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Abstract

Objective: For many applied problems in the context of medically relevant artificial
intelligence, the data collected exhibit a hierarchical or clustered structure. Ignoring
the interdependence between hierarchical data can result in misleading classification. In
this paper, we extend the mechanism for mixture-of-experts (ME) networks for binary
classification of hierarchical data. Another extension is to quantify cluster-specific in-
formation on data hierarchy by random effects via the generalized linear mixed-effects

model (GLMM).

Methods and material: The extension of ME networks is implemented by allowing
for correlation in the hierarchical data in both the gating and expert networks via the
GLMM. The proposed model is illustrated using a real thyroid disease data set. In our
study, we consider 7652 thyroid diagnosis records from 1984 to early 1987 with complete
information on 20 attribute values. We obtain ten independent random splits of the data
into a training set and a test set in the proportions 85% and 15%. The test sets are used
to assess the generalization performance of the proposed model, based on the percentage
of misclassifications. For comparison, the results obtained from the ME network with
independence assumption are also included.

Results: With the thyroid disease data, the misclassification rate on test sets for the
extended ME network is 8.9%, compared to 13.9% for the ME network. In addition,
based on model selection methods described in Section 2, a network with two experts
is selected. These two expert networks can be considered as modeling two groups of
patients with high and low incidence rates. Significant variation among the predicted
cluster-specific random effects is detected in the patient group with low incidence rate.

Conclusions: It is shown that the extended ME network outperforms the ME network
for binary classification of hierarchical data. With the thyroid disease data, useful infor-
mation on the relative log odds of patients with diagnosed conditions at different periods
can be evaluated. This information can be taken into consideration for the assessment of
treatment planning of the disease. The proposed extended ME network thus facilitates
a more general approach to incorporate data hierarchy mechanism in network modeling.

KEYWORDS: Mixture-of-experts; Binary classification; Expectation-maximization al-
gorithm; Generalized linear mixed-effects model; Hierarchical data; Supervised learning



1. Introduction

In the context of medically relevant artificial intelligence, many real-world problems in-
volve data that exhibit a hierarchical or clustered structure. These include learning
problems in wide areas of biometrical and medical sciences, where a data hierarchy is
formed due to the relatedness between multiple tasks. For example, related multiple
tasks occur in the prediction of the survival of patients from different hospitals [1]. With
these problems, data collected from the same cluster are often interdependent and tend
to be more alike in characteristics than data chosen at random from the population as a
whole. Ignoring the dependence between hierarchical data can result in overlooking the
importance of certain cluster-specific effects and lead to spurious learning or misleading
classification [2,3].

Among the various kinds of modular networks, mixtures-of-experts [4] and hierarchical
mixtures-of-experts [5] are of much interest due to their wide applicability [6-8] and the
advantage of fast learning via the expectation-maximization (EM) algorithm of Dempster
et al. [9]; see, for example, [10] and [11]. The mixture of experts (ME) architecture is
based on the divide-and-conquer principle where a complex problem is broken up into
simpler and smaller problems and their solutions can be combined to yield a solution to
the complex problem. Such a strategy can be a powerful tool for modeling mixed tasks
with different local rules [5].

In this paper, we extend the mechanism for ME networks for binary classification of
hierarchical data via a supervised learning approach. The extension is implemented by
allowing both the gating and expert networks with correlations within clusters. Another
extension is to quantify cluster-specific information on data hierarchy by random effects
via the generalized linear mixed-effects model (GLMM), which is commonly used in the
context of statistical multilevel analysis [1,3,12,13]. The predicted cluster-specific random
effects provide insights on the comparison between related multiple tasks; for examples,
the comparison of the performance of hospitals based on the estimated cluster-specific
effects [1]. The proposed model mimics the performance of the human system in that
human learning frequently involves approaching several related learning tasks simultane-
ously and takes advantage of the opportunity to compare and contrast similar multiple
tasks in learning for improving generalization accuracy [2]. The remainder of the paper
is organized as follows: Section 2 describes the extension of ME networks for binary
classification problems with hierarchically structured data via the GLMM. In Section 3,
we show how a fast (multitask) learning of the extended ME network can be achieved
via the EM algorithm based on a residual maximum likelihood (REML) approach. The
proposed model is illustrated in Section 4, using a real thyroid disease data set in the
context of binary classification problems. In Section 5, a second example is presented.
Related work is discussed in Section 6. Section 7 presents some concluding remarks.

