
MATH 3401
Tutorial Sheet 4

Answers and Solutions

1. We have z = eiθ so that dz = ieiθdθ.

(a)
∮
z2 dz =

∫ 2π

0

ei2θieiθ dθ =
1
3
ei3θ

∣∣∣∣2π
0

= 0

(b)
∮

1
z
dz =

∫ 2π

0

ieiθ

eiθ
dθ = 2πi

(c)
∮
z̄ dz =

∫ 2π

0

e−iθieiθ dθ = 2πi

(d)
∮
zz̄ dz =

∫ 2π

0

eiθe−iθieiθ dθ = e2πi − 1 = 0

2.(c) For the segment between 1− i and 1 + i,

z = 1 + iy, −1 ≤ y ≤ 1
dz = idy , z̄ = 1− iy∫ 1

−1

(1− iy) i dy = iy +
1
2
y2

∣∣∣∣1
−1

= 2i

For the segment between 1 + i and −1 + i,

z = x+ i, 1 ≥ x ≥ −1
dz = dx , z̄ = x− i∫ −1

1

(x− i) dx =
1
2
x2 − ix

∣∣∣∣−1

1

= 2i

For the segment between −1 + i and −1− i,

z = −1 + iy, 1 ≥ y ≥ −1
dz = idy , z̄ = −1− iy∫ −1

1

(−1− iy) i dy = −iy +
1
2
y2

∣∣∣∣−1

1

= 2i

For the segment between −1− i and 1− i,

z = x− i, −1 ≤ x ≤ 1
dz = dx , z̄ = x+ i∫ 1

−1

(x+ i) dx =
1
2
x2 + ix

∣∣∣∣1
−1

= 2i∮
z̄ dz = 2i+ 2i+ 2i+ 2i = 8i

1



2

(d) For the segment between 1− i and 1 + i,

z = 1 + iy, −1 ≤ y ≤ 1

dz = idy , zz̄ = 1 + y2∫ 1

−1

(1 + y2) i dy = iy + i
1
3
y3

∣∣∣∣1
−1

=
8
3
i

For the segment between 1 + i and −1 + i,

z = x+ i, 1 ≥ x ≥ −1

dz = dx , zz̄ = x2 + 1∫ −1

1

(x2 + 1) dx =
1
3
x3 + x

∣∣∣∣−1

1

= −8
3

For the segment between −1 + i and −1− i,

z = −1 + iy, 1 ≥ y ≥ −1

dz = idy , zz̄ = 1 + y2∫ −1

1

(1 + y2) i dy = iy + i
1
3
y3

∣∣∣∣−1

1

= −8
3
i

For the segment between −1− i and 1− i,

z = x− i, −1 ≤ x ≤ 1

dz = dx , zz̄ = x2 + 1∫ 1

−1

(x2 + 1) dx =
1
3
x3 + x

∣∣∣∣1
−1

=
8
3∮

zz̄ dz =
8
3
i− 8

3
− 8

3
i+

8
3

= 0
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3. Since the integrand is entire,
∮
e−z

2
dz = 0.

On the first part of the contour

z = x ; dz = dx∫
e−z

2
dz =

∫ R

0

e−x
2
dx

On the second part of the contour

z = R+ iy ; dz = idy∫
e−z

2
dz =

∫ a

0

exp(−R2 + y2 − 2iRy)(i dy)∣∣exp(−R2 + y2 − 2iRy)
∣∣ = exp(y2 −R2) ≤ exp(a2 −R2)∣∣∣∣∫ a

0

exp(−R2 + y2 − 2iRy)(i dy)
∣∣∣∣ ≤ aea2−R2

↓ 0 as R→∞

On the third part of the contour

z = x+ ia ; dz = dx∫
e−z

2
dz =

∫ 0

R

exp(−x2 + a2 − 2iax) dx

= −ea
2
∫ R

0

e−x
2

cos(2ax) dx+ iea
2
∫ R

0

e−x
2

sin(2ax) dx

On the fourth part of the contour

z = iy ; dz = idy∫
e−z

2
dz =

∫ 0

a

ey
2
(i dy) = −i

∫ a

0

ey
2
dy

Combining these results we have(∫ R

0

e−x
2
dx− ea

2
∫ R

0

e−x
2

cos(2ax) dx

)

+i

(
ea

2
∫ R

0

e−x
2

sin(2ax) dx−
∫ a

0

ey
2
dy

)
+O

(
e−R

2
)

= 0

Taking the limit as R→∞, and equating real and imaginary parts we obtain∫ ∞
0

e−x
2

cos(2ax) dx = e−a
2
∫ ∞

0

e−x
2
dx = e−a

2
√
π

2

and ∫ ∞
0

e−x
2

sin(2ax) dx = e−a
2
∫ a

0

ey
2
dy



4

4.(a) Inside |z| = 1, the integrand is regular, therefore∮
C

ez

z2 − 9
dz = 0 .

(b) Writing f(z) = ez/(z + 3), we have∮
C

ez

z2 − 9
dz =

∮
C

f(z)
z − 3

dz = 2πif(3) =
πi

3
e3

(c) Writing f(z) = ez/(z − 3), we have∮
C

ez

z2 − 9
dz =

∮
C

f(z)
z + 3

dz = 2πif(−3) = −πi
3
e−3

5. The term
w(ζ)− w(z)

ζ − z
is a polynomial of degree n− 1 in z.

Writing this as
∑
ar(ζ)zr, we have

P (z) =
1

2πi

∮
c

f(ζ)
w(ζ)

n−1∑
r=0

ar(ζ)zr dζ

=
n−1∑
r=0

zr
(

1
2πi

∮
c

f(ζ)
w(ζ)

ar(ζ) dζ
)

=
n−1∑
r=0

Arz
r

which shows that P (z) is a polynomial of degree n− 1 in z.
Since w(zi) = 0,

P (zi) =
1

2πi

∮
c

f(ζ)
w(ζ)

w(ζ)− w(zi)
ζ − zi

dζ

=
1

2πi

∮
c

f(ζ)
ζ − zi

dζ

= f(zi)


