MATH 3403
TUTORIAL SHEET 10

1. Use Dirichlet’s principle to obtain approximate solutions of the following
equations, starting with the given functions.

(a) v’ = zu,u(0) =0,u(l) = 1;

w=1x+ ax(l —x)

(b) v’ =sinzu,u(0) =u(r) =1;

w=14+asinx

(c) Uze + Uyy =, u(0,y) = u(z,0) = 0,u(l,y) = y,u(x,1) = z;
w = xy + asinwx sin Ty

(d) v’ = u,u(0) = 0,u(l) = 1;

Y
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w=2x+ E a, sinnmx

n=1

2. By considering
flz)=1—]z|%a >1,

show that an approximate value for the first eigenvalue p for
y' +pty =0,y(=1) = y(1) =0,

is 1 ~ (V2 ++/3)/2 ~ 1.573. (The exact value is 7/2 = 1.5708 .)

3. Let
D={z,y;0<z<m0<y<m}

Find the solution in D x Rt of

Uz + Uyy = Utt,

u(z,y,0) = sin® zsin® y,
ug(z,y,0) =0,

u(z,y,t) =0 on 9D.

Hint: sin®z = %sinx — isinB:L“ .

4. (a) If P(x) > 0 on D, show that
V2¢p = AP¢in D,¢ =0 on 0D

has no non-trivial solution for A > 0.
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(b) If
V26 + p?Pop =0,
show that
2 Pyr= [ (Vo).
it [ Pt~ [ (7o
(c) If
V21 4+ uiP¢ =0,
and
V2¢y + p5Pga =0,
pi # s
show that
i P =0
() | Porsn
ii Vo1Vpa =0 .
(ii) /D $1V 2
(d) If f =577 | an¢, show that
(V) 2
W > My,

where ;2 is the smallest eigenvalue .
(e) Show that

/Dp(f— iai%)z

o= [ Proif [ Po?

5. Let D be the unit circle.
By considering

is minimised by taking

fry=1-7°

show that an approximate value for the first eigenvalue for the equation

V26 + p%ré¢ =0 in D,
¢ =0 on 0D

is 1 ~ 3(14v2) ~ 3.621. (The exact value is 3.607 .)
Assignment. 1(b) and 5.



