APPENDIX 1
THE CONVERGENCE OF CAUCHY
SEQUENCES IN R AND C

In order to prove that Cauchy sequences in R and C converge, we need first to
consider the distinguishing property of the real numbers.

The real numbers R can be visualised as points on the number line. They are
distinguished from the rational numbers Q by the following property, which we take
as a defining axiom:

Least upper bound axiom.

A non-empty set of real numbers which is bounded above has a least upper
bound.

That is: If we have a non-empty set S of real numbers = such that, for some
number K, x < K for every z € S, then there is a real number [ such that

(i) z <1 for every z € S

(ii) If z < k for every z € S, then [ < k.

This least upper bound is denoted by Iub or sup (for supremum).

This property distinguishes the real numbers from the rational numbers.
For example, the set of numbers

is a set of rational numbers.
Furthermore
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so that these rational numbers are bounded above.

However this set does not have a rational least upper bound.

The least upper bound of this set, considered as real numbers, is e, which is not
rational.

An immediate consequence of the least upper bound axiom is that a non-empty
set of real numbers which is bounded below has a greatest lower bound (glb) or
infimum (inf). (Consider the set consisting of —x for every = € S.)
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Nested intervals.
Consider an infinite set of closed intervals

In:{angxgbn}

in R with the following two properties.
(1) In—l—l C In, i.e. (7% S An+1 < bn+1 S bn
(ii) b, —an — 0 as n — oo.
(We call these a set of nested intervals.)
Then there is precisely one real number [ which lies in every interval.
(This result asserts both existence and uniqueness.)

Proof: Consider firstly the set {a,}. This set is bounded above by b,, for any n.
Therefore this set has a least upper bound /1 which has the two properties

an, <11 <b, foralln.

The set {b,} is therefore bounded below by [1, so that there is a greatest lower
bound /s which has the properties

1 <ly <b, foralln.
Combining these results we see that
0<ly—1; <b, —a, foralln,

and since b, — a,, — 0 as n — 0o, we must have [y = [5.

This common limit is the required number.
Since a,, <l < b, for each n, it lies in every interval.

To show uniqueness, consider any other number m.

If m < Iy, then m is not an upper bound for {a,}, since l; is the least upper
bound.

Therefore, m < a,, for some n, and so m is not in the interval I,, = [a,, by].

Similarly, if m > l;, m > b, for some n, and therefore there is an interval in
which it does not lie. (In fact, once we have one such interval I,,, we know that it
does not lie in any of the subsequent intervals I,, 1 either.)

Therefore this common element is unique.

Comment. This property, that a set of nested intervals contains a unique real
number is sometimes taken as the defining axiom for real numbers. In this case,
the least upper bound axiom is then deduced as a consequence.

The Bolzano-Weierstrass Theorem.
A bounded infinite set of real numbers has a limit point.

Let S be our infinite set of numbers, and let a; be the greatest lower bound for
S and by be the least upper bound.

Divide the interval [a1,b;] into two equal sections; [a1, 2E21] and [21E0 ).

At least one of these sections contains infinitely many points of S.

If the first section contains infinitely many points of S, let ay = a; and by =
%; otherwise let a9 = ‘“TH” and by = by.

In either case, a1 < as < by < by, by —as = %(bl — a1) and there are infinitely

many points of S in the interval [ag, ba].



We proceed inductively to defined a nested sequence of intervals [a,,, b,,] of length
2,LL_l(bl — aq), each of which contains infinitely many points of S.

Since the length of these intervals goes to 0 as n — o0, there is a unique number
[ which lies in every interval.

Given any ¢ > 0, we can find an integer N such that by — ay < e. For every
point x in this interval, |z — | < by — an < €, so that there are infinitely many

points of S such that |z —[| < e. This shows that [ is a limit point of S.

Note that a set may have more than one limit point.
For example. if
n+1
S=<q(-D" ,
(GRS

then 1 and —1 are limit points of .S, while if S is the set of rational numbers between
0 and 1 then every real number in [0, 1] is a limit point!

We are now in a position to prove that a Cauchy sequence in R converges.
In order to apply the previous result, we need to show that such a sequence
constitutes a bounded set.

Suppose that {x,} is a sequence of real numbers with the property that, given
any € > 0, we can find an integer N such that |x,, — x,,| < € for every m,n > N.

In particular, taking € = 1, |z,, — z,,| < 1 for all m,n > Nj say.

Therefore |z, —zn, +1| < 1 for every n > Ny, so that |z, | < 14|z, +1]| for every
n > Ni, and the sequence is bounded.

In order to apply the Bolzano-Weierstrass theorem we also need an infinite set.
In practice the terms of a sequence are usually different. However we need to guard
against occasional pathalogical examples.

If the sequence takes only a finite number of different values for n > Ny, then
there must be some value [ which is taken infinitely often.

But now, given any € > 0 there is an integer N such that |z, — z,,| < € for all
n,m > N. Since [ occurs infinitely often in the sequence, one at least of these x,,
takes the value [, so that |z, — (| < