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Abstract: A critical set is a partial Latin square that has a unique completion
to a Latin square, and is minimal in this property. Suppose that P is a critical
set in a Latin square L of order n, and there is one row of P which is empty.
Then there are at most two rows of P with precisely one entry, and |P| > 2n —4.
Moreover, in this case these three rows in L are isoptopic to three adjacent rows
in the back circulant Latin square. In our proof new algorithms for Latin trades
in arbitrary Latin squares are given.

1. INTRODUCTION

In any combinatorial configuration it is possible to identify a subset which uniquely
determines the structure of the configuration and in some cases is minimal with respect to
this property. Examples of such subsets can be found by studying the literature on critical
sets in Latin squares (see Donovan and Howse [8]) and defining sets in block designs (see
Street [10]). The recent research in these areas has focused on building a bank of knowledge
which may be used to determine the spectrum of the prescribed subsets. With this current
paper we restrict ourselves to a discussion of critical sets in Latin squares.

We define scs(n) to be the size of the smallest critical set in any Latin square of order
n. The problem of determining this value exactly for every n remains unsolved. However,
progress has been made on upper and lower bounds.

Fu, Fu and Rodger ([9]) showed that if n > 20, scs(n)> |(7n—3)/6]. The smallest critical
set so far constructed for any Latin square of size n has size [n2/4] ([6], [5]). A critical set
of such size is known to exist in back circulant Latin squares, namely those Latin squares
based on the addition table for the integers modulo n.

Donovan, Cooper, Nott and Seberry ([7]) examined lower bounds for critical sets of
Latin squares based on certain groups. Bate and van Rees ([3]) showed that the size of the
smallest strong critical set (a critical set with a certain type of completion) is [n?/4].

Proving the existence of critical sets often involves the construction of many Latin trades
(see, for example [4] and [8]). In this paper we give algorithms that construct Latin trades
in sets of 3 rows in Latin squares.

We then use these Latin trades to show that if P is a critical set with one empty row
(or column or entry), there are at most two rows (or columns or entries) of P with exactly
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one element. It follows that if P has an empty row (or column or entry), |P| > 2n — 4.
Next, if P has one empty row (or column or entry) and two rows (or columns or entries)
with exactly one element, these three columns are isotopic to three adjacent columns in the
back circulant Latin square. This result adds further weight to the conjecture that the back
circulant Latin square yields the smallest possible critical set for a given order.

2. DEFINITIONS

We start with basic definitions which allow us to state and prove our main results.

Let N ={0,1,2,...,n — 1}. A partial Latin square (partial quasigroup) P of order n is
a set of ordered triples of the form (4, j, k), where 7,5,k € N with the following properties:

— if (4,7,k) € P and (i,4,k") € P then k = ¥/,

— if (4,7,k) € P and (4,5',k) € P then j = 5 and

— if (4,7,k) € P and (¢',4,k) € P then i =i
If (i,j,k) € P we say that ioj =k, j =4\k and 4 = k/j. We may also represent a partial
Latin square P as an n X n array with entries chosen from the set N such that if (3, j, k) € P,
the entry k occurs in cell (i,7). At any given point in this paper we endeavour to use the
representation that makes our explanation clearest.

It is important for the reader to note that an element of P is a triple (i, j, k) € P, whereas
an entry in P is an integer k € N such that (7,7, k) € P, for some ¢ and j. A partial Latin
square has the property that each entry occurs at most once in each row and at most once
in each column.

Every partial Latin square has six conjugates (five and itself). In this paper we will make
use of the conjugates

- {(k‘,],’t) | (Za.]ak) € P}7 and

- {(Zakaj) | (Zajak) € P}

Because of the existence of these conjugates, statements made about the columns of a
partial Latin square may also be made about its rows, and in turn, entries.

If all the cells of the array are filled then the partial Latin square is termed a Latin
square. That is, a Latin square L of order n is an n X n array with entries chosen from the
set N =4{0,1,2,...,n — 1} in such a way that each element of N occurs precisely once in
each row and precisely once in each column of the array.

For a given partial Latin square P the set of cells Sp = {(4, ) | (4,4,k) € P, for some k €
N} is said to determine the shape of P and |Sp| is said to be the size of the partial
Latin square. That is, the size of P is the number of non-empty cells in the array. For
each r, 1 < r < n, let R, denote the set of entries occurring in row r of P. Formally,

% ={k | (r,j,k) € P}. Similarly, for each ¢, 1 < ¢ < n, we define C{, = {k | (i,¢,k) € P}.

A partial Latin square T of order n is said to be a Latin trade (or Latin interchange) if
T # () and there exists a partial Latin square T" (called a disjoint mate of T') of order n,
such that

- ST = ST’7
— if (4,7,k) € T and (i,5,k") € T', then k # K,
— for each r, 1 <r <n, R}, = R/, (the row r is balanced) and

— for each ¢, 1 < ¢ < n, Cf = C§, (the column c is balanced).

A critical set in a Latin square L (of order n) is a partial Latin square P C L, such that
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(1) L is the only Latin square of order n which has element & in cell (4,7) for each
(1,7,k) € P; and
(2) no proper subset of P satisfies (1).

If P is a critical set in a Latin square L, P must intersect every Latin trade in L. (For
if there exists a Latin trade 7' in L such that PNT = (), P is also contained in the Latin
square (L\T)UT', where T" is a disjoint mate of T'. Every pair of rows, columns or entries
in a Latin square gives rise to at least one Latin trade (formed by exchanging the row,
column or entry symbols respectively). Thus any critical set may have at most one empty
column, at most one empty row, and at most one missing entry.

If P is a critical set in a Latin square L, the partial Latin square given by L\ P is called
the compliment of P and is denoted by PC.

We define P, to be the following partial Latin square contained in the back circulant
square B,;:

Pr o= {50+ [n-1-127>n/2U{@Gj,i+j—n)|n/22j>n—1i}
It is shown in ([6],[5]) that P, is a critical set in B,. Observe that |P,| = [n?/4].

Example 1. The partial Latin square P; is given in Figure 1, together with the Latin
square Br.

4156|0123 /4|5]|6

5|6 11213(4(5(6|0

6 213(4|5|6|0]1

314(5(6|0|1]2

0 415/6(011|2]|3

01 5/6(0(11]2|3|4

0|12 6012|345
P By

Figure 1

Two partial Latin squares P and () are said to be isotopic if there exist three permutations
«, B and vy of the set N such that (¢,7,k) € P if and only if («(), 5(j),7(k)) € Q. Many
properties of partial Latin squares are preserved under isotopism. For example if P is a
critical set and () is isotopic to P, then (@ is also a critical set. We make use of this fact in
this paper.

3. LATIN TRADE CONSTRUCTIONS

Consider the following Latin trade T', with disjoint mate T":

0|12 8193 1123 0/8]9
11213[0(5]|6]|7 0]1]2(5(6|7]3
5(6(713]0(81]9 0/5(6/7/8[9]3

Note that it is made up of three “zig-zagging” sequences between pairs of rows, each begin-
ning with entry 0 and ending with entry 3. It is this simple idea we extend in this section
to construct Latin trades from sets of three rows in Latin squares.
We begin with a convenient lemma, on Latin trades.
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Lemma 2. Let z € N, and let P and P’ be two partial Latin squares with the same shape,
the same size and with the following properties:

_if (i,4,k) € P and (i, j,k') € P' then k # k';
- for every ¢, 1 < ¢ <n—1, column c is balanced;
- for every r, r € {0,1,...,n — 1} \ {z}, row r is balanced.

Then P is a Latin trade with disjoint mate P'.

Proof. Let (z,j,k) € P. Because column j is balanced, there exists (z',7,k) € P'. Now
suppose there are m occurrences of the entry k in P. Then there will also be m occurrences
of k in P’, since every column is balanced. There are m — 1 occurrences of the entry k in
P in the set of rows excluding z, so there must be m — 1 occurrences of the entry k in the
same set of rows in P’. Thus there must be an element (z,j',k) € P'. O

Any two rows (or columns or entries) z and y in a Latin square L of order n give rise
to a permutation p;, of the set N = {0,1,...,n — 1}, defined as follows. If there exists
column ¢ such that zoc =i and yoc = j, then p; 4(7) = j = (yo (z\7)). From this point we
focus on three rows which we label arbitrarily 0, 1 and n — 1. (The reason for this labelling
becomes apparent in Theorem 6.) Let a = pg,1, 8 = p1,n—1 and v = pp—1,0. In this section
we often use an asterisk “x” to denote an arbitrary column. In these cases the column is
uniquely determined by a row and entry. (In the ordered triple (4,5, k), j = 7\k.)

Theorem 3. Suppose there exist distinct entries e; and ez such that

1. oP(e1) = ey and B9(e1) = eg where 1 < p,q,<n — 1, and
2. o9(ey) # B(e1), forall 0 < g < p, 0 < h < ¢, except (g,h) = (0,0).

(Note that o and 8° are the identity permutation.) Then there exist two Latin trades T}
and 75 such that T3 N1, = S, where

S = {(0,*,&9(61)), (17 *’ag-l-l (61)) | 0<g< p}
U{(1,%,8"(e1)), (n = 1,%, 8" (e1)) | 0 < b < g},

and if (r,c,e) € (Ty UTy) \ S, then r # 1.

Proof. We first illustrate the set S as a partial Latin square in the following diagram. (Note
that because of Condition 2 there are p + ¢ distinct columns altogether.)

0| e1 [ aler) |.---.. aP~1(e;)
1|aler) | a?(er) |-.-... oPler) =es| e | Bler) |...... B9 (er)
n—1 Bler) | B(er) | ... Bile1) = e

We write algorithms to construct Latin trades 77 and 7% in pseudo-code.

Algorithm to construct 73.



let z =e; and 77 = S.

N

while z # e :
let T :==Ty U{(n —1,%,2)}.
if y(z) = a¥(eq1), for some y where 0 <y <p -1,
then let z = a(y(z)).
else
let Ty := T, U {(0,*,v(z))} and let z := y(z).
while z = 8Y(e1) for some y where 1 <y < g —1,
let 71 :=T1 U{(0,*,v(B(x)))} and
10) let z :=y(B(z)).

w

0 g O Ot
— O~ ~— ~— ' ' ~—— "

P~ o~ o~ o~ o~ o~ o~ o~ o~ —~

Algorithm to construct 75.

To counstruct T, we begin at line 7 of the algorithm for 7} with 77 = S and z = (e1)
and proceed as above.

We now justify why these algorithms meet the conditions of the theorem. (Readers are
encouraged to look ahead to Example 4 to analyse a specific construction.) We make the
following claims:

Claim 1. Let (i,5,k) € (T1UT2) \ (SU{(n—1,%,e1),(0,*,7(B(e1)))}). Then the triple
(',7', k") inserted directly before (i, 4, k) in either algorithm is unique.

Claim 2. The triple (n — 1,%,e1) is inserted only once in the algorithm for 77 and
never in the algorithm for 75.

Claim 3. The triple (0, *,v(5(e1))) is inserted only once in the algorithm for 75 and
never in the algorithm for 77.

Claim 4. The algorithms for 77 and 7% both terminate.

Claim 5. T' N1y = S.

Claim 6. The partial Latin squares 77 and T are Latin trades.

Observe that both algorithms only add entries to row 0 or row n — 1.

Claim 1 Let (i, j', k') be inserted directly before (4, j, k) in the algorithm.

Case 1: 4 =n —1. Then (i,7,k) is added at line 3 of the algorithm. If £k = a9(e1), for some
1<g<p-—1,then (.7, k') = (n—1,%,8(a%e1))). Otherwise (7,5, k") = (0, %, k).

