
MATH 3403
Tutorial Sheet 10

1. Use Dirichlet’s principle to obtain approximate solutions of the following
equations, starting with the given functions.

u′′ = xu, u(0) = 0, u(1) = 1;(a)

w = x+ ax(1− x)

u′′ = sinxu, u(0) = u(π) = 1;(b)
w = 1 + a sinx

uxx + uyy = u, u(0, y) = u(x, 0) = 0, u(1, y) = y, u(x, 1) = x;(c)
w = xy + a sinπx sinπy

u′′ = u, u(0) = 0, u(1) = 1;(d)

w = x+
∞∑
n=1

an sinnπx

2. By considering
f(x) = 1− |x|α, α > 1,

show that an approximate value for the first eigenvalue µ for

y′′ + µ2y = 0, y(−1) = y(1) = 0,

is µ1 ' (
√

2 +
√

3)/2 ' 1.573. (The exact value is π/2 = 1.5708 .)

3. Let
D = {x, y; 0 < x < π, 0 < y < π}

Find the solution in D × R+ of

uxx + uyy = utt,

u(x, y, 0) = sin3 x sin3 y,

ut(x, y, 0) = 0,

u(x, y, t) = 0 on ∂D.

Hint: sin3 x = 3
4 sinx− 1

4 sin 3x .

4. (a) If P (x) ≥ 0 on D, show that

∇2φ = λPφ in D, φ = 0 on ∂D

has no non-trivial solution for λ ≥ 0.
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(b) If
∇2φ+ µ2Pφ = 0 ,

show that
µ2

∫
D
Pφ2 =

∫
D

(∇φ)2 .

(c) If
∇2φ1 + µ2

1Pφ1 = 0 ,

and

∇2φ2 + µ2
2Pφ2 = 0 ,

µ2
1 6= µ2

2 ,

show that ∫
D
Pφ1φ2 = 0(i) ∫

D
∇φ1∇φ2 = 0 .(ii)

(d) If f =
∑∞
n=1 anφn show that∫

D(∇f)2∫
D Pf

2
≥ µ2

1,

where µ2
1 is the smallest eigenvalue .

(e) Show that ∫
D
P (f −

n∑
i=1

aiφi)2

is minimised by taking

ai =
∫
D
Pfφi/

∫
D
Pφ2

i .

5. Let D be the unit circle.
By considering

f(r) = 1− rα

show that an approximate value for the first eigenvalue for the equation

∇2φ+ µ2rφ = 0 in D,
φ = 0 on ∂D

is µ1 ' 3
2 (1 +

√
2) ' 3.621. (The exact value is 3.607 .)

Assignment. 1(b) and 5.


