1. Determine the eigenvalues and eigenfunctions for the equation
y'+Ay=0; y(0)=y(1) =0,

and expand the function f(r) = x — 22 in terms of these eigenfunctions.

Ans. Since the boundary conditions are Dirichlet, the eigenvalues are positive.
Let A = w?. The general solution of y” + w?y = 0 is

y = Acoswz + Bsinwx .

If y(0) = 0, then A = 0.
If y(1) =0,

Bsinw =0
sinw=0 ifB#0
w=nm n=12,...
\ = n?r?

y = sin(nwz)

If z — 2% = > 77 | ay sin(n7z), then

1 1
ap = / (z — 2?) sin(nmz) dx// sin?(n7x) de
0 0
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=2 [—(x - :1:2)i cos(nmx)| + L (1 — 2x) cos(nmx) dx
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= —— (1 —2z)sin(nrz)| + — 2/ sin(nmx) dx
n=m 0 n=m 0
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= 53 cos(nmz)
n3m 0
A0 - (=D")
- n3m3
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= — _sin((2k+1
T -2t = ,;_0 k1) sin((2k + 1)mz)



2. Determine the solution of the equation
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in the square 0 < x <1, 0 <y <1, subject to the boundary conditions
u(z,0) =u(z,1) =u(0,y) =u(l,y) =0 .

(Hint: Find a particular solution as a function of = alone, and use separation
of variables to determine the complementary function.)
Ans. If U(z) is a particular solution which satisfies the boundary conditions at
r=0and x =1,
U// — 1

1
U:§x2—|—ax+b

U0)=b=0
1 1
U(l):§+a:0; a=-3

Let u(z,t) = v(z,t) + U(z). Then

Vgg + Vyy = 0
1
v(z,0) =v(x,1) = i(x —z?)
v(0,y) =v(1,y) =0

If X(z).Y(y) satisfies
Vgg + Vyy = 03 v(0,y) =v(l,y) =0

then
X"+2AX=0; X(0)=X(1)=0

so from question 1, A = n?7? and X,, = sin(nnz).
The functions Y, (y) satisfy

Y —n?7?Y =0; Y, = A" + Be "™

Set

v(z,y) = Z sin(nmx)(Ane"™ + Bpe ")



v(z,0) = %(w —2%) = Z(An + B,,) sin(nmx)
n=1
A, + B, = %an

1 oo
v(x,1) = 5(gr: —z?) = Z(Anemr + Bpe ") sin(nmx)

n=1
1
e""A, +e "B, = 50n

eT"m—-11 1 1

A, =——a, = - Qy,

e~nT — en™ 2 21+ enm
1 — en™ 1 1 nm

Bn — 76_6%1 = 3 ¢ (079

e~nT — enT 2 214 enm
4 .y 1 6(2k—|—1)7ry + e(2k—|—1)71'(1—y) )
vz, t) = 3 Z e e = sin((2k + 1))
k=0

u(z,t) = v(x,t) + %(IQ — )

3. Suppose that f is a harmonic function in the circle, centre ¢ and radius R in
R2. Show that for every 0 < r < R,

1
c) = — x)ds .
f& =5 f 1@

 27r

You may assume that if f is harmonic in R, then

of
—ds=0.
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Ans. See Week 6, page 4.