Case 2: 7 = 0. Then (i,j,k) is added at either line 7 or line 9 of the algorithm. If
kE = v(B"(e1)), for some 2 < h < ¢ — 1, then (¢,5',k') = (0,%,8" 1(e1)). Otherwise
(ilaj,7kl) =n- ]-a *,,6(0[(]{2)))

Claim 2 Suppose that Claim 2 is false, and there is a triple (', j', k') added directly before

(n — 1,%,e1) in either the algorithm for T} or the algorithm for 75. By Case 1 of Claim

1, either e; = a9(e1) for some 1 < g < p—1, or (¢,5,k") = (0,*%,e1). The former is
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impossible by Condition 2 of our theorem, so we must have (¢, 7', k") = (0, *,e1). Now, we
can’t have e; = (8" (e1)) for some 2 < h < g—1 because this implies that a(e;) = 8" 1(e1)
which contradicts Condition 2 of our theorem. Therefore (3", j", k") = (n — 1, *, B(a(er))).
But let’s look at the algorithm in a forward direction for a moment. We add the triple
(n—1,%, B(a(e1))) at line 3, which means we are interrupted by line 4 because y(8(a(e1))) =
e1. So the next element added is (n—1, *, a(e1)). Inother words, (i, 5/, k') = (n—1,*, a(e1)),
a contradiction to the fact that our alogrithm is well-defined.

Claim 3 Suppose the ordered triple (0,*,v(8(e1))) is preceded by some triple (i, j,' k')
inserted at line 3, 7 or 9 of the algorithm. Then (0,*,v(8(e1))) is inserted at either line
7 or line 9. In the latter case, it is preceded by the triple (0,*,e;). Then we must have
e1 = (BY(ey) for some 1 < y < g — 1, which contradicts Condition 2 of the theorem. In the
former case (0, *,v(8(e1))) is preceded by the triple (n — 1, %, 3(e1)) at line 3. This is also
impossible as since z = [3(e1), we are still at line 8 of the algorithm.

Claim 4 This claim follows directly from Claims 1, 2 and 3.

Claim 5 We first show that no elements of S are added to 77 at lines 3, 7 or 9.

Case 1: Suppose we are at line 3 of the algorithm for 7;. If the triple (n — 1,%,z) € S, then
z = (9(e1) for some 1 < g < g. But if g < g we are at line 9 rather than line 3, and if
g = p, ¢ = e2 and the algorithm has terminated at line 2.

Case 2: Next suppose we are at line 7. We cannot have y(z) = a9(e;), for some 0 < g < p—1
for the following reasons. If ¢ = 0 we will have z = e; at the next line 2, contradicting
Claim 1b. If g > 0 we are at line 4.

Case 3: If we are at line 9 we cannot have (8" (e1)) = a9(e;) for some 0 < g < p — 1,
2 < h < ¢ because this is equivalent to 8" !(e;) = a9t (e;1), contradicting condition 2 of
this theorem.

Next suppose that (i,7,k) € (T1 UTy) \ S. Either (i,5,k) = (n — 1,%,e1), (i,5,k) =
(0,*,v(B(e1))), or by Claim 1 there exists a unique (¢, j', k') inserted directly before (i, 5, k)
in the algorithm for 7. Let f(i,7,k) = (i',j',k'). Since the algorithms for 77 and T5
terminate (Claim 4) there exist distinct integers m; and mo such that f™ (7,5,k) = (n —
1,%,e1), and f™2(i,5,k) = (0,%,v(B(e1))). If m; < mo Claim 2 is contradicted; otherwise
m1 > meo and Claim 3 is contradicted.

Therefore T7 and T5 intersect only at S.

Claim 6 We now prove that 77 and T are Latin trades by constructing disjoint mates.
Let T] (T3) be a partial Latin square with the same size and shape as T} (T»). We fill the
cells of 7] and T4 in the following way. (Note that o, \, are operations corresponding to the
quasigroup L of which T} and T, are subsets.)

Every column of T} (7%) has either 0, 2 or 3 entries. If a column j has two entries in T;
(Ty), we swap these entries in 7] (73). Otherwise column j has three entries. In this case
either:

L. (Oaja ag_l(el))a (laja O5‘(](61))3 (n - 11j7n -1 Oj) € Tl (TQ) for some 1 < g < b, or

2. (0,5,003), (1,5,8"(e1)); (n— 1,4, 8" (e1)) € T1 (T3) for some 0 <h < g — 1.

