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Solutions

1. Let r2 = (x− ξ)2 + (y − η)2.
On the line y = 0, this takes the same value as ρ2 = (x− ξ)2 + (y + η)2, so that

the Green’s Function for the upper half plane is

G(x, u; ξ, η) = log(ρ)− log(r)

=
1
2
[
log
(
(x− ξ)2 + (y + η)2

)
− log

(
(x− ξ)2 + (y − η)2

)]
On the boundary,

∂G

∂n
= −∂G

∂y

= −1
2

[
2(y + η)

(x− ξ)2 + (y + η)2
− 2(y − η)

(x− ξ)2 + (y − η)2

]∣∣∣∣
y=0

= − 2η
(x− ξ)2 + η2

Hence

u(ξ, η) = − 1
2π

∫
∂G

∂n
f ds =

η

π

∫ ∞
−∞

f(x) dx
(x− ξ)2 + η2

.

2.

u(ξ, η) =
η

π

∫ ∞
0

dx

(x− ξ)2 + η2

=
1
π

arctan
(
x− ξ
η

)∣∣∣∣∞
0

=
1
π

(
π

2
+ arctan

(
ξ

η

))
=
π − θ
π

where θ is the principal argument of ζ = ξ + iη.

3. If u′′ = 1 ; u(0) = u(1) = 0, then

u =
1
2
x2 + ax+ b

0 = b ; 0 =
1
2

+ a

u =
1
2
x(x− 1)
1



2

−1
2

∫ 1

0

G(x, ξ)F (ξ) dξ = − c

2
(1− x)

∫ x

0

ξ dξ − c

2
x

∫ 1

x

(1− ξ) dξ

= − c

2
(1− x)

1
2
x2 − c

2
x

(
1
2
− x+

1
2
x2

)
= − c

4
(
x2 − x3 + x− 2x2 + x3

)
=
c

4
x(x− 1)

so that c = 2.

4.∫ 1

0

G(x, ξ) sin(nπx) dx =2(1− ξ)
∫ ξ

0

x sin(nπx) dx+ 2ξ
∫ 1

ξ

(1− x) sin(nπx) dx

= 2(1− ξ)

[
− 1
nπ

x cos(nπx)
∣∣∣∣ξ
0

+
1
nπ

∫ ξ

0

cos(nπx) dx

]

+ 2ξ

[
− 1
nπ

(1− x) cos(nπx)
∣∣∣∣1
ξ

− 1
nπ

∫ 1

ξ

cos(nπx) dx

]

= 2(1− ξ)
[
− 1
nπ

ξ cos(nπξ) +
1

n2π2
sin(nπξ)

]
+ 2ξ

[
1
nπ

(1− ξ) cos(nπξ) +
1

n2π2
sin(nπξ)

]
=

2
n2π2

sin(nπξ)

G(x, ξ) =
∞∑
n=1

an(ξ) sin(nπx)

an(ξ) =
∫ 1

0

G(x, ξ) sin(nπx) dx
/∫ 1

0

sin2(nπx) dx

=
4

n2π2
sin(nπξ)