2. Extension of mixture-of-experts for binary classification via GLMM

As shown in Fig. 1(a), the ME architecture is comprised of M expert networks!. For
binary classification problems, we assume that the output ¥ is a discrete binary indicator
variable having possible outcomes of “success” and “failure” [5]. The expert networks
approximate the distribution of the output y within each region of the input space. The
expert network maps its input @ to a local output, the density f,(y|x; @), where 6, is a
vector of unknown parameters for the hth expert network (h =1,..., M). It is assumed
that different experts are appropriate in different regions of the input space. The gating

!This diagram looks somewhat different from the representation in the existing literature so as to
contrast with the learning mechanism for extended ME networks in Fig. 1(b).



network provides a set of scalar coefficients 7, (x; a) that weight the contributions of
the various experts, where « is a vector of unknown parameters in the gating network.
Therefore, the final output of the ME neural network is a weighted sum of all the local
output vectors produced by expert networks:

flyle; ®) = thWh(ﬂ«'; @) fu(y|z; On), (1)

where W is the vector of all the unknown parameters [7]. The output of the gating
network is modeled by the softmax function as

exp(viz)
(T ) =
) S e o)

where vj, is the weight vector of the hth expert in the gating network and v, = O.
It is implicitly assumed that the first element of x is one, to account for an intercept
term [5]. In (2), the superscript 7" denotes vector transpose and o contains the elements
in v, (h =1,...,M —1). The unknown parameter vector ¥ can be estimated by
the maximum likelihood (ML) approach via the EM algorithm [5,10] or the expectation-
conditional maximization (ECM) algorithm [11,14]. With the ME networks, a frequentist
analog of the worth index approach [6] may be adopted to select the number of expert
networks M; see [7]. The identifiability of ME networks has been studied by Jiang
and Tanner [15]. They showed that conditions for identifiability generally hold for some
commonly used expert networks such as Poisson, gamma, Gaussian and Bernoulli experts.

For learning problems with hierarchical data structure as mentioned in Section 1, we

(h=1,..., M), 2)

are given, say for each ith cluster (i = 1,..., K), a data set D; = {&;1,¥i1, - - -, Tin;, Yin, }»
where n; is the number of examples for the ith cluster, and K is the total number of
clusters. Here, we assume that the input ;; is an p-dimensional vector (i =1,...,K; j =

1,...,n;). The complete data set is then given by D = {D;} with the total number of
examples N = Y% n;,. In the context of statistical multilevel analysis, this setting
corresponds to a two-level hierarchical structure, where the N examples are considered
as level-one units and the K clusters as level-two units [3]. The interdependency between
hierarchical data from the K clusters (level-two units) can be taken into account by
incorporating random effects into the model via the GLMM [12]. That is, we assume that
there exists cluster-specific (random) effects, which in turn introduce interdependency
among data obtained from the same cluster. This approach has been adopted for the
analysis of survival data and regression problems [1,13]. With extended ME networks,
we allow both the gating and expert networks to incorporate the data hierarchy via the
GLMM (Fig. 1(b)). With the GLMM, the output of the gating network is represented
by

T . A
@y aA) = — POyt ) (h=1,...,M —1),
1 + El:l exp('vl zcz-j =+ Alz)
1
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In the terminology of GLMM, elements of a (or vy,) are fixed effects (unknown constants)

that are shared among all clusters, while Ap; (h =1,..., M — 1) represent the unobserv-
able cluster-specific random effects from the ith cluster (i =1, ..., K); see, for example,
[13]. Letting @ = (af,...,a%)" and a; = (Ay;, ..., Apmu—1)i)", we assume that a follows



a multivariate normal distribution with zero mean vector and covariance matrix A

A, 0O -~ 0
0 Ay, --- O

- : oL ’ (4)
0 0 --- Ax

with A; = diag(A1,...,Ay—1) fori =1,..., K, where A\, (h =1,..., M — 1) are known
as the variance components in the context of GLMM and assumed to be distinct for
different experts.

The inclusion of random effects in expert networks can be handled via the linear
predictor in a similar way above. For the hth expert (h = 1,..., M), we let the linear
predictor ny;; be

Thij = W} @55 + B, (5)
where wy, is the weight vector of the hth expert network and By; (h =1,..., M) are the
unobservable cluster-specific random effects from the ith cluster (i = 1,..., K). Letting
b=(b],...,bL)" and b; = (Bu, ..., Bu;)7, it is assumed that b follows a multivariate

normal distribution with zero mean vector and covariance matrix ®,

& 0 --- 0
0 & --- 0
@ = . . . ) (6)
0 0 - &g
where ®; = diag(¢y,...,dn) for i = 1,..., K, where the variance components ¢, (h =

1,..., M) are assumed to be different for the M experts. The expected value of the local
output is then obtained by passing the linear predictor through the link function g(-) as

Hpij = g(nhij)- (7)
For binary classification problems, the local density fi(vi;|€i;; @5, b, ®) fori =1,..., K
and j = 1,...,n; is generally assumed to be the Bernoulli distribution and g(-) is the
logistic function; see [5]. That is,
ij 1—ys5
exp(wle;; + Bpi) " 1 d
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where the vector of unknown parameters for the hth expert network is equal to the weight
vector (0, = wy). These fixed effects are shared among all cluster (Fig. 1(b)).

An advantage of the use of the GLMM is that the predicted cluster-specific random
effects have a meaningful interpretation. For example, the estimates of random effects
a; (i=1,...,K) in the gating network (3) quantify the extent of cluster-specific effect
from the ith cluster on the weights of the contributions from various experts. Similarly,
the estimates of random effects b; (i = 1,..., K) in expert networks (5) provide useful
information as to whether there is a significant difference in local outputs from each
expert network among data from different clusters. These quantified cluster-specific in-
formation can be used to draw insights on the comparison between different clusters; see,
for example, [1]. We shall illustrate this issue further in Section 4.

3. Learning via the ECM algorithm



With the extended ME network for hierarchical data, we let U7 = (¥] ¥J) be the
vector of unknown parameters, where ¥7 = (a’ a”,0],...,0%,,b") consists of the
fixed and the unobservable random effects, and ¥, contains the variance components
A (h=1,...,M —1)and ¢, (h =1,...,M) in A and P, respectively, for the gating
and expert networks. The supervised learning of the unknown parameters ¥ within the
extended ME network is implemented via the REML approach of McGilchrist [12] and its
extension for normal mixture models [13]. For given initial values of A and ®, the best
linear unbiased prediction (BLUP) estimators of ¥; maximize the function? L = L; + L,
where

L, = log likelihood formed from output Y';; with a and b conditionally fixed,
Ly, = logarithm of the joint probability density function of @ and b, with
a and b taken to be independent. (9)

The BLUP estimators are then used to obtain approximate REML estimators of the pa-
rameters Wy for the variance components [12,16]. The BLUP estimate of ¥, is obtained
as a solution of the equation 0L/0¥; = 0, which can be solved via the ECM algorithm
[11,14,17]. The ECM algorithm is a broadly applicable technique that provides an iter-
ative procedure for computing ML estimates in a variety of incomplete-data problems
such as the learning of ME networks [11].

In order to pose the learning for the extended ME network as an incomplete-data
problem, we introduce the indicator variables zj;;, where z;; is one or zero according to
whether y;; belongs or does not belong to the hth expert (h =1,..., M). For the joint
log likelihood L = Ly + Ly in (9), the BLUP estimate of ¥, can be found iteratively
using the ECM algorithm as detailed in [11]. Given the current estimates of ¥!” and
‘I’gc), the expectation (E) step on the (¢ + 1)th iteration involves the computation of
the @-function which is given by the expected value of the complete-data log likelihood
conditional on the observed data and the current model. That is, with reference to (8),

K ni M

QP y; \Ilgc), \Ilgc)) = Z Z Z T,(Lf-;-{log mh(zi5; o, a, AV + i (Wi i + B,(fi))
i=1j=1h=1
—log(1 + exp(w; x;; + B,(l‘?))} — 2{log IA©] + aTA(C)fla}
—L{log |8 + 573 b} — C, (10)

where C' = K log(2) is a constant and

T;S?- = pr{Zp; = 1|yij,wij;‘1’§c);‘1’gc)}
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T
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is the current estimated posterior probability that y;; belongs to the hth expert (h =
1,...,M). For Bernoulli distributions (8), it can be seen from (10) that the @Q-function
can be gathered into a term with respect to the gating network and M terms correspond-
ing for each expert of the expert network; see the discussion in [11].

2The function L is not a log likelihood in the conventional sense because it is based on the unobservable
random effects a and b.



The updated estimates \Ilgcﬂ) are obtained in the M-step by maximizing the Q-
function (10) over the parameter space. As the @Q-function can be decomposed into
separate terms corresponding to the gating and each expert network, it implies that sep-
arate maximizations can be performed independently and fast learning can be achieved.
The detailed description of the M-step for Bernoulli models is presented in Appendix A.

Given the updated BLUP estimates ¥\“"", the approximate REML estimates ¥
of the variance components A and ® are obtained based on the procedure described in
[12] and [16]. Asymptotic variances of the estimators W, of the variance components can
be obtained from the inverse of the REML information matrix [16], which are used to
assess if clusters differ significantly in the weighting of experts and the mean of local out-
puts. Appendix B outlines the REML procedure for ¥, with the extended ME network.

4. An example of thyroid disease data

In this section, the extended ME network is applied to a real thyroid disease data set. The
data set “thyroid0387.data” is available from the UCI Repository of machine learning
databases [18], consisting of 9172 thyroid diagnosis records from 1984 to early 1987.
Each record has 29 attribute values and a thyroid diagnosis. The diagnosis covers 20
classes, but here we consider a binary outcome variable that indicates the presence or
the absence of diagnosed conditions. There are plenty of missing values (5.3%) in the
original data set. In our study, we consider 7652 records with complete information on
20 attribute values (15 binary variables and 5 continuous variables). Based on the record
identification number, we create a hierarchical data structure with K = 26 level-two
units. These level-two units (clusters) thus represent diagnosis records from different
periods between 1984 to early 1987. The values of each continuous attribute are scaled
to have zero mean and unit variance.

Based on the model selection method described in [7], the number of experts is chosen
to be the minimum number of experts with the largest worth indices for which the sum
of their worth indices exceeds some critical value &, says, k = 0.8 [6]. With the ME
networks, result of applying this model selection method to the thyroid disease data is
presented in Table 1. For comparison, we include also the model selection approach based
on the Bayesian information criterion (BIC) [19]. Based on the result presented in Table
1, a ME network with M = 2 is selected.

For the study of the applicability of the proposed model, we obtain ten independent
random splits of the data into a training set and a test set, in a proportion of 85%
and 15% respectively. The test sets are used to assess the generalization performance
of the proposed model, based on the percentage of misclassifications by the model. The
results are presented in Table 2. It can be seen that the extended ME network provides
a smaller averaged number of misclassified data and provides better performance in the
binary classification of this thyroid disease data.

As described at the end of Section 2, the predicted cluster-specific random effects a
and b have a meaningful interpretation. With the thyroid disease data, the two expert
networks can be considered as modeling two groups of patients with high and low prob-
abilities of the presence of diagnosed conditions (incidence rates), respectively. Based
on the asymptotic variances of the estimators in the variance components obtained ac-
cording to the procedure described in Appendix B, significance of the cluster effects can
be assessed. With the thyroid data, significant variations among the predicted cluster-
specific random effects in the patient group with low incidence rate is detected. In Fig. 2,
we display the predicted cluster-specific random effects By; and Bs; (significant variation)
in expert networks for these two patient groups among the 26 clusters. As a result, an



estimated negative random effect By; for the patient group with low incidence rate thus
indicates a smaller log odds of the presence of diagnosed conditions in a cluster, under a
Bernoulli probability model (8). Based on the predicted cluster-specific random effects,
the relative log odds of patients with diagnosed conditions at different period can be
evaluated. This useful information can be taken into consideration for the assessment of
treatment planning of the disease.

