DIFFERENTIATION

The derivative of a function of a complex variable is defined in the same way as
that of a function of a real variable.
If f(z) is defined in a neighbourhood of the point zp, then f is differentiable at
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exists, and the value of this limit is the derivative of f(z) at zg, denoted f’(z).

Note that if the derivative exists at zg, then
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= f/(Zo)O =0
so that f(z) is continuous at zp.
For example, if f(z) = 22, the derivative exists for all z9 € C, and
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Where the derivative exists at all points in some region, we call the function
defined by these values the derived function or derivative of the original function,
and denote if by f/(2).

The above example shows that if f(z) = 22, f/(z) = 2z.

A similar construction can be used to show that if f(z) = 2", f'(z) = nz""%

A function (like 2?) which is differentiable at every point of C is said to be
entire.

Of the elementary functions, polynomials are entire.

On the other hand, f(z) = 1/z is not entire since it is not differentiable at z = 0.
(It is not even defined there!)

The function f(z) = zz* is differentiable at z = 0, and f’(0) = 0.

*—0
(0) = lim 22
= limz* =0
z—0

In this case (as we shall shortly prove) this is the only point at which this function
is differentiable.

Since the definition of derivative has the same form as for the real case, the
elementary results concerning the derivatives of sums and products of functions
carry over.

For example: If f(z) and g(z) are differentiable at zg, so are

(i) f(2) £ g(2), and (f £ g)'(20) = f'(20) ¢’ (20);
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(i) f(2).9(2), and (f9)'(20) = f'(20)9(20) + f(20)¢'(20);
(iii) f(z)/g(z) provided g(zp) # 0, and

(i)l (z0) = f'(20)9(20) — f(20)g’ (20)

g 92(20)

The proof of the result (ii) for example is;

(fg) (z0) = lim f(2)g(2) = f(20)g(20)
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o F(2)0() — F(2)g(z0) + F(2)a(z0) — Fz0)g(z0)
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= f(20)9'(20) + f'(20)9(20)

We also have the result for compound functions (the Chain rule):
If ¢ is differentiable at zg, and f is differentiable at g(zp), then f(g(z)) is differ-

entiable at zp, and
(f(9)) (20) = f'(g(w0))g' (wo)

For example, we can write z* as f(f(z)), where f(z) =
at zg is

22, so that the derivative

F'(f(20)f'(20) = (225)(220) = 42

THE CAUCHY-RIEMANN EQUATIONS
If the function f(z) = u(x,y)+iv(z,y) is differentiable at the point zg = z¢+iyo,
then the limit
z2)— f(z
L SG) (o)
z>z0 2 — 2
exists irrespective of the manner in which z approaches zg.

In particular, the limit exists if we let z approach zy along the line y = yq.
In this case z — zg = ¢ — xq, and

f'(z0)
~ im (u(z,yo) + iv(z,y0)) — (u(xo,¥0)) + 1v(20,%0))
T—T0 T — X
— lim u(z, yo) — u(o, Yo)
T—x0 T — o
+i lim v(z,y0) — v(70,Y0)
Tr—xo r — o

= uz (0, Y0) + 1 vz (20, Yo)



On the other hand, the same limit exists if we let z approach z; along the line
Tr = Xg.
In this case z — zg = i(y — yo), and

f'(20)
— lim (w(zo,y) + iv(zo,y)) — (u(zo, Yo) + iv(z0,Y0))
f—” i(y — yo)
— i lim u(xo,y) — u(xo,yo)
Y—Yo Y—1Yo
+ lim v(zo,y) — v(xo,Yo)
Y—Yo Y —Yo
= —iuy(zo,yo) + vy(xo,Y0)

Comparing these results, we see that, if the derivative exists at zg,

uz (20, Y0) = vy(To,Yo)

uy (20, y0) = — vz(x0, Yo)

These two equations are known as the Cauchy-Riemann equations.

e.g. We have seen that |z|? = zz* is differentiable at z = 0.

In this case, u = 22 + y? and v = 0.

We have u, = 2z, u, = 2y, v, = 0 and vy, = 0, so that when z = 0,
Uy =0 = vy

Uy =0 = —v,

as expected.
Since there are no other points in the complex plane at which the Cauchy-
Riemann equations are satisfied, the function |z|? is differentiable at only one point.

It should be noted that satisfying the Cauchy-Riemann equations alone does not
guarantee the existence of the derivative.

The converse theorem requires that the partial derivatives be continuous at the
point (xg,yo). However, this requirement is met by the functions which appear in
this course.

z

e.g. Consider f(z) = e*.

u(z,y) = € cosy

v(z,y) = e®siny

Uy = e cosy

_x
vy = €’ cosy

— T o3
Uy = — e’ siny

vy = e¥siny



Since e” is continuous for all  and siny and cosy are continuous for all y,
and since u, = vy and u, = —v, for all x and y,
the function e* is differentiable for all z. (It is entire.)

Note that the derivative f’(zp) can be calculated as either

f'(20) = uz (o, yo) + vz (z0, yo)

or
f'(z0) = vy(xo, yo) — iuy(z0,y0)

e.g.

—ef = uy + v,
dz
=e%cosy + e’ siny = e*

Functions like |z|? which are differentiable only at isolated points are of no further
interest.

We concentrate on functions which are differentiable at every point of some open
connected set of points in C. Such a set is called a domain, denoted D.

Such a function is said to be ’regular’ on the domain D.

e.g.
Polynomials in z are regular on C.

e” is regular on C.
1/z is regular on C \ {0}.

S0 2™ is regular on |z| < 1.

Suppose that f(z) is regular on D, and that the functions v and v have continuous
second order partial derivatives. (We will see later that the second condition is in
fact implied by the first.)

Then, from the Cauchy-Riemann equations

Ugx = VUzy
Uyy = — Uya
but vy, = vy, (continuity)

therefore 1wy, + uyy = 0

Similarly
Vgg + Vyy = 0

The real and imaginary parts of a function regular on D are solutions of Laplace’s
equation on D. The functions v and v are said to be harmonic.

Since they satisfy the Cauchy-Riemann equations, u and v are related. If we
know u, then we can determine v to within a constant.



e.g. Consider u(z,y) = 23 — 3y

Uy = O
Uy — bxy
Uyy = — b6

Upg + Uyy = 0

Therefore u is harmonic.
If u + v is a regular function,

Vy = Uy = 32?2 — 3y2
v = 32%y — y> + c(v)
vy = 62y + ' (z)
but v, = —wuy, = 6xy

therefore ¢'(z) =0 ; cis constant
In fact, u + v = 23 + ic.

EXERCISES

1. Write f(z) = u(x,y) +iv(z,y) and find u(z,y), v(z,y) in each of the following
cases:

(i) 22+ 22

(i) L #0)

(iii) sinh z

(iv) argz (0 <argz<m)

2. Differentiate the functions (i), (ii) and (iii) from question 1.

3. Use the Cauchy-Riemann Equations to determine the points at which the
function (iv) question 1 is differentiable.

4. Show that w is harmonic in some domain, and find a harmonic conjugate v,
when

(a) u=2x(l—y)
(b) =2z —1y° + 32%y
(c) u = sinhxsiny
(d) w=—"

x2+y2



