MATH3403
TUTORIAL SHEET 7

SOLUTIONS
1. Show that J
o @ d(2)) = e dua (@)
and that p
I (x_”J,j(x)) =—x_,J11(x) .

Hence express J),(z) in terms of J,(x) and J,_1(z), and also interms of J,(x)
and Jy,41(z).

Combine these results to obtain a three term recurrence relation connecting
Jy—1(x), J,(x) and J,q1(x).
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In particular
2
Jao(x) = = Ji(z) — Jo(z)

x
(see question 3)

2. Show that y = J,(A\x) satisfies the differential equation
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Ans. If t = Mz, y = J,(t) satisfies
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Substituting these results into the differential equation gives
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as required. [}
Hence show that, for A # p,

a
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Ans. Dividing the result above through by = and rearranging we have
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Multiplying the first equation by J,, (u2) and the second by J,,(Az) and subtract-
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Finally, integrating this from 0 to a gives
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Use L’Hopital’s rule to show that

/ e () dr = S (7 (ua))? + & ( - Z—) (Ju (1))’

Ans. Dividing both sides of the above result by A? — 2 and then differentiating
the top and bottom of the resulting fraction with respect to A\ gives
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3. Determine the solution of the cylindrical wave equation
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or2  ror ot
t>0;0<r<1

with the initial conditions
u(r,0) = e(1 —r2) ;u(r,0) =0
and the boundary condition
u(l,t) =0
Ans. Consider the more general problem

0%u 18u_82u
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t>0;0<r<1

with the boundary condition
u(1,t) =0

(and the implicit requirement that the solution be finite for 0 < r < 1.)



Writing u = R(r)T(t), we have

1
R'T + -=R'T = RT"
T

1 1 T
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which gives the equation
1
R”+;R’+w2R:0 , R1)=0

for the eigenfunctions.

The general solution of this equation is AJy(wr) + BYy(wr).

Since we require that R be finite when r =0, B = 0.

The requirement R(1) = 0 gives the equation Jy(w) = 0.

Therefore the eigenvalues are given by w,, = jon, and the corresponding eigen-
functions are Jo(wyr).

For each w,,, T" 4+ w2T = 0, which gives

T, (t) = ap, cos(wnt) + by, sin(wyt) .
The separated solutions which satisfy u(1,t) = 0 are
Jo(wnr)(an cos(wpt) + by, sin(wpt)) ,

and the general solution satisfying this boundary condition can be written as
oo
u(r,t) = Z Jo(wnr)(an cos(wpt) + by, sin(wpt)) .
n=1

Returning to the original problem, we can choose the unknown coefficients a,,
b, to satisfy the initial conditions:

u(r,0) = Z anJo(wnr) = (1 —17)
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u(r,t) = Z Jo(wn ) (—anwy sin(wyt) + bpwy, cos(wyt))
n=1

ug(r,0) = Z bpwn Jo(wpr) =0

n=1

b, =0

Therefore the required solution is

. 1
u(r,t) = 8¢ Z mjo (wnr) cos(wpt) .
n=1"" n