5. An example on multi-center clinical trials

To illustrate further the applicability of the proposed model, a second example is pre-
sented. The data set is available in [20], which is a part of a large multi-center clinical trial
carried out by the Radiation Therapy Oncology Group in the United States. The data set
in [20] involved the patients with squamous carcinoma of three sites in the oropharynx,
with six institutions participating. Each treatment policy dictated the treatment to be
administrated during a 90-day period. After this period, each patient received medical
care by the participating institution [20]. As there was considerable variability in patient
treatment following the 90-day period and in the facilities shared within participating in-
stitution, it is conceived that institution effect may also be of importance in the analysis
of this multi-center clinical trial data. In our study, we consider only the carcinoma of
the pharyngeal tongue (N = 59) with complete information on four attribute values (3
binary variables and 1 continuous variable). A hierarchical data structure with K = 6
level-two units, corresponding to the six participating institutions, is postulated. We
consider here a binary outcome variable that indicates a patient’s surivival time being
greater than three years or not. Censored observations corresponding to patients that
were lost to follow-up within three years are ignored. The result for the model selection
is given in Table 3a. Based on Table 3a, a ME network with M = 2 is selected.

The performance of the proposed model is assessed based on the “leave-one-out”
misclassification error rate for an “external” cross-validation [21]. The leave-one-out pro-
cedure can be viewed as the special case where the size of the test set is reduced to a
single entity. As the parameters are trained based on the training set after eliminating
a single entity each time, this external leave-one-out procedure thus reduces the bias in
estimating the misclassification error rate [21]. The results are presented in Table 3b. It
can be seen that the extended ME network provides a smaller leave-one-out misclassifi-
cation error rate, compared to the ME network. Based on the asymptotic variances of
the estimators in the variance components, the institution effect is not significant.

6. Discussion

The advantage of the learning mechanism for extended ME networks relies on the relat-
edness between multiple tasks. Experimental work [2] has validated this mechanism with
sets of subtasks related in various ways. In this paper, we focus on related multiple tasks
in binary classification problems which are arisen from a setting of the multilevel analysis
of hierarchical data [3]. That is, multiple data sets corresponding to different clusters are
obtained and it is anticipated that data from the same cluster are interdependent and
tend to be more alike in characteristics than data chosen at random from the population
as a whole. The dependency within clusters is incorporated into the network modeling
via the GLMM.

The extension of ME networks via the GLMM can be related to the heterogeneity
model or the latent class model in the statistical literature [22,23]. For the estimation of
variance components in Wy, various approaches have been proposed, including Bayesian
analysis [22,24] and the REML estimation procedure of McGilchrist [12], among others.



In this paper, the adoption of the REML approach facilitates the estimation of the
variance components. It has been shown in the literature that the REML estimation of
the variance components provides less biased estimators compared to the ML method,
including successful applications in the analysis of survival data and regression problems
[1,12,13,16]. With binary classification problems focussed in this paper, the BLUP of ¥,
cannot be updated independently. The supervised learning procedure for the estimate
of W, is therefore performed in a conditional mode using an iterative reweighted least
squares (IRLS) approach within the ECM algorithm framework (Appendix A). This is in
contrast to the unsupervised learning for regression problems described in [13] and [16].

The idea of incorporating random effects in multilayered perceptron networks has been
considered in [2] in the context of multitask learning. Unlike our method, they incorpo-
rate the random effects in the weight vectors of the hidden units. Denoting npjggen the
number of hidden units in the neural network model, each random effect, a (nhiqgen + 1)-
dimensional vector, represents the hidden-to-output weights for each subtask. In contrast
to the GLMM approach proposed in this paper, the incorporation of random effects in
the weight vectors does not possess a meaningful interpretation. The GLMM is a natural
extension of the generalized linear model (GLM), in the specifications of the gating and
experts networks [5], to incorporate random effects via the corresponding linear predic-
tors. As described in Sections 2 and 3, the GLMM provides a statistically-principled
approach to quantify the extent of influence from each cluster on both the gating and
experts networks via a “soft sharing” mechanism. These predicted random effects are
useful on the comparison between different clusters for decision making.

7. Conclusions

Many real-world problems in wide areas of medically relevant artificial neural network
applications involve data that exhibit a hierarchical or clustered structure. In this paper,
we have extended the supervised learning mechanism for ME networks to tackle binary
classification problems with hierarchically structured data. The cluster-specific effects
are assumed to be random and modeled via linear predictors, based on the GLMM.
This approach provides an alternative method in incorporating random effects within
network modeling. For example, the method of incorporating random effects via the
GLMM can be applied to learn other alternative models with the ME architecture, such
as the mixture of Cox experts [8] and the normalized Gaussian ME model [25]. The
former model combines features of the Cox proportional hazards model and the ME
networks for modeling survival data with censored observations, while the latter model
has a normalized Gaussian gating network. As described in Section 1, the extended ME
network would have wide application in various scientific fields where binary classification
of hierarchical data is involved.

