MA311
DISCRETE VARIATION
Dipo’s PROBLEM

Discrete Euler Equations.
Consider the problem of optimising
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Suppose that the optimum solution is denoted by X,,, and let
Tp =X+ 02, .

Near the optimum we have the first variation
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The requirement that the first variation should vanish gives the recurrence relation
fp(n7 Xn; Xn—i—l) + fq(n - 17 Xn—17 Xn) =0

for the optimum solution, together with the transversality conditions

fp(OaXOaX1)6$0 =0
fq(N -1, Xn_1,Xn)0zny =0

Where z is specified, the variation dxy = 0, and the transversality condition is
satisfied. Similarly the condition at N is satisfied if x is specified.
If one or other of the end values is however not specified then the boundary
condition for the difference equation is supplied by the equation
fp(O’ Xo, Xl) =0
if £ is unknown, and by

fo(N—1,Xn_1,Xn)=0

when z is not given.



Example.
Minimise

9
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J = 1 2203:63 —2zp,Tpy1 + 3331+1
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(a) when zg =219 =1; (b) when 2o = 1.

1 1
f(n,p,q) = 1(3172 —2p9+¢%); fp==0Bp—q); fq= 5(—p+ q)
The recurrence relation is

1 1
5(3xn - xn—i—l) + 5(_$n—1 + xn) =0

Tpt+1 — 4z, +Tp—1 =10
for which the solution is

Tp=Aa" +Ba™™; a=2+V3

In case (a), we have fixed endpoints, so that dzg = dz19 = 0. The constants A
and B are determined from the given values.

Aa®+ Ba %=1
Ao’ + Ba710 =1
A=1/(1+a'%
B=1/(1+a7'9)

n —n

(67 + (0%
1+al® 14710
ro =T10 = 1.

1 = xg9 = 0.268
To = xg = 0.072
z3 = x7 = 0.019
T4 = x¢ = 0.0055
zs = 0.0028

Tp =

In case (b), we have a ‘free’ choice of 1, so that the transversality condition
gives
1
fa(9, 9, T10) = 5(—1‘9 +x10) = 05 w9 = T10

Since the recurrence relation is linear, we can use this condition to derive the
solution backwards.

L9 =¢C, L9 = ¢, g = 49 — x19 = 3¢, x7 = 1lc, xg = 4lc
T5 = 153c, x4 = BT71c, x3 = 2131¢c, x5 = 7953¢, x1 = 29681c, x9 = 110771c
¢ =1/110771 ~ .00001



Dido’s Problem.

Determine the maximum area which can be enclosed by a curve of length 150,
the z-axis and the line x = 100, if the curve begins at the origin.

Imagine that the curve is made up of 150 links of unit length; the nth link runs
from (2,1, Yn—1) t0 (Zn, Yn)-

The area enclosed between the nth link and the line = 100, is

1
An = E(yn - yn—l)(200 - (:Bn—l + xn))

:%\/1 — (@n — 0-1)%(200 — (Tn—1 + Tn))

The problem is therefore to maximise J = > A, subject to o = 0 and 150 =
100.
The recurrence relation for the optimum solution is

1 — 222 + 22p2py1 + 200(2p — Tng1) 1 222 + 22, %p—1 + 200(zy, — Tp_1)

\/1 - (l'n - xn-l—l)Z \/1 - (xn - xn—1)2

together with the boundary conditions on zg and z15¢.

Note that since ¢ and z15¢ are fixed, the transversality conditions are satisfied
with 5:6() =0 and (S.T150 = 0.

Since the recurrence relation is non-linear, there is no simple general solution as
in the previous example, and it is necessary to solve the problem numerically.

To this end we consider instead the following alternate problem:

Solve

1— 222 +22,2nq1 +200(xp — Tpy1) 1 — 222 + 22,2, 1 4 200(2, — Tp_1)

V1= (T — Tpi1)? V1= (T — Tp_1)?
subject to the initial conditions zp = 0, 1 = cosf, where 0 < 0 < w/2, and
determine how many links are needed to reach the line = 100.
By refining the choice of 6, we can determine the solution for which 150 links
are needed.

Numerical considerations.
The recurrence relation has the terms

V1= (Zpi1 —20)? and /1 — (2, — 2p_1)2
in the denominators, so that the results may become ‘inaccurate’ as the required
curve becomes horizontal towards the end.
To avoid this, set a = 200 — 2z,, and Dx,, = 2, — Tp,_1.
The recurrence relation becomes
1-aDzny1  1+aDz,

\/1—Dx2_, V11— Dz

1 —2aDzny1+0’Dx) ;14 2aDx, + a’Da?
1—Da2 4 B 1 — Dz2
1 — Dz} —2a(1 — Dz2)Dxpy1 +a’(1 — Dxl) Dzl g =
1+ 2aDz, + a’Dz’ — (1 + 2aDz, + a®Dz) Dz} 4

(a* + 2aDz,, +1)Dz2 | — 2a(1 — Dz2)Dxyyq — (a* D22 + 2aDx,, + Dz2) =0 .

in which form the iterations are stable since the coefficient a? + 2a Dz, + 1 is > 1
throughout the solution process.



Extensions.

Having found the solution for a curve of length 150, you can use the same program
to find solutions for lengths of 110, 120, 130 and 140.

What limits are there on the length of the chain?



