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Example: Bridge Network

Network with 5 unreliableedges; worksif theterminalnodesA
andB areconnectedby operationaledges.
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X e: edgestate(1 = works,0 = failed).

pe = P[X e = 1]: link reliability.

Links fail independently
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X e: edgestate(1 = works,0 = failed).

pe = P[X e = 1]: link reliability.

Links fail independently

Systemstate: ' (X ) =

(
1 if A andB connected,

0 otherwise.
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Network with 5 unreliableedges; worksif theterminalnodesA
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X e: edgestate(1 = works,0 = failed).

pe = P[X e = 1]: link reliability.

Links fail independently

Systemstate: ' (X ) =

(
1 if A andB connected,

0 otherwise.

Systemreliability: r = P[' (X ) = 1] :
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Bridge Network (cont.)

In thiscasethestructurefunction' is givenby

' (x ) = 1 � (1 � x1x3x5)(1 � x2x3x4)(1 � x1x4)(1 � x2x5) :
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Bridge Network (cont.)

In thiscasethestructurefunction' is givenby

' (x ) = 1 � (1 � x1x3x5)(1 � x2x3x4)(1 � x1x4)(1 � x2x5) :

For highly reliablenetworksit is moreusefulto considerthe
unreliability

r = 1 � r :
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Bridge Network (cont.)

In thiscasethestructurefunction' is givenby

' (x ) = 1 � (1 � x1x3x5)(1 � x2x3x4)(1 � x1x4)(1 � x2x5) :

For highly reliablenetworksit is moreusefulto considerthe
unreliability

r = 1 � r :

Thesystemunreliability is equalto

r = q1q2 + q2q3q4 � q1q2q3q4 + q1q3q5 � q1q2q3q5

+ q4q5 � q1q2q4q5 � q1q3q4q5 � q2q3q4q5 + 2q1q2q3q4q5 ;

wheref qi g arethelink unreliabilities.
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Crude Monte Carlo Simulation

We wantto estimater = P[' (X ) = 0] .
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Crude Monte Carlo Simulation

We wantto estimater = P[' (X ) = 0] .

Let X (1) ; : : : ; X (N ) � X beiid randomvectors.Then,

Q =
1
N

NX

i =1

(1 � ' (X (i ) ))

is anunbiasedestimatorfor r
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Crude Monte Carlo Simulation

We wantto estimater = P[' (X ) = 0] .

Let X (1) ; : : : ; X (N ) � X beiid randomvectors.Then,

Q =
1
N

NX

i =1

(1 � ' (X (i ) ))

is anunbiasedestimatorfor r andits relative erroris

re(Q) =

s
Var(Q)
(E[Q])2

=

r
1 � r
N r

:
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Crude Monte Carlo Simulation

We wantto estimater = P[' (X ) = 0] .

Let X (1) ; : : : ; X (N ) � X beiid randomvectors.Then,

Q =
1
N

NX

i =1

(1 � ' (X (i ) ))

is anunbiasedestimatorfor r andits relative erroris

re(Q) =

s
Var(Q)
(E[Q])2

=

r
1 � r
N r

:

For smallr , a largesamplesizeN is needed.
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CE and CMC

Let Yi bethei -th repairtime in theCP. Thus,

Yi � Exp(� i ) with � i = � logqi :

Note: P[Yi � 1] = e� � i = qi .
Let S(Y ) bethetimeatwhich thesystemis repaired. Then,we
canwrite

r = P[S(Y ) � 1] :

Hence,we have written theestimationof r in the“standard”
rare-eventsimulationform andcandirectlyapplytheCEmethod
for rareeventsimulation.
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CE Algorithm

1. Let v0 = u 0 (parameterizationvia mean).Sett = 1.

2. SampleY 1; : : : ; Y N from theExpdistr. with meanv t� 1.

3. Let I betheindicesof the�N largestrepairtimes.Let 
 t

bethesmallestof theserepairtimes.

4. Updatevt;j :=
P

i 2I W(Y i ; u ; v t� 1) Yi;jP
i 2I W(Y i ; u ; v t� 1)

;

whereW(y ; u ; v) = f (y ; u )=f (y ; v) is theLR.

