MATH 3401
EXTRA TUTORIAL SHEET
SOLUTIONS

1. A rational function f(z) satisfies the conditions;

f(z)=0iff z = +£i
flz)=1iff z=0,1
flz)= —4iff z=-241

Determine f(z).

Ans Since the function is 2 — 1, it is the ratio of polynomials of degree 2.
Writing
2
as2* + a1z + ag
@) =707
bQZ + blz + b(]

the first condition tells us that the numerator is
as (z2 +1),

and without loss of generality we may take as = 1.
When f(z2) =1,
Z2+1 :b222+b12+b0

Substituting z = 0 and z = 1, we obtain
bp=1

by +b1 +bp=2
bo=1-b;

When f(z) = —4,
2241 =41 —b)2? —4by — 4

Substituting z = —2 4+ ¢, we obtain

3—di4+1=—4(1—by)(3—4i) —4by(—2+1i) — 4
bi(12 — 16 + 8 — 4i) = 4 — 4i + 12 — 16i + 4

bp=1
b2:0
2241
s = =5

2. A function f(z) is said to be meromorphic if it is the ratio of entire functions.

Show that the singularities of a meromorphic function in the finite complex plane
are isolated poles.

Ans The function has its singularities at the zeros of the denominator.

Since the denominator is an entire function, its zeros are of finite order and
isolated.

Therefore the singularities are isolated poles.
1



Under which conditions is the point at infinity
(a) a removable singularity;

(b) a pole;

(c) an essential singularity.

Ans Writing the function as

where g and h are entire and have no common factors, the function has an essential
singularity at oo if and only if the equation

9(2) = ah(2)

has infinitely many solutions for almost all values of a.

Therefore the point at infinity is an essental singularity if and only if g or h or
both are transcendental functions.

If both g and h are polynomials, then oo is a removable singularity if f is bounded
as z — 00.

This corresponds to d(g) < d(h).

If 9(g) > O(h) then f has a pole of order 9(g) — d(h) at infinity.

3. If
z—1

w =
23

)

determine z in the form
oo
z = E a,w"
n=0

For which values of w does this series converge?

Determine a similar expansion for z2.

Ans Using Lagrange’s expansion, we have

z=14wz?

1+Z | D” 1 )‘zzl

1+Zn'2n+1 w"

2 _ 12 oow_n n—1 3n
Z_1+Zn!D (22 x 2z )’ZZl

n=1

3n—|—1
-1 w™
+Zn' 2n + 2)!



By the ratio test, the first series converges when

(3n 4+ 3)Inl(2n + 1)!
n—oo (n + 1)!(2n + 3)!1(3n)
(n+1)(2n+2)(2n + 3) 4

< 1 _4
ol < i Bn s 2) B8~ 27

flwl <1

4. The sequence {x,}>2 satisfies the recurrence relation

Tnt2 —3Tp41 + 22, =2n4+1, n >0

Ty = 0
X1 -2
Determine z,, for n > 2.
Ans Let X(z) be the z transform of {z,}.
Then
2 2z z
2
X+-)—-3X+2 ¥ = — -+ ——
& +z) et (2—1)2+z—1
2
2 2tz
—2224+52—1
X:Z—222+5z—1
G-2)(z-1p
z 23+ 22

z2—2 (z2-1)3

1 n+2 n+1
S I
2mi (z—1)3

=2"— % (n+2)(n+1)2" + (n+ nz""")|
=2"— (n+1)?

z=1