We permute entries as to have the elements
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L. (Oaja (n - 1) Oj)’ (laja ag_l(el))’ (n -1, ag(el)) € T1, (TQI) or
2. (O,j,ﬂh(61)), (1aj7/8h+1(61))7 (n -1,7,0 oj) € T{ (TQI)a

respectively. Note that in both 7] and T3, in cells of the form (1,1\a9(e1)) we have the
entry a9~ (e1) and in cells of the form (1,1\8"(e1)) we have entry S"1(e;).

Now we show that T} is in fact the disjoint mate of T7. From the way we have constructed
the partial Latin square 77 it is clear that Cr, = %{ for every column ¢ (every column is

balanced), and Ry, = R%F{ (row 1 is balanced). (Recall that the only elements with row
equal to 1 are elements of S.) So we only need to show that ROI = ’ROT, and ’R,%;l = R,_’;Tl.
1 1

Consider the former. We will prove that if (0, j, k) € T1, then (0,5, k) € T} for some j' # j.
Now, if (0, j, k) € Ty then either (0,7, k) € S or we insert (0, 7, k) at line 7 or at line 9 of the
algorithm. Suppose we have just added the triple (0, 7,%k). Then we either jump to line 2
or (re-)enter the while loop at line 7. In summary there are three cases to consider. Either:

(a) (0,5,k) € S\{(0,%,e1)}; or
(a) We have z = k at the beginning of line 2 in the algorithm; or
(c) k= B"(e;) for some h, 1 < h < q— 1.

First consider case (a). If (0,7,k) € S\{(0,*,e1)} then k = a9(e;) for some 1 < g < p—1.

If there exists an z at some occurrence of line 2 of the algorithm such that v(z) =
a971(e1), then the triple (n—1, 5/, k) € T1, and by the construction of T}, we have (0, j', k) €
T!. Otherwise there is a column j’ such that (0,5, 097 (e1)), (1,5, 09(e1)) € Ty with cell
(n—1,5') empty, and (0, 5", k) € T7.

Next case (b). If v(k) = a9(e1) for some 0 < g < p — 1, then the ordered triples
(0,5, 09(e1)), (1,5, 09 (e1)), (n —1,4',k) € Ty for some column j5'. Therefore (0,7, k),
(1,5',0%(e1)), (n —1,5',a¥"(e1)) € T{. In particular (0,5',k) € T!. Otherwise (n —
1,7, k), (0,5',v(k)) € T} for some column ;' (with cell (1, ') empty), and thus (0, 5, k) € T}.

Finally if case (c) occurs, then there is a column j' such that

(0,5',7(8" 1 (e1))), (1,5, 8Y(e1)), (n — 1,5, ¥F (1)) € T,
and so
(0,7, 8%(e1)), (1,5, 8+ (e1), (n = 1,5, 74(8Y  (e1))) € T4

and in particular (0,5, k) € T7.
To prove that Rg{l = Rg{l, simply apply Lemma 2. Because the algorithms for T}
and T» have little difference, similar arguments can also be used to prove that Ts is a Latin

trade.
O

Example 4. Here we construct non-trivial Latin trades that exist in rows 0, 1 and 6 in the
back circulant square By7. We start with S as shown in bold.

0(1|2(3[4|5|6 |7 8|9 |10|11|12|13|14|15]|16

1(2|3|4(5 |6 |7 |89 (1011|1213 |14|15]|16

678191011 (12|13|14|15|16| 0|12 |3 4|5
7

[e=]




Here is the trade 71, constructed using the above algorithm,

0|1/2|3| 4|5 |6 |7|8|9 |10(1112]|13|14|15|16
1/2/3/4,5 |6 | 7|8|9|10(11|12|13(14|15] 16
6(7/8|9(10|1112|13|14|15|16| 0 |1 |2 | 3 | 4

(==}

(4]

and the disjoint mate of trade 77:

