MATH 3403
TUTORIAL SHEET 10
SOLUTIONS

1(a) (u,v) = fol(u’v’ + zuv) dx .
wo=x; wy=1
v=z(l—z);v)=1-2z
1
(wo,v1) = / [(1—2z)+2°(1 —2)] do
0

b
20

1 1
:x—x2+1m4—5x5

0

(v1,v1) = /01 [(1—4a +42®) + 2°(1 — 22 + 2°)] da

1
4 1 2 1

_ 9p2 4 T3 T4 2.5 1.6

x m+3x+4x 5:c+6x

0

20

The minimum occurs when

7T 1
200 20
1
a= —c
7
6+12
W= T+ T
7 7
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(c) (u,v) = fol fol (UzpVg + Uyvy + wv) dz dy .

Wy =Y ; Wog =Y ;5 Woy =T

vy = sin(mz) sin(my) ;v1, = weos(mx) sin(mwy) ; v1, = wsin(rx) cos(my)
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wo=x; wy=1
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3. The eigenfunctions for
Ugy + Uyy = ,u2u

on the square 0 < z < 7, 0 < y < m with Dirichlet boundary data are
Umn = sin(mx) sin(ny) ,
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and the corresponding eigenvalues are 2> = m? 4+ n?. The separated solutions of

the wave equation have the form
sin(ma) sin(ny) (amn cos(v/ m2 + n2t) + by, sin(v/ m? + n?t)) .

The initial condition us(z,y,0) = 0 gives by,,, = 0 for all m, n. The initial condition
u(z,y,0) = sin® 2 sin® y which can be written as

gsinxsin — — sin 3z sin —isinazsin3 —|—isin3xsin3
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Therefore, a1 = 1%, as] = a13 = —1%, and assz = 1—16. The solution is therefore
9 . : I :
u(x,y,t) = 1g Sinsiny cos(V/2t) + T 3 sin 3y cos(3v/2t)
3
16 (sin z sin 3y + sin 3x sin y) cos(v'10t)

4. (a) If V2¢ = AP¢, then
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Therefore if A > 0, ¢ =0 in D.
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therefore, if pu? # p3 both the left and right hand sides of the above equation must
be zero.



(d) Since the integrals of the cross terms are zero from (c),
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(e) See lecture notes.
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