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§ % Example: Bridge Network

Network with 5 unreliableedgesworksif theterminalnodesA
andB aréeconnectedny operationakdges.
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g % Example: Bridge Network

Network with 5 unreliableedgesworksif theterminalnodesA
andB arceconnected)y operationakdges.

@
1 @Aé X e: edgestate(1 = works, 0 = failed).
AS@ 3 @sp Pe = P[Xe = 1] link reliability.
@@ 5 Links fail independently
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g % Example: Bridge Network

Network with 5 unreliableedgesworksif theterminalnodesA
andB arceconnected)y operationakdges.

@
1 @Aé X e: edgestate(1 = works, 0 = failed).
AS@ 3 @sp Pe = P[Xe = 1] link reliability.
@@@ 5 Links fail independently
C

1 If A andB connected,
Systemstate ' (X ) = _
0O otherwise.
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g % Example: Bridge Network

Network with 5 unreliableedgesworksif theterminalnodesA
andB arceconnected)y operationakdges.

@
1 @Aé X e: edgestate(1 = works, 0 = failed).
AS@ 3 @sp Pe = P[Xe = 1] link reliability.
@@@ 5 Links fail independently
C

1 If A andB connected,
Systemstate ' (X ) = _
0O otherwise.

Systemreliability: r = P[' (X ) = 1]:
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g % Bridge Network (cont.)

In this casethe structurefunction' is givenby

"(X)=1 (1 XiXaXs)(1 XoXaXa)(1  XiXa)(1  XoXs)
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§ % Bridge Network (cont.)

In this casethe structurefunction' is givenby

"(X)=1 (1 XiXaXs)(1 XoXaXa)(1  XiXa)(1  XoXs)

For highly reliablenetworksit is moreusefulto considerthe
unreliability

=
[

=

—
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¥ % Bridge Network (cont.)

In this casethe structurefunction' is givenby

"(X)=1 (1 XiXaXs)(1 XoXaXa)(1  XiXa)(1  XoXs)

For highly reliablenetworksit is moreusefulto considerthe

unreliability
r=1 r:

Thesystemunreliability is equalto

=t + B GG+ bk G©hEksk
t G bk WO 00k + 200G ;

wheref g g arethelink unreliabilities
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§ % Crude Monte Carlo Simulation

We wantto estimater = P[' (X ) = 0]|.
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§ % Crude Monte Carlo Simulation

We wantto estimater = P[' (X ) = 0]|.
LetX D::::- X (N) X peiid randomvectors.Then,

_ 1% 1 " (xW
Q‘N ( (X))

=1

IS anunbilasedestimatorfor r
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§ % Crude Monte Carlo Simulation

We wantto estimater = P[' (X ) = 0]|.
LetX D::::- X (N) X peiid randomvectors.Then,

1 X _
Q= @ "(xO)
i=1
IS anunbiasedestimatorfor r andits relative erroris
S r
Varn(Q) 1 71
r = = —
Q= EQp~ Nt
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§ % Crude Monte Carlo Simulation

We wantto estimater = P[' (X ) = 0]|.
LetX D::::- X (N) X peiid randomvectors.Then,

1 X i
Q= @ "(xO)
=1
IS anunbiasedestimatorfor r andits relative erroris
S r
Varn(Q) 1 71
r = = —
Q= EQp~ Nt

For smallr, alargesamplesizeN is needed.
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§ % CE and CMC

LetY; bethei-th repairtimein the CR Thus,

Y, Exg ;) with i = logg:

Note:P[Y; 1l]=e ' =g.
Let S(Y ) bethetime atwhichthe systemis repaired Then,we
canwrite

r=P[S(Y) 1]:

Hence we have written the estimationof r in the“standard”
rare-e&zentsimulationform andcandirectly applythe CE method
for rareeventsimulation.
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g % CE Algorithm

1. Letvy = ug (parameterizatiomia mean).Sett = 1.

2. SampleY ¢;:::;Y n fromthe Expdistr. with meanv; ;.

3. Letl betheindicesof the N largestrepairtimes.Let
bethe smallesblg theserepairtimes.

4. Updatevy; = _ gor WY iiUIVe 1) Vi
o WY usvye 1)

whereW (y;u;v) = f (y;u)=f(y;v) istheLR.