In Sections 4 and 5, the proposed extended ME network is illustrated using real
examples of thyroid disease data and multi-center clinical trial data. It is shown that
significant improvement in the misclassification rate is achieved by the adoption of the
extended ME network to tackle problems with hierarchical structured data where inter-
dependence of data collected from the same cluster exists. In addition, the proposed
GLMM for binary classification problems provides a meaningful interpretation of the
predicted cluster-specific random effects for decision making. With the thyroid disease
data, significant variation in the cluster-specific random effects is detected in the patient
group with low incidence rate. Useful information on the relative log odds of patients
with diagnosed conditions at different period can be evaluated based on the predicted
cluster-specific random effects. This information can be taken into consideration for the



assessment of treatment planning of the disease.
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Appendix A: Maximization of the ()-function for Bernoulli Models

In this appendix, we describe how the Q-function (10) of the extended ME model with
Bernoulli local densities (8) can be maximized on the M-step via the ECM algorithm [11].
With the ECM algorithm and the independence assumption of A in (4), we partition the

parameter vector a as (af,...,a¥, )T, where each «y, consists of the weight vector
v, and the random effect vector a} = (Api, ..., Apk)T of the hth expert. That is,
of = (vT,a;") for h = 1,...,M — 1, where a = (a{T,...,aZ‘M_l)T)T is regrouped

according to the order of experts from h =1 to h = M —1. On the (c+1)th iteration of the
ECM algorithm, the M-step is replaced by (M — 1) computationally simpler conditional-
maximization (CM) steps:

e CM-step 1: Calculate a%““) by maximizing Q, with a; (I =2,..., M — 1) fixed

at o,

e CM-step 2: Calculate af™" by maximizing Q, with oy fixed at o™ and
a; (1=3,...,M —1) fixed at al(c),

e CM-step (m — 1) : Calculate agjﬁ)l) by maximizing Q, with oy (I =1,..., M —
2) fixed at o,

where
K n; M —1
Qo = Z Z Z r,ﬁf; log mh(zi5; o, @, A(C)) — %{Klog(?w) + log |A(C)\ +aTAW© a}
i=1 j=1h=1

is the term of the ()-function in (10) for the gating network. The ECM algorithm preserves
the appealing convergence properties of the EM algorithm, such as the monotone increas-
ing of likelihood after each iteration [26]; see also [11,14]. More importantly, each CM-step

above corresponds to a separable set of the parameters in oy, for h=1,..., M — 1, and
can be obtained using an iterative reweighted least squares (IRLS) approach [5].
T T T T
Let a(cth/(M-1) — (ach) ,...,asffll) ,agf) el )T, at the hth CM-step on

the (c+ 1)th iteration of the ECM algorithm (h =1,..., M — 1), it follows from (3) and
(4) that the IRLS updating rule for o, is given by

9 -1
aglc—i—l) _ a;lc) + [ 0 Qa ] [aQa] ‘ (12)
(c+h/(M—-1))

dopory, (c+h/(M—1)) day

Letting X and S denote the design matrices of v, and aj}, respectively, we have

= T - *(c (c)
0 | (enyna-1y) o a9 /N

:[fg]m[?‘ SF[S IK?AES’]’

- T
Oty | (o py(nr-1y)

where I is an identity matrix of dimension K and G is a N by 1 matrix with elements

The) — it/ (M=) (i=1,...,K;j=1,...,n),
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and where ﬁéﬁ}rh/(M_l)) denotes 7, (;;; M=) g A©)). The matrix U, is a N x N

diagonal matrix with diagonal elements
MM (1 /=)y (i=1,...,K; j=1,...,m).

The IRLS loop (12) is referred to as the inner loop of the EM algorithm [5]. It is termi-
nated when the algorithm has converged or after some prespecified number of iterations,
say, ten iterations.

