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Di1sCcRETE OPTIMAL CONTROL

Consider the discrete form of the optimal control problem.
We have a discrete cost function

N-1

J = F(xN) + Z f(l‘k,uk,k) ,

k=0

where z; € R” is the state variable, and u; € R™ is the control variable.
The state and control variables are connected by the difference equation

Tr+1 = 9(@g, uk, k) ; xo=a .

We incorporate the difference equation into the cost function by introducing
Lagrange multipliers (co-state variables) p € R™ so that our modified cost function
is

N-1
J=F(an)+ Y [f(@k ur, k) + Py (9(@h, uk, k) — 2pp1)]
k=0
N-1
= F(zn) = Pyen + Y [F(@nr we, k) + Dhy19(@n, wk, k) — pjoi]
k=1

+ f(zo,uo,0) + pig(zo, uo,0)

If we introduce a small variation dug, k =0,..., N — 1, in the controls, this will
induce a small variation dxzg, kK = 1,..., N in the state variables, and a first order
variation in the modified cost function given by

. dF
0J = %(xN)(SxN — pyozyN

N-1

of dg
+ Z [(& ‘Hﬁﬁ-l% —pk) Oz,

k=1
of dg

(a +p§€+1 %> 5’%]
af = ,0g

(% +p1 %) 6“0

Provided u is unbounded, the optimum control occurs when the first variation
0J = 0. Hence the co-state variables satisfy the difference equation

P = fo(Ths Uk, k) + Dip192 (@, ui, k) 5 Dy = VF(2nN)
and the optimum control satisfies

Ju(@rs Uk, k) + D1 9u(Th, up, k) =03 k=0,...,N—1.



THE LINEAR - QUADRATIC CASE

The equations take a simple form when the difference equation is linear in the
state variables and controls

Tpy1 = Az + Buy,

where A is a constant n X n matrix and B is a constant n X m matrix, and the cost
function is quadratic in the state variables and controls

1 = 1
k=0

where Sy and () are symmetric nxXn matrices, and R is a positive definite symmetric
m X m matrix.
Substituting these into the equations above gives the equations

P = T4Q + pp 1A Py =z SN
pr = Qzi, + A'prt1 ;py = SnaN

Rug, + B'pgy1 =0
up = —R™'B'pry1

Substituting the last result into the original difference equation gives
Tit1 = Az, — BR™'B'piq

To solve the combined system we substitute pry = Sixr, and solve for the un-
known matrices Sy.
From the last equation we have

Tiy1 = Az — BR™'B' S 12541
(I + BR™'B'S41) w41 = Azg
1= (I+BR'B'Si1) " Axy
so that the difference equation for the co-state variables becomes
Skxr = Qg + A Spt1Tr41
= Qui + A'S1 (I+ BR'B'Sy1) Az
Sp=Q+A'S* (I + BRT'B'Sp41) A

This equation is known as a discrete Ricatti equation. It can be solved iteratively
from kK = N to k = 0 using the known value Sy.
Once the matrices Sy are known the x; can be determined from the equation

21 = (I+BR'B'Si11) " Awy

and from these the controls follow.



