Residues
If 2 is an isolated pole or essential singular point of a regular function f, then
we can expand f in a Laurent expansion about z.

The coefficients a in the expansion are given by
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a_1 = %%f(z) dz
a_1 is called the Residue of the function f(z) at z.
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In particular

Alternatively
%f(z) dz = 2mia_q

If f(z) is single valued inside and on a scroc C, and has poles/esps at zg, 21,...
zp, inside C', then

j({jf(z)dz:kz_% . f(z)dz

where CY, is a scroc |z — 2| = € enclosing z;, and no other singular points.
Therefore

% f(z)dz = 2m‘2 (Resf(z)|Zk)
¢ k=0

This result is known as The Residue Theorem.

Evaluating Residues
1. Simple poles.

Method 1.
If

()= = +4(2)
where ¢(z) is regular at zg, then
(2= 20)f(2) = a1+ (z — 20)9(2)
a-1 = lim (z —2)f()
e.g.
flz) =

has simple poles at —1, 0, and 1 .
The residues are

z(z2=1)

at z=-1: lim ——— =
at z=0 : lim —5—+ =—-1

at z=1 : lim —— = —
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Method 2.
If f(z) = p(2)/q(z), where p and ¢ are regular with p(zp) # 0 and ¢(z9) = 0,
then
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e.g.

f(2) = cotz = cosz/sin z has poles at the zeros of sinz, namely at z = nm,
n=0,%x1,£2,... .

Since (sin z)’ = cos z, the residues at these poles is
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Method 3.
If f(z) has a simple pole at zy with residue a_1, and g(z) is regular at zg, then
f(2)g(z) has a simple pole at zy with residue a_1g(z0).

e.g. f(z) = mcot(mz) has simple poles at z = n with residues 1. Therefore

mcot(mz)
2241

has poles at z = n with residues
1

n?+1
It also has poles at z = ¢ with residues (using method 2)
at z =1 :
7 cot (i) 7 cosh(m)

2 (isinh(n))(2) —gcothm

at z = —1: ( ) h(r)
T cot(—me 7 cosh(m s
= = —Zcoth
Y (Cisinh(m))(—2i) 2 T

Second order poles.
If f(2) has a pole of order 2 at zg, then g(z) = (z — 20)2f(2) has a removable
singularity there.

%i%f(z)dz:ﬁ%%dz

= g'(20)
(using the Cauchy Integral Formula)

e.g. f(z) =1/(2% 4+ 1)? has poles of order 2 at z = =+i.



The residues are:
at z = Z
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