5. After 
 T > 1, estimate�r via importancesampling,as

r̂ =
1

N1

N1X

i =1

I f S(Y i ) � 1gW(Y i ; u ; vT ) :
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Numerical Experiments

Bridge Net work
Nominalparameter:u = (0:3; 0:1; 0:8; 0:1; 0:2).
Parameters:N = 2000, � = 0:01. Final samplesize106.
Typical resultof thesimulations:

r̂ r̂e cvar

CE-CMC 6.99111e-05 0.0166777 1.35945e-12

CMC 6.1e-05 0.128033 6.09963e-11

Truevalue 7.07868e-05

With minimaleffort 98%reductionin RE(50-foldspeedup).
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Evolution of CE algorithm

Thealgorithmstoppedaftertwo iterations.

t 
̂ t v̂ t

0 – 0.3 0.1 0.8 0.1 0.2

1 0.507 0.964833 0.216927 1.20908 0.0892952 0.567551

2 1.000 1.19792 0.120166 1.57409 0.0630103 1.15137

Noticethatthealgorithmtilts theparametersof themincut
elementsf 1; 3; 5g to highervalueswhile leaving therest
unimportant.
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A RelatedDynamic Network

Considerthefollowing dynamicnetwork:

At time t = 0 all edgesarefailed.

Eachedgee hasanexponentialrepairtimewith repairrate
� (e) = � log(qe).
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A RelatedDynamic Network

Considerthefollowing dynamicnetwork:

At time t = 0 all edgesarefailed.

Eachedgee hasanexponentialrepairtimewith repairrate
� (e) = � log(qe).

Then(X (t)) is a Markov processwith statespacef 0; 1gm . This
processis calledtheConstructionProcess(CP)of thenetwork.
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Orderin whichedgescameup: � = (3; 4; 5; 1; 2).
Systembecomesfunctionalafterb(� ) = 4 steps

(critical number).
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Permutation Monte Carlo

Let � denotetheorder(permutation)in which theedgesbecome
operational.
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Permutation Monte Carlo

Let � denotetheorder(permutation)in which theedgesbecome
operational.
Let A0; A1; A2; : : : bethecorrespondingsojourntimesof (X (t)) .
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Permutation Monte Carlo

Let � denotetheorder(permutation)in which theedgesbecome
operational.
Let A0; A1; A2; : : : bethecorrespondingsojourntimesof (X (t)) .
Let E0; E1; : : : denotethesetsof failededges, andlet

� (Ei ) =
X

e2 Ei

� (e);
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Permutation Monte Carlo

Let � denotetheorder(permutation)in which theedgesbecome
operational.
Let A0; A1; A2; : : : bethecorrespondingsojourntimesof (X (t)) .
Let E0; E1; : : : denotethesetsof failededges, andlet

� (Ei ) =
X

e2 Ei

� (e);

Conditionalon f � = � g, A0; : : : ; Am� 1 areindependent, and
Ai � Exp(� (Ei )) .
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Permutation Monte Carlo

SinceP[X e(1) = 1] = pe, we have:
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Permutation Monte Carlo

SinceP[X e(1) = 1] = pe, we have:

At time1, reliability of dynamicnetw. = reliability of originalnetw.
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Permutation Monte Carlo

SinceP[X e(1) = 1] = pe, we have:

At time1, reliability of dynamicnetw. = reliability of originalnetw.

Thus,

r =
X

�

P[' (X (1)) = 0j � = � ] P[� = � ]

=
X

�

P[A0 + � � � + Ab(� )� 1 > 1j � = � ] P[� = � ] = E[G(�)] :
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Permutation Monte Carlo

SinceP[X e(1) = 1] = pe, we have:

At time1, reliability of dynamicnetw. = reliability of originalnetw.

Thus,

r =
X

�

P[' (X (1)) = 0j � = � ] P[� = � ]

=
X

�

P[A0 + � � � + Ab(� )� 1 > 1j � = � ] P[� = � ] = E[G(�)] :

br =
1
N

NX

i =1

G(� (i ) ) is anunbiasedestimatorfor r .
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CE and PMC

Thus: r = E[G(�)] , where

G is a known function(convolution),

� canbeviewedasa functionof Y .

Hence,

r = Eu [G(�( Y ))] := Eu [S(Y )] = Ev [S(Y ) W(Y ; u ; v)] :

Thissuggestsestimating�r via IS, lettingCE �nd theoptimal
parameterv.
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Updating

In thiscasewe havea one-phaseCEprocedurein whichwe only
updatev t .
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Updating

In thiscasewe havea one-phaseCEprocedurein whichwe only
updatev t .
Theupdatingformulafor thei -th componentof v t is

vt;j =
P N

i =1 S(Y i )W(Y i ; u ; v t� 1)Yi;j
P N

i =1 S(Y i )W(Y i ; u ; v t� 1)
;
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Updating

In thiscasewe havea one-phaseCEprocedurein whichwe only
updatev t .
Theupdatingformulafor thei -th componentof v t is

vt;j =
P N

i =1 S(Y i )W(Y i ; u ; v t� 1)Yi;j
P N

i =1 S(Y i )W(Y i ; u ; v t� 1)
;

To improve convergenceit is bene�cial to usea smoothing
procedure. Thatis we take

v0
t = � v t + (1 � � )v t � 1

asthenew parametervectorfor thenext iteration.
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MergeProcess

A closerlook at theevolutionof theConstructionProcessreveals
thatmany of theabove resultsremainvalid whenwe merge
variousstatesinto “superstates” at variousstagesof theprocess.
This is known astheMergeProcess(MP).
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Statesof MP (Bridge Example)

(selection)
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Numerical Results(bridge network)

r̂ r̂e cvar

CE-MP 7.08223e-05 0.00116362 6.79140e-15

MP 7.08109e-05 0.00132036 8.74143e-15

CE-PMC 7.07905e-05 0.00120961 7.33236e-15

PMC 7.07850e-05 0.00132445 8.78930e-15

CE-CMC 6.99111e-05 0.01667770 1.35945e-12

Truevalue 7.07868e-05

CE-CMChas10 timestheREof theothermethods.

CEconsistentlygivesanimprovement.
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Lar ger examples

Grid networks. Terminalnodes(black)to beconnected.All links
have thesameunreliability q.
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In all theexperimentswe useN = 5000(for CE)anda �nal
samplesizeof 106.
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3 � 3 grid, q = 10� 3

T � r̂ r̂e cvar

CE-MP 10 0.1 4.01172e-06 0.001071 1.84515e-17

MP - - 4.01179e-06 0.001122 2.02652e-17

CE-PMC 10 0.1 4.01057e-06 0.003420 1.88147e-16

PMC - - 4.01609e-06 0.003895 2.44653e-16

CE-CMC 4 1 2.8296e-06 0.150517 1.81393e-13

CMC - - 4e-06 0.499999 3.99998e-12

Truevalue 4.01199e-06
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3 � 3 grid, q = 10� 6

T � r̂ r̂e cvar

CE-MP 10 0.1 3.99876e-12 0.001076 1.85116e-29

MP - - 4.00279e-12 0.001127 2.03639e-29

CE-PMC 10 0.1 4.00797e-12 0.003455 1.91801e-28

PMC - - 3.99354e-12 0.003940 2.47621e-28

CE-CMC 5 1 1.75878e-12 0.176095 9.59220e-26

CMC - - 0 - -

Truevalue 4.00001e-12.
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6 � 6 grid, q = 10� 3

T � r̂ bre cvar

CE-MP 10 0.1 4.00239e-06 0.001528 3.74067e-17

MP - - 4.01041e-06 0.001745 4.89923e-17

CE-PMC 10 0.1 4.02088e-06 0.011778 2.24284e-15

PMC - - 3.95377e-06 0.020306 6.44547e-15

CE-CMC 4 1 1.32219e-06 0.489052 4.18118e-13

CMC - - 6e-06 0.408247 5.99996e-12

Truevalue 4.00800e-06.

CEreducestheREof MP by 25%.Evenmorefor PMC.
Similar �ndings for q = 10� 6.
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Conclusionsand Futur e Research

CEgivessubstantialimprovementover theCMC estimation
of network reliability.

PMCmuchbetterthanCMC andCE-CMC(Conditional
SamplingReducedVariance!)

CE-PMCcanstill improve onPMC(5-50%).

Unreliablenodes

Network planning.Reliability optimization.Noisy
optimization.
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