1(2,8|3(5 (116 | 7|14 9 |10| 0 |12(13|15| 4 |16
0124|106 |7 |8 |9 |15|11|12|13|14| 3 |16 | 5
673|194 |5 (|12|13| 8 (1016|111 |2 (14|15 0

Here is the trade 1%, constructed using the above algorithm,

01234 |5|6|7|8|9(10|11|12|13|14|15]|16
1(2/3|4,5|6 7|89 10|11(12|13|14|15|16| O
6/7/8/9|10|1112|13|14|15|16 |0 |1 |2 |3 | 4|5

and the disjoint mate of trade T5:

1/2/3/9/4|5|6|7|8|10|16 1112|1314 (15| 0
0|1/2(4/10|6 |7 |8|9 15|11 (121314 | 3 |16| 5
6(7/8|3| 5 |11}12(13(14|, 9 |10 0 | 1|2 |15| 4 |16

Note that 77 and T5 intersect only at S.

Because of the existence of conjugates, it should be noted that the previous theorem may
also be applied to sets of three columns or sets of three entries in a Latin square.

Corollary 5. In any set of three rows 71, 79,73 in any Latin square of order n, there exists
a Latin trade T" and triples of the form (r;,¢,7; o ¢) € L such that (r;,¢,7;0c¢) & T for each
1< <3,

Proof. Consider the permutations o = py, 1o, 8 = pryry and v = pp, .. If any of these
permutations may be decomposed into disjoint cycles then we have a trade T with the
desired properties.

Otherwise let e; = r1 0 j and e; = r9 0 j for some column j. (Thus a(e;) = ey.) Since
Pra,rs cannot be split into disjoint cycles there exists 1 < ¢ < n — 1 such that 89(e1) = ey
and e; # B"(ey), for all 0 < h < gq.

But if ¢ = n — 1, the entry e; in row r3 must be in column j, which means that ey
occurs twice in column j, a contradiction to L being a Latin square. Thus ¢ < n — 1. From
Theorem 3, there exist Latin trades 17 and T5 such that 77 N1y = S, where

S = {(r1,*,e1),(re, %, a(e1))}
U{(TQ’ *’ﬁh(el))’ (T3,*,ﬂh+1(61)) | 0<h< Q}a

and if (r,c,e) € (Ty UTy) \ S, then r # ro.

Now, suppose that T} contains all of row r3. Then since ¢ <n—1and T1 NTy = S,
there exists a column ¢ in 75 with no entries. Otherwise 77 does not contain all of row 73,
and there exists a column ¢ in 77 with no entries. So either T or T, is a Latin trade with
the required properties. ]



4. MAIN REsSuULT

Theorem 6. Suppose that P is a critical set in a Latin square L of order n, and there is
a row a such that |[R%| = 0. (In other words, row a is empty in P.) Let

S ={c||Rp|l =1}

Then |S| < 2 (there are at most two rows with exactly one entry in P) and thus |P| > 2n—4.
Without loss of generality let @ = 0 and S = {n — 1,1}. Then the rows n — 1, 0 and 1 in
P are isoptopic torows n — 1,0 and 1 in F,,. Thus rows n — 1, 0 an 1 in L are isotopic to
three adjacent rows in the back circulant Latin square.

Proof. Given critical set P in Latin square L, we can form a relation 6., on the set
{0,1,...,n — 1} as follows. We say that (e, e2) € 054 if and only if

1. p;’fy(el) = ey, for some integer m > 1,

2. each element of the form (z, *, P;’E,y (e1)) is in P¢, where 0 < k < m — 1, and

3. each element of the form (y, x, pk , (e1)) is in P, where 1 < k < m.

In other words, (e1,e2) € 0, if and only if there is a sequence of elements in PC of the
form (.’,C, C1, 61), (ya C1;, Yo 61), (.Z, C2,Y o 61); (y’ C2,Y o 62)5 LN (‘Ta Cm,Y o Cm—1)7 (ya Cm, 62)'

Claim:. If (e1,e2) € 6,1 N 61 —1, then there exists a Latin trade 7" in L in columns 0,1
and n — 1 that does not intersect P.

Let o = pg,1, B = p1,n—1 and 7y = p,_1,0 as in the previous section.

