CONFORMAL MAPPING
Consider a smooth curve C;

(X(t),Y(t) inR?

or equivalently
Zt)=X({t)+iY(t) inC

where t is a real parameter.
e.g. The parabolic segment
C: Zt)=t+it* —1<t<1

If zZo = Z(to) and zZ1 = Z(tl), (to < tl),
are two points on the curve, then the angle subtended by the line segment

Z(t1) — Z(to)

with the real axis is
arg(Z(t1) — Z(to))
Since the argument is unaffected by multiplication by a real constant, this angle
is also given by
Z(ty) — Z(t
g ((£412) = Z(t0)
t1 —to

Taking the limit as ¢; approaches tg, we see that the angle between the positive
tangent at zg and the real axis is

axg(Z(t))
e.g. Z(t) =t + it
Z(t) =1+ 2it
Z(0.5) =1+i=+2e"/*
The tangent at (1, ;) subtends and angle of Z¢ or 45° with the real axis.
Now consider the curve C* = f(C) generated by the regular mapping
w = f(z) =u(z,y) +iv(z,y) .
It has the parametric representations

(U(t),V(t)) in R?

or equivalently
W(t)=U(t)+iV(t) inC

where



e.g. w = e maps the parabolic arc Z =t + it? onto

W (t) = e’ cos(t?) + ie’ sin(t?)

e.g. w = 22 maps the parabolic arc Z =t + it? onto
W(t) = (t* —t*) +i2t3

At wy = f(29), the angle between the positive tangent to the new curve and the
real axis is

arg(W (to)) = arg (f'(20)2(t0))
arg(f'(z0)) + arg(Z(to))

provided f’(zg) # 0.

Suppose that Z;(t) and Zs(s) are two curves passing through zg.
The angle of the intersection between these curves is given by

arg(Z2(s0)) — arg(Z1(to))

If we map these curves onto Wi (t) and Wa(s) by the regular mapping w = f(z),
where f’(z9) # 0, then the angle of the intersection between W7 and Wy at wy =

f(z0) is
arg(Wa(so)) — arg(W1 (to))
— (arg(f/(z0)) + arg(Za(s0))  — (arg(f'(20)) + arg(Z (ko)) )
= arg(Zz(s0)) — arg(Z1(to))
Provided f/(z) # 0, the mapping preserves angles in magnitude and orientation.

We say that the mapping is conformal.

The local behaviour of a smooth mapping

(z.y) = (w(@,y),v(2,y))
from R? to R? is given by

Au\ [ ug uy Ax
Av ) vy vy Ay
This mapping is locally invertible provided the Jacobian

O(u,v) oy

Uy Uy
Vg Uy

A(z,y)
If the mapping is generated by a regular function w = f(z), then the Cauchy-
Riemann equations are satisfied, and

Up Uy

= UgVy — Vpll
Ve Uy zVy z Uy

:(uw)2 + (UI)Q
=[f'(2)]

Therefore the condition for invertibility is the same as that for conformality;
namely f/(z) # 0.



THE INVERSE FUNCTION THEOREM FOR REGULAR FUNCTIONS.

Suppose that f(z) is regular and f'(zp) # 0.
Setting

we want to express z as a function of w for w near wy.

Specifically, we will show that we can write

z=2zy+ ch(w —wp)"

n=1
We have
w—wo = f(2) — f(20)
_ f(Z) _f(ZO)(Zf,Zo)
zZ— 20
- zZ— 20
— 9(2)
where

1 _
Flz0) © = %0

Rearranging the equation we have

z— 29 = (w—wo)P(z)
z=z0+ (w— wp)d(z)

which is the form required for a Lagrange expansion.

Therefore
n dn 1

z—z0+z = w0 & (o)

t==z9

e.g.

Near zg = 0, wg = 0, we have

z=we *

w" n—1(,—nz
n_ D 1 )|z=0)

nlw

S



The radius of convergence of this series is

" n—1 1)
lim 2] = lim n —(n—|— )
S Y S oS
] < n >n1
= lim
1
o e

which represents the distance from w = 0 to the point at which w’(z) = 0.

Returning to the local representation of the mapping;
when f/(z) # 0, we can define 6 by

uz = |f'(2)| cos O
vy = |f'(2)|sind

so that the matrix of the local linear transformation becomes
Uy —Vg \ o cosf —sinb
<vx Uy )_|f (Z)|<Sin9 cosf )

showing that locally the mapping is represented by rotation through the angle 6
and magnification by the factor |f'(z)|.

Conversely:
Suppose that the mapping

(z,y) = (u(z,y),v(z,y))
is conformal.

In the neighbourhood of a typical point (xg, yo), the transformation is represented
by the Jacobian matrix
O
Ve Uy

Note that since a conformal mapping is necessarily locally 1 — 1, the matrix J is
non-singular.

Therefore there are a positive definite symmetric matrix A and an orthogonal

matrix U such that
J=AU

Since A is symmetric,
(a) the eigenvalues of A are real;

(b) the corresponding eigenvectors are orthogonal

positive definite means that the eigenvalues A\; and A\ are positive.

Since
|[A] = A1 Ao

the determinant of A is also positive.



Since U is orthogonal,
it represents a rotation if |U| = 1;

it represents a reflection if |U| = —1.

If the mapping is conformal, |J| > 0.
However, |J| = |A||U|, and since |A| > 0, |U| = 1.

cosf —sinf
U(sin0 cos@)

Therefore

for some angle 6.

Now consider the matrix A.

Since the mapping is conformal, it preserves angles.

The rotation U obviously preserves angles, so that for conformality A must also
preserve angles.

Take the orthogonal eigenvectors e; and es of A, normalised to have unit length.

The angle between e; and e + eo is 45°.

These vectors are mapped onto Aje; and Aje; + Ageqy by A.

The tangent of the angle between these vectors is Aa/A;.

Since the mapping is conformal, the angle is 45°, and the value of the tangent is
L

Therefore
A1 = Ao
and
(A0
= (% %)
This gives

J— Arcosf —Apsinf
“ \ Aisinf  \jcosé

so that we have

Uy = Uy

Vg = —Uy

The functions u(z,y) and v(z,y) satisfy the Cauchy-Riemmann equtaions, so
that the function

f(2) = u(z,y) + iv(z,y)

is regular.



The behaviour when f/(z) = 0 is illustrated by considering the functions w = 2.

If we consider the sector bounded by the lines arg(z) = 0, |z| = r and arg(z) = «a,
it is mapped onto the sector bounded by arg(w) = 0, |w| = r™ and arg(w) = na.

Therefore the angle at the origin, where f’ = 0, is magnified by a factor n, while
the local neighbourhood shrinks towards the origin.

We can keep a 1 — 1 mapping provided any point at which f’(z) =0 is a corner
point of the region being mapped, and the angle at the corner is less than 27 /n.

In particular, the mapping w = 22 maps the quadrant z > 0, y > 0 1 — 1 onto
the upper half plane v > 0, and the mapping is conformal except at the origin.