In the applications to binary classification problems, a Bernoulli model with a logistic
link function is used. Let the term of the @-function in (10) for expert networks be

K ni M _
Qoe=>.>> T;(Lf; log fu(yij|@ij; On, b, 8) — 1{K log(2r) + log |®)| + b" &) lb}a
i=1 j=1 h=1

where fy(yij|@ij; O, b, &) is given by (8). With the independence assumption of ® in
(6), we let by = (B, .., Byg)T contain the random effects for the hth expert, where
b= (b:",...,b%,")7 is regrouped according to the order of experts from h = 1to h = M.
From (6) and (10), we have

(c+1) (e) aQQ -1 aQ
w), _ | wy B 0 ) 13
e | = [0 |+ o] (6] 1
Qo] _ [ X" | o_ 0
00, | ST b;© /¢

’Qy | [ X7 0 o0
l_aohofl‘lSTan[X S]+l0 IK/¢§?]'

Here, G is a N by 1 matrix with elements

where

and

exp n)

(c)

) _
| + exp 7y,

(
Thi

where

c oT c
iy = it @i+ By

The matrix Uy is a N x N diagonal matrix with diagonal elements

o el V(o
& 1+ exp 77,(12 1+ exp 77,(;2

fori=1,...,Kand j=1,...,n,.

12



Appendix B: REML estimation of variance components

Given the updated BLUP estimates \Ilgcﬂ), the approximate REML estimates of the
variance components A and ® are obtained based on the procedure described in [12] and
[16]. With the independence assumptions of A and ® in (4) and (6), respectively, we let
IT denote the negative second derivative of L = L; + Ly in (9) with respect to v|w|a|b
in the BLUP procedure (Section 3), where v! = (vf,... v, ), w? = (wf,... wY),
a” = (ai”,...,afy "), and b" = (7, ...,b%,"). Letting IT ' = H where the matrix
H is partitioned conformally to v|w|a|b, it follows from [16] that the elements of A and
® are, respectively, given by

M=K YtrH,, + a;"a}) (h=1,...,M—1)

and X N
¢n =K '(trHy, +b," b)) (h=1,...,M),

where H ,;, is the K x K matrix corresponding to the Ath partition (h =1,..., M —1) of
the part of the original matrix H partitioned conformally with respect to a. The K x K
matrix Hy, corresponds to the Ath partition (h =1,..., M) of the part of H partitioned
conformally with respect to b.
Asymptotic variances of the estimators U, in the variance components A and ¢ can
be obtained from the inverse of the REML information matrix [16]. For example, with a
network of M = 2 experts, the part of H partitioned conformally with respect to a and
b is
Hal Habl Hab2
- Hy Hypp

The asymptotic covariance matrix for the variance components A, ¢;, and ¢, is then

given by
-1

%‘1 Ral Rabl Rab2
cov| gy | =2| - Ry R ;
05 ' - Ry

where the diagonal elements are
Ry = N {tr(Ix — Ha/M)%}

and A .
Ry, = &3 {tr(Ix — Hy,/én)} (h=1,2).

The oftf-diagonal elements are given by
Ry = 7' 3 tr(H on H o) (h=1,2)

and o
Ry = &1 "o " tr(Hy Hyy, ).
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Table 1. Model selection for the thyroid disease data

no. of experts log likelihood  BIC worth indices
2 -2711.87 5987.1* (0.624, 0.376)*
3 -2607.04 6153.1 (0.50, 0.33, 0.17)
4 -2521.33 6357.2 (0.47, 0.44, 0.05, 0.04)

* The number of experts selected by each model selection method.
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Table 2. Classification results for the thyroid disease data

no. misclassified percentage of misclassification

model on test sets* on test sets*
ME network 159 4+ 14 13.9+1.3%
extended ME network 102 + 15 8.9+1.3%

* mean =+ standard deviation
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Table 3(a). Model selection for the multi-center clinical trial data

no. of experts log likelihood BIC worth indices
2 -26.66 126.7* (0.565, 0.435)*
3 -22.85 168.0 (0.50, 0.41, 0.09)
4 -21.92 2151  (0.44, 0.26, 0.18, 0.12)

* The number of experts selected by each model selection method.

Table 3(b). Leave-one-out misclassification rate for the multi-center clinical trial data

model number (percentage) misclassified
ME network 10 (16.9%)
extended ME network 7 (11.9%)
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Figure1l (a) Mixture of experts; (b) Extended mixture of experts with K level-two
units (Here, in contrast to solid lines, dashed lines are used to represent unobservable
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