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u~invariance for F

Theorem. [f m is u-invariant for P, then m is p-subinvariant
for Q, and p-invariant for  if and only if P satisfies the
forward equations over C'. For example, if m is u-invariant for
the minimal process, then it is p-invariant for Q.
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u~invariance for F

Theorem. [f m is u-invariant for P, then m is p-subinvariant
for Q, and p-invariant for  if and only if P satisfies the
forward equations over C'. For example, if m is u-invariant for
the minimal process, then it is p-invariant for Q.

Theorem. If m is u-invariant for @, then it is u-invariant for F
If and Only If the equatiOnS ZiEC YiGi; = —VYj, 0 <y, <my,

i € C, have no non-trivial solution for some (and then all)

v < (L.
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u~invariance for F

Theorem. [f m is u-invariant for P, then m is p-subinvariant
for Q, and p-invariant for  if and only if P satisfies the
forward equations over C'. For example, if m is u-invariant for
the minimal process, then it is p-invariant for Q.

Theorem. If m is u-invariant for @, then it is u-invariant for F
If and Only If the equatiOnS ZiEC YiGi; = —VYj, 0 <y, <my,

i € C, have no non-trivial solution for some (and then all)

v < (L.

Theorem. If m is a finite p-invariant measure for @, then
1Y ieomiai <o migio; (4)

where a; = lim; . fio(t), and m is p-invariant for F
If and only if equality holds in (4).
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()-processes with a given m

Theorem. (Existence) Let ;1 > 0 and suppose that Q admits a
finite u-subinvariant measure m on C.
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()-processes with a given m

Theorem. (Existence) Let ;1 > 0 and suppose that Q admits a
finite u-subinvariant measure m on C.

1. If the minimal Q-process F' is honest, then m is a
p-invariant measure on C for F' if and only if

Z miqio = K Z mi,

1eC 1eC

In which case m is p-invariant for Q.
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()-processes with a given m

Theorem. (Existence) Let ;1 > 0 and suppose that Q admits a
finite u-subinvariant measure m on C.

1. If the minimal Q-process F' is honest, then m is a
p-invariant measure on C for F' if and only if

Z miqio = K Z mi,

1eC 1eC

In which case m is p-invariant for Q.

2. If F'is dishonest, then there exists a Q-process P for
which m is p-invariant on C' if and only if
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()-processes with a given m

Theorem continued.

The resolvent ¥ of one such @Q-process for which m is
u-invariant has the form

zi(A)d;(A)
(A + 1) D opec mrzr(A)

where d;j(A) =mj — > . comi(A+ ) dii(A), jeC,

Vij(A) = @i (A) + i,J €9,

do(N) = e/X =Y mi(A+ p)dio(N),

1eC

and e satisfies ) ,.~miqio <e <) o my.

MASCOS Workshop on Markov chains, April 2005 - Page 34



()-processes with a given m

Theorem. (Uniqueness) Let 1 > 0 and suppose that Q admits
a finite p-subinvariant measure m on C.
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()-processes with a given m

Theorem. (Uniqueness) Let 1 > 0 and suppose that Q admits
a finite p-subinvariant measure m on C.

1. If m is p-invariant for the minimal Q-process F', which is
true if and only if © > mial = >, migio, then itis the
unique Q-process for which m is p-invariant on C'. When
this condition holds, m is u-invariant on C for Q.
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()-processes with a given m

Theorem. (Uniqueness) Let 1 > 0 and suppose that Q admits
a finite p-subinvariant measure m on C.

1. If m is p-invariant for the minimal Q-process F', which is
true if and only if © > mial = >, migio, then itis the
unique Q-process for which m is p-invariant on C'. When
this condition holds, m is u-invariant on C for Q.

2. If m is not p-invariant for the minimal Q-process, there
exists uniquely a Q-process for which m Is p-invariant
only if
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()-processes with a given m

Theorem. (Uniqueness) Let 1 > 0 and suppose that Q admits
a finite p-subinvariant measure m on C.

1.

If m is p-invariant for the minimal Q-process F', which is
true if and only if © > mial = >, migio, then itis the
unique Q-process for which m is p-invariant on C'. When
this condition holds, m is u-invariant on C for Q.

If m is not u-invariant for the minimal Q-process, there
exists uniquely a Q-process for which m Is p-invariant

only if
> migio < p Yy ms. (5)

3. If Q is single-exit, there exists uniquely Q-process for

which m is u-invariant if and only if (5) holds.
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()-processes with a given m

Theorem continued. If If Q) is single-exit, and
> iec Migio < 1Y ;- m; then all Q-processes for which m is
u-invariant can be constructed using

zi(N\)dj (A .
Vi) = 0N + e mmny I €5
where d;j(\) =mj; — > . comi(A+ p)dii(X), jeC,
do(A) = /A =2 e mi(A + p)din(N),

by varying e inthe range > .. miqio < e < ) .o mi.
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()-processes with a given m

Theorem continued. If If Q) is single-exit, and
> iec Migio < 1Y ;- m; then all Q-processes for which m is
u-invariant can be constructed using

zi(N\)dj (A .
Vi) = 0N + e mmny I €5
where d;j(\) =mj; — > . comi(A+ p)dii(X), jeC,

do(A) = €/ A =2 ico mi(A + p)din(N),

by varying e inthe range > ..~ migio < e < ) ;.o m;. Exactly
one of these is honest
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()-processes with a given m

Theorem continued. If If Q) is single-exit, and
> iec Migio < 1Y ;- m; then all Q-processes for which m is
u-invariant can be constructed using

zi(N\)dj (A .
Vi) = 0N + e mmny I €5
where d;j(\) =mj; — > . comi(A+ p)dii(X), jeC,

do(A) = €/ A =2 ico mi(A + p)din(N),

by varying e inthe range > ..~ migio < e < ) ;.o m;. Exactly
one of these is honest: obtained by
settinge = p) ;. my.
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()-processes with a given m

Theorem continued. If If Q) is single-exit, and
> iec Migio < 1Y ;- m; then all Q-processes for which m is
u-invariant can be constructed using

_ zi(A)d;(N) .
Vis N = 05N+ s omemmye BT €S

where d;j(\) =mj; — > . comi(A+ p)dii(X), jeC,
do(A) = €/A = 2 iccmi(A + 1) din(A),

by varying e inthe range > ..~ migio < e < ) ;.o m;. Exactly
one of these is honest: obtained by setting e = 11>, .~ mi.

And, exactly one satisfies the forward equations FE,, over
1€ C
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()-processes with a given m

Theorem continued. If If Q) is single-exit, and
> iec Migio < 1Y ;- m; then all Q-processes for which m is
u-invariant can be constructed using

_ zi(A)d;(N) .
Vis N = 05N+ s omemmye BT €S

where d;j(\) =mj; — > . comi(A+ p)dii(X), jeC,
do(A) = €/A = 2 iccmi(A + 1) din(A),

by varying e inthe range > ..~ migio < e < ) ;.o m;. Exactly
one of these is honest: obtained by setting e = 11>, .~ mi.
And, exactly one satisfies the forward equations FE,, over

i € C: obtained by setting e = > ..~ migio.
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