MATH 3403
TUTORIAL SHEET 8
SOLUTIONS

1. Solve
um—utt::UQ; 0<zr<l; O0<t<oo

where u(z,
(x

(Hint: Find a particular solution of the equation as a function of « which satisfies
the boundary conditions.)

Ans: We want a particular solution U(z) which satisfies U(0) = 0, U’(1) = 0.
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We now use the method of separation of variables to determine v(x,t).
If X (x)T(t) is a solution of the homogeneous equation which satisfies the bound-
ary conditions, then

X" +W?X =0; X(0)=X'(1)=0
X = Acos(wz) + Bsin(wz)
X(0)=A4=0
X' = wB cos(wx)

X'(1) = wBcos(w) =0
1



and we have nontrivial solution when w = w,, = (n + %)7?, n=20,1,2,... , and the
corresponding eigenfunctions are

X, (x) = sin(wpz) .
The associated amplitude function T, (¢) satisfies the equation
T) + wZTn =0

so that
T, (t) = ap, cos(wnt) + by sin(wyt) .
We look for a solution v(z,t) in the form

o0

v(z,t) = Z sin(wp ) (an, cos(wpt) + by, sin(wpt)) .

n=0
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and
0 = v(z,0)
(o)
= Z bpwn sin(wy )
n=0
b, =0
Therefore
vz, t) = Z — ((=1)"wp — 1) sin(w,x) cos(wnt)
w
n=0 "
and u(z,t) = v(z,t) + o' — 2. |

2. Find the solution of Laplace’s equation (u,, + %ur + T%ueg = 0) in the wedge
0< r<1,-3<6 <3

with the boundary conditions u(r, §) = u(r,—%) =0, u(1,0) = 3 —[0|.

Ans: We look first for separated solutions of the form R(r)F(#). Since we have
homogeneous boundary conditions for 0 = :t%ﬂ, we choose the functions F' as
eigenfunctions, and the functions R as amplitudes.

Substituting into the equation, we have

F(R"+ 1R’ + iRF” =0
r 72

P 7“2 1" 1 2

so that the eigenfunctions satisfy
F'+w’F=0; F(n/3)=F(-7/3)=0
Writing the general solution as

F = Asin(w(f + g)) + B cos(w(f + g))

we have

so that the eigenvalues satisfy

2mwy,
b :nw;wnzg—n;nzl,Q,....
3 2

The amplitude functions satisfy the Euler equation

R’ +rR —w2R=0



4
for which the indicial equation is

(=1 +1—w2=0;1>=w?

m

so that the general solution is
R(r) = Ar*» 4+ Br—“n

However, the solution vanishes when r = 0, so that B = 0.
We therefore look for a solution in the form

= 3n/2 . [ 9N ™
) :;anr‘3 /2 sin (2 (0+3)>

where the coeflicients are determined by the boundary condition
> . 3n s T
Zan81n<2 (0+3>)—3|9|
/3 3n T
.2
n — 0+ =) | db
¢ /_ﬂ/gsm ( > (04 3))

+/0ﬂ/3 sm((‘%” (9+§)> do

3n 7r
= 9+7T/3 cos (7 49+§ )
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o () Een ()
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—l—;%sin(?%n (9—1—%)) OW - %sin(% (9—!—%))

Therefore, a,, = 0 if n is even, while when n = 2m + 1,
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3. Find the solution of Laplace’s equation (uyz + uyy = 0) for 0 <z <1, 0 <
y<l1

with the boundary conditions

u(]-vx) =T %xzv U(O,f) =0, u(y,O) =0, um(y’ 1) =0.

Ans: Note : for some obscure reason, the unknown function has been written
as u(y,x).

We look for separated solutions X (z)Y (y) where X (0) = X’(1) = 0.

The eigenfunctions satisfy

X" +W?X =0;X(0)=X'(1)=0
X = Acos(wz) + Bsin(wz)
0= X(0) = AX'(x) = wB cos(wz)
0= X'(1) = wBcos(w)
so that the eigenvalues are given by w = w,, = (n + %)ﬂ, n=20,1,2,... , and the
eigenfunctions by X,,(z) = sin(w,x).
The corresponding amplitude functions Y;, satisfy
Y — WY, =0
Y, = a, cosh(wny) + by, sinh(w,y)

We look for a solution in the form

u(y,z) = Z (an cosh(wny) + by, sinh(w,y)) sin(w, )
n=0
where
0= u(0,z) = Z ap, Sin(w,x)
n=0
ap, = 0Vn
x— 1:52 = u(l,z) = ib sinh(wy,) sin(wy,x)
2 b — n n n
by, Sinh(w”)/ sin?(wy,z) do = / (a: - §x2> sin(wpz) dx
0 0
inh(w, 1 1 ! !
Mbn = — (22— 22 ) cos(wpr)| +— [ (1—2)cos(w,z)dx
2 Wn, 2 0 Wn Jo
1 oot
= 0+ — (1 —z)sin(wpz)| + —2/ sin(w,x) dz
n 0 Wn Jo
1
1 1
=0-— w—gcos(wnx) . = ]

u(y, =) = Z 2 sinh(wny) sin(wpx) .

“— w} sinh(wy)



