MATH 3403
TUTORIAL SHEET 1
SOLUTIONS
1. Determine the characteristic through the point (1, 1) for the linear operator

(x + 2)uz + 2yuy, .

Ans: The characteristic equations are

d
— = (@+2);2(0) = 1
dy
— =2y :;y(0) =1
=2 ;y(0)
for which the solutions are
x4+ 2 =3¢
y = o2t

Therefore the characteristic is the branch of the parabola

_m+22
Y=\ 3

for x > —2. [ |

It
(x + 2)uy + 2yu,y = 2u

and u(1,1) = 1, determine wu(4,4).
Ans: Along the characteristic through (1,1), if ¢! = 2, then x = 4 and y = 4.
Therefore the value of u(4,4) is determined by the value of u(1,1).

We have p
d_ltt =2u;u(0)=1

so that

and u(4,4) = 4. |

2. Determine the characteristic through the point (1, —1) for the linear operator

z2u, — yzuy .

Ans: The characteristic equations are

dx
dt
dy
dt



Therefore
dx
— =dt
22
1
1— ==t
x
d
Y
Y
1
1+-=t
Yy
1 1
l——=1+-
€z )
z+y=20
and the characteristic is the ray x = —y for x > 0. [ |
If

2y — y2uy =u,

and u(1,—1) = 1, determine u(2, —2).

Ans: The point (2, —2) lies on the characteristic for ¢t = %
If p
d—?; =u, u(0)=1
then

u=c", and u(2, —-2) = el/?

Find the solutions of the following equations, indicating the regions in which the
solutions are defined.

3. uztuy,=1; u=¢(s) on x=s,y=2s.
Ans: The characteristic equations are

ili_j:l’ z(0) =s

dy

— =1 0)=2

o = Liy0)=2s

d

= =15 u(0) = 4(s)
so that

r=1+s

y=1+2s

s=y—x

t=2x—y

u="1t+¢(s)

=22 —y+ oy —x)

Since the characteristics cover the whole plane, the solution is defined for all = and
Y. |



4. 2uz —y?uy, =0; u(l,y) = F(y).
Ans: We can parametrise the initial data as z = 1, y = s, u = F(s) for all s.
The characteristic equations are

d
d—f:xz;x(())zl
dy 2
= y”5y(0) =
d
d—"; 0 ;u(0) = F(s)
so that
1
1— ==t
x
_ t<1
S
1 1
———=t,5#0
y S
s {t<—§,s<0
PTTvst L -l<t,s>0
y=0;s=0
Eliminating ¢ between the equations for  and y gives
ST xy
= - [ § = —
4 (1+s8)x—s"’ T+y—axy

which represent hyperbolae in general.

The characteristics are:

the branches of the hyperbolae to the right of the asymptote z = s/(1 + s) and
above the asymptote y = s/(1 4 s) for s > 0;

the positive z-axis for s = 0;

the portions of the hyperbolae for 0 < x < oo for —1 < s < 0;

and the portions of the hyperbolae for 0 <z < ;27 for s < —1.

The region covered by the characteristics is bounded to the right and above by
the parabola y = z/(xz — 1), and bounded on the left by the y-axis for y > 0 and

by the arc y = —*5 for y < 0. The solution is defined in this region.
The solution for u is
u:F@):F(L) |
r+y—xy

5. zug+yuy, =3; u(l,y)=logy, y>1
Ans: We can parametrise the initial data as x =1, y = s, u = log s, for s > 1.
The characteristic equations are

d

d—f:x,x(())zl
dy

_— = 0:

d

u:3, u(0) =log s

dt



which gives

r=c¢e'; t=logx

y=se'; s>1; s=y/x
so that the characteristics are rays emanating from the origin and covering the
octant bounded by the line y = x and the y-axis. The solution is defined in this

region.
The solution is

u = 3t +logs
= 3logz + log(y/x)
= log(z%y) ; y > >0

6. yuy+auy =u; u(x,0)=e"".
Ans: We can parametrise the initial data as x = s, y =0, u = e~ %.
The characteristic equations are

%Zy;w(O)ZS
dy
Ccli—?:u, u(0) =e"*

If we differentiate the first equation we obtain

A’z dy ,
ﬁ:azl‘; 93(0):5337(0):9(0):0
which gives
x = % (e"+e7") = scosht

and

d
Yy = d—j = ssinht

The characteristics are the hyperbolic arcs 22 — y? = s2, which cover the region
ly| < |z| in the 2z — y plane.
The solution for u is

We have x +y = set, and s = x+/1 — 32 /22.

Therefore n
rTy 2 /2
U = ——————=exp(—z/1 —y=/24) .
A eI



