MATH 3403
TUTORIAL SHEET 5
SOLUTIONS

1. Determine the eigenvalues and eigenfunctions for the following problems.

(a) X"+AX =0;X'(00=X'(1)=0
Ans For A\ > 0, set A = w?. This gives the simple harmonic equation
X"+ w?X =0

for which the general solution is

X(z) = Acos(wzx) + Bsin(wx)

X'(z) = —wAsin(wz) + wB cos(wz)
The boundary condition X’(0) = 0 implies B = 0, and the other boundary condition
gives Asin(w) = 0.

For non-trivial solutions we require A # 0, so that we have eigenvalues and eigen
functions when sin(w) = 0, which gives

2n?in=1,2,...

w=nmw; A=n
The corresponding eigenfunctions are
X (x) = cos(nmx) .
For A\ < 0, set A = —p?. This gives the equation
X" —p’X =0
for which the general solution is
X (z) = Acosh(px) + B sinh(px)
X'(z) = pAsinh(pzx) + pB cosh(px)

The boundary condition X’(0) = 0 implies B = 0, and the other boundary condition
gives Asinh(p) = 0.

Since sinh(p) # 0 for p > 0, A = 0, and there are no negative eigenvalues.

For A = 0, the equation reduces to

X"=0
for which the general solution is
X(z)= A+ Bz
X'(z) =B

The boundary conditions are satisfied by B = 0, leaving A arbitrary, so that A =0
is an eigenvalue, and the corresponding eigenfunction is

(c.f. Question 2) |



(b) X"+ 2AX =0;X(0)=0, X'(1) = X(1)
Ans For A > 0, set A\ = w?. This gives the simple harmonic equation
X" +w?X =0
for which the general solution is
X (x) = Acos(wz) + Bsin(wz)
X'(z) = — wAsin(wx) + wB cos(wr)

The boundary condition X (0) = 0 implies A = 0, and the other boundary condition
gives
Bsin(w) = Bwcos(w) .

For non-trivial solutions we require B # 0, so that we have eigenvalues and eigen
functions when tan(w) = w, which gives

1 1
Wp, (n+§>7r —m,n:1,2,...

The corresponding eigenfunctions are
Xp(x) = sin(w,x) .
For A\ < 0, set A = —p?. This gives the equation
X" —p’X =0
for which the general solution is
X(x) = Acosh(pz) + Bsinh(pz)
X'(z) = pAsinh(pzx) + pB cosh(px)

The boundary condition X (0) = 0 implies A = 0, and the other boundary condition
gives Bsinh(p) = pB cosh(p).

Since tanh(p) < p for p > 0, B = 0, and there are no negative eigenvalues.

For A = 0, the equation reduces to

X// — O
for which the general solution is
X(z) = A+ Bx
X'(z) =B

The boundary condition X (0) = 0, implies A = 0, while the other condition gives
B = B, which is true, so that A = 0 is an eigenvalue, and the corresponding
eigenfunction is

Xo(z) =z .



(c) X"+ 2 X' +AX =0;X(1)=X(2)=0
Ans This equation is an Euler equation. Setting X = x", we obtain the indicial
equation

r(r—1)4+r+A=0;7"4+A=0

When \ < 0, set A\ = —p?, which gives r = +p.
The general solution of the equation is

X(z) = AzP + Bx™?
The boundary conditions give

A+B=0
2PA+27PB=0

for which the only solution is A = 0, B = 0. Therefore there are no negative
eigenvalues.
When A = 0, the general solution of the equation is
X(x) = A+ Blogz
The boundary conditions give

A=0, Blog2=0

so that A = 0 is not an eigenvalue.
Finally, for A > 0, set A\ = w?. The general solution is

X(z) = Asin(wlog ) + B cos(wlog )
The condition X (1) = 0 implies B = 0, while the condition X (2) = 0 gives
Asin(wlog2) =0

so that we get non-trivial solutions when

nmw
= n=1,2....
wn log2’n T

and the corresponding eigenfunctions are

X, = sin (1(7)?2 log :c) .




2. Verify that the functions 1, {cos(nz)} n = 1,2,..., are orthogonal on the
interval [0, 7].

Ans The functions X,,, X,, are orthogonal if
/ X Xpde=0;m=#n
0
For X,, =1 and X,, = cos(nz), we have

/Xandx:/ cos(nx) dx
0 0

=0

and for X,,, = cos(mx) and X,, = cos(nx), we have

/ XXy de = / cos(mzx) cos(nz) dz
0 0

/07r (cos((m + n)x) + cos((m — n)x)) dz
' =0
0

N~ N

( L sin((m+ n)a) + — sin((m—n):c)>

m-+n m-—n

Expand the function f(z) = sinhz, 0 <z < 7, in the series form
o0
f(x) =ag+ Z ap cos(nz) .
n=1

Ans Since the functions are orthogonal on the interval, we have

ao /07r 12de = /Oﬂf(ac).ldx

mag = coshz|y = cosh(m) — 1
cosh(m) — 1
7r

ag =

T

an | cos?(nz)dx sinh(z) cos(nx) dx

Il
S~

cos?(nz) do =

o\:.ao\

/0 " (1 4 cos(2na)) da
(a: . sin(2na:)>

n

™

0

Y N = N =



I= /07r sinh(z) cos(nx) dz = cosh(z) cos(nx)| + n /07r cosh(z) sin(nx) dx
= ((=1)" cosh(m) — 1) + n sinh(x) sin(nz)|;
- n2/ sinh(x) cos(nx) dx
0

(n* +1)I = ((—1)"cosh(r) — 1)

1 n
I= | ((=1)" cosh(m) — 1)
2 n

3. Find the solution of the finite wave equation
Ugeg = U ; 0< 2 <1520
which satisfies the initial conditions
u(z,0) = 22 — 2% ; u(x,0) =
and the boundary conditions
u(0,t) =0; uy(1,t) =0 .

Ans If we look for separated solutions of the form u = X (x)T'(t), then the
harmonics X (z) are defined by

X"+AX =0; X(0)=0, X'(1)=0.
For A > 0, we set A = w?, obtaining the simple harmonic equation
X"+ w?X =0
for which the general solution is

X = Acos(wz) + Bsin(wz)
X' = —wAsin(wzx) + wB cos(wx)

The boundary condition X (0) = 0 implies A = 0, while X’(1) = 0 gives
Bcos(w) =0

and we have nontrivial solutions when

1
Wp = (n+§)7r; n=0,1,...

and the eigenfunctions are sin(w, ).
Since sin(4mz) does not cross the axis in (0,1), it is the fundamental, and there
are no non-positive eigenvalues.



The amplitude functions T'(t) satisfy
T" +w2T =0
giving
T, (t) = ay, cos(wnt) + by, sin(wy,t)

and the solution expansion
u(z,t) = Z sin(wpx) (an cos(wnt) + by, sin(wpt)) .
n=0

From the initial condition us(z,0) = 0, we have b,, = 0 for all n, while the other
initial condition gives

o0
Z ap sin(wpx) = 22 — 2

n=0
1 1
an/ sin?(wp) do = / (22 — x?) sin(w,,z) dz
0 0
1 oot
—a, = —(2z — 2%)— — [ (2-2 d
50n 2z —x )wn cos(wn ) . + wn/o ( x) cos(wnx) dz
1 bogot
=0+ — (2 — 2z) sin(wpz)| + —2/ sin(wp,x) dz
W 0 wn Jo
1
2
= 0— — cos(wnx)
w3 0
%
so that -
4
u(x,t) = nz_% ] sin(wpx) cos(wpt) .