Suppose that I and m are the least positive integers such that o!(e;) = ez and 8™ (e1) =
ez. Choose the least g such that aP(e;) = B7(e1)(= e3), where p < [ and ¢ < m. Then
(61,63) € 9(),1 and (61,63) € 91,n_1 and

e1,e3, aler), a’(e1),...,a" (e1), Bler), B*(er), ..., BT (e1)

are all distinct.
From Theorem 3 we can construct two Latin trades, 77 and 715 in rows 0, 1 and n — 1 so
that Ty N Ty, = S, where

S = {(O’*aag(el))a (17 *’ag-f—l (61)) | 0<g< p}
U{(1,%,8"(e1)), (n — 1, %, 8" (e1)) | 0 < h < g},

and T and T contain no other elements in row 1. Because (e, e3) € 6y1 M0 51, the set S
does not intersect P. But since [R% UR | = 1, at least one of Ty and T will not intersect
P, and our claim is proven. So since P is a critical set, 6y 1 N 6,1 must be empty.

Next we show that this implies that our three rows are isotopic to adjacent rows in B,,.
Observe that each cycle in the permutation « gives rise to a Latin trade in rows 0 and 1.
However since there is only one element in R(}J u R}D, the permutation o may not be split
into disjoint cycles. So without loss of generality, we may assume that « is the permutation
that maps ¢ to 7 + 1 modulo n, for each ¢ between 0 and n — 1. Furthermore we may label
the columns so that (0,%,7) € L for each 7 between 0 and n — 1. What we have so far is
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represented in the following diagram.

0 1 2 ... n—1
n—1[BM B [BO) ... B(0)
0 0 1 2 |...... n—1

1 1 2 3 |...... 0

Without loss of generality let R} = {0} and R ' = {a} for some a € N. Thus the
ordered pair (z,y) is in 6y if and only if z < y.

So for 6p1 N 61,1 to be empty, if (z,y) € 61,—1 then we must have z > y. But
(z,B(z)) € 61,-1 if and only if z # 0 and B(z) # a. So we have z > B(z) unless z = 0
or B(x) = a. Now B(1) cannot equal 0 as o (1) = 0, or in other words 0 already occurs
as an entry in that column. Thus we must have §(1) = a. Next, (2) cannot equal 1, so
we must have $(2) = 0. Similarly 5(3) = 1, (4) = 2 and continuing in this way we have
B(i) = i — 2, for each i between 2 and n — 1. Now there are only two cells left to fill in
column n — 1, and since 5(0) # n — 1, we have 5(0) =n — 2 and (1) =n — 1(= a). Thus
columns n — 1,0, and 1 in L together are isoptopic to three adjacent columns of B,,, and
moreover columns n — 1, 0 and 1 in P are isotopic to the columns » — 1, 0 and 1 in P,.

Since the column n—1 is uniquely determined in our argument, we have the following. If
C is a critical set with an empty row, then at most two columns have exactly one element.
Moreover if C' is a critical set with an empty row, |C| > 2n — 4.

]

We should stress that the conjugate arguments of the previous theorem also hold. For
example, if P is a critical set with an empty column, or if P is a critical set with no
occurrences of an entry k, then |P| > 2n — 4.

Possibly the results in this paper will be extended with the development of more sophis-
ticated Latin trades. Eventually this may lead to proving that scs(n) = |n?/4]. If this
paper is the first step to such a proof, the following conjectures (which are not disproved
by heuristic evidence in [1], [2]) may be the next steps.

Conjecture 7. If P is a critical set with one empty column (or row or entry), there are at
most four other columns (or rows or entries) with at most two elements.

Conjecture 8. In any critical set P, there are at most three columns (or rows or entries)
with at most one element.

A corollary of the previous conjecture and the results of this paper would be that |P| >
2n — 3 for any critical set P of order n. This would be an improvement on known bounds
(see Introduction).

The algorithms given in this paper find Latin trades quickly and efficiently in Latin
squares. They may be useful when testing computationally whether partial Latin squares
are in fact critical sets.
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