5. After 1 > 1, estimate via importancesampling,as

1 Xe
f = W 1fS(Y ) 1gW(Yi;u;vy):
L=
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g % Numerical Experiments

Bridge Network

Nominalparameteru = (0:3;0:1; 0:8; 0:1, 0:2).
ParametersN = 200Q = 0:01 Finalsamplesize1(’.
Typical resultof the simulations:

f re zar
CE-CMC | 6.99111e-05 0.0166777 1.35945e-12
CMC 6.1e-05 0.128033 6.09963e-11

Truevalue | 7.07868e-05

With minimal effort 98% reductionin RE (50-fold speedup).
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g % Evolution of CE algorithm

Thealgorithmstoppedaftertwo iterations.

N 4

- 0.3 0.1 0.8 0.1 0.2
0.507| 0.964833 0.216927 1.20908 0.0892952 0.567551
1.000| 1.19/92 0.120166 1.57409 0.0630103 1.15137

N b O |

Noticethatthealgorithmtilts the parametersf the mincut
elementd 1, 3; 5g to highervalueswhile leaving therest

unimportant.
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§ % A RelatedDynamic Network

Considerthefollowing dynamicnetwork:

At timet = O all edgesarefailed
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¥ % A RelatedDynamic Network

Considerthefollowing dynamicnetwork:

At timet = O all edgesarefailed

Eachedgee hasanexponentialrepairtime with repairrate
() = log(c).

The Cross-En trop y Metho d forNet work Reliabilit y Estimation { p. 10/23



¥ % A RelatedDynamic Network

Considerthefollowing dynamicnetwork:

At timet = O all edgesarefailed

Eachedgee hasanexponentialrepairtime with repairrate
() = log(c).

Then(X (1)) isaMarkov processwith statespacd 0; 1g™. This
processs calledthe ConstructiorProcesgCP) of the network.
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% Example
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g % Example

Orderin whichedgesameup: = (3;4;5; 1, 2).
Systembecomedunctionalafterb( ) = 4 steps
(critical numbely.
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§ % Permutation Monte Carlo

Let denotetheorder(permutation)n whichtheedgedecome
operational.
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§ % Permutation Monte Carlo

Let denotetheorder(permutation)n whichtheedgedecome
operational.
LetAg; A1; Ay; i i bethecorrespondingojourntimesof (X (t)).
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§ % Permutation Monte Carlo

Let denotetheorder(permutation)n whichtheedgedecome
operational.

LetAg; A1; Ay; i i bethecorrespondingojourntimesof (X (t)).
Let Eq; Eq;::: denotethe setsof faillededgesandlet

X
(Ei) = (e);

e2 E;
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§ % Permutation Monte Carlo

Let denotetheorder(permutation)n whichtheedgedecome
operational.

LetAg; A1; Ay; i i bethecorrespondingojourntimesof (X (t)).
Let Eq; Eq;::: denotethe setsof faillededgesandlet

X
(Ei) = (e);

A Exll (Ei)).
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§ % Permutation Monte Carlo

SinceP[X (1) = 1] = pe, We have:
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§ % Permutation Monte Carlo

SinceP[X (1) = 1] = pe, We have:

At time 1, reliability of dynamicnetw = reliability of original netw
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§ % Permutation Monte Carlo

SinceP[X (1) = 1] = pe, We have:

At time 1, reliability of dynamicnetw = reliability of original netw

Thus,
X .

r= P (X@)=0 = P = ]
X

= P[AO+ +Ab() 1 > 1] ]P[ — ]:E[G()]
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§ % Permutation Monte Carlo

SinceP[X (1) = 1] = pe, We have:

At time 1, reliability of dynamicnetw = reliability of original netw

Thus,
X .

r= P (X@)=0 = P = ]
X

= P[Ao+ +Ab()1> 1]

IP[ = ]= E[G()]

P= -  G( () IisanunbiasedstimatorforT.
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§ % CE and PMC

Thus: T = E[G()] ,where

G Is aknown function(cornvolution),

canbeviewedasafunctionof Y .

Hence,

r=EJG(( Y))I] = Eu[S(Y)] = E[S(Y)W(Y ju;v)]

This suggestestimating via lS, letting CE nd theoptima
parametey.
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% Updating

In this casewe have a one-phas€E proceduran whichwe only
updatev;.
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g % Updating

In this casewe have a one-phas€E proceduran whichwe only
updatev;.
Theupdatingformulafor thei-th componenbf v, Is

P N
g=1 S(Y DW(Y i u;ve 1)Yij

Vt;' = T~ y
| NSKY WY U vy g)
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g % Updating

In this casewe have a one-phas€E proceduran whichwe only
updatev;.
Theupdatingformulafor thei-th componenbf v, is

Py
=1 S(Y )WY i;u;ve 1)Yi;
NS(YDW(Y U vy g)

Vij =

To improve cornvergencet is bene cial to usea smoothing
procedureThatis we take

V?: vi+ (1 Vi 1

asthe new parametevectorfor the next iteration.
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¥ % MergeProcess

A closerlook attheevolution of the ConstructiorProcesseveals
thatmary of theabove resultsremainvalid whenwe meige
variousstateanto “superstate atvariousstagesf theprocess.
Thisis known asthe Merge ProcesgMP).
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Statesof MP (Bridge Example)
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g % Numerical Results(bridge network)

r re \zar
CE-MP | 7.08223e-05 0.00116362 6.79140e-15
MP 7.08109e-05 0.00132036 8.74143e-15
CE-PMC | 7.07905e-05 0.00120961 7.33236e-15
PMC 7.07850e-05 0.00132445 8.78930e-15
CE-CMC | 6.99111e-05 0.01667770 1.35945e-12
Truevalue | 7.07868e-05

CE-CMChasl0timesthe RE of theothermethods.

CE consistentlygivesanimprovement.
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g % Lar ger examples

Grid networks. Terminalnodeds(black)to beconnectedAll links

have the g.

(3) C () (3) C C C C
C C C C C
C IC IC C C

'C C C
C C C C C
C C C C C

£ O) C 'S S C C C C

In all theexperimentave useN = 5000(for CE)anda nal

samplesizeof 1CF.
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g% 3 3grid,g= 10 3

T r re \zar

CE-MP| 10 0.1 4.01172e-06 0.001071 1.84515e-17

MP| - - 4.01179e-06 0.001122 2.02652e-17

CE-PMC| 10 0.1 4.01057e-06 0.003420 1.88147e-16

PMC| - - 4.01609e-06 0.003895 2.44653e-16

CE-CMC| 4 1 2.8296e-06 0.150517 1.81393e-13

CMC| - - 4e-06 0.499999 3.99998e-12
Truevalue 4.01199e-06
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g% 3 3grid,g=10 °

T r re \zar
CE-MP| 10 0.1 3.99876e-12 0.001076 1.85116e-29
MP | - - 4.00279e-12 0.001127 2.03639e-29
CE-PMC| 10 0.1 4.00797e-12 0.003455 1.91801e-28
PMC| - - 3.99354e-12 0.003940 2.47621e-28
CE-CMC| 5 1 1.75878e-12 0.176095 9.59220e-26
CMC| - - 0 - -
Truevalue 4.00001e-12.
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g% 6 6grid, g= 10 3

T r 3 \zar
CE-MP| 10 0.1 4.00239e-06 0.001528 3.74067e-17
MP | - - 4.01041e-06 0.001745 4.89923e-17
CE-PMC| 10 0.1 4.02088e-06 0.011778 2.24284e-15
PMC| - - 3.95377e-06 0.020306 6.44547e-15
CE-CMC| 4 1 1.32219e-06 0.489052 4.18118e-13
CMC| - - 6e-06 0.408247 5.99996e-12
Truevalue 4.00800e-06.
CEreducegheRE of MP by 25%. Evenmorefor PMC.

Similar ndings for g= 10 °.
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§ % Conclusionsand Futur e Reseach

CE givessubstantiaimprovementover the CMC estimation
of network reliability.

PMC muchbetterthanCMC andCE-CMC (Conditional
SamplingReducedvariance!)

CE-PMCcanstill improve on PMC (5-50%).

Unreliablenodes

Network planning.Reliability optimization.Noisy
optimization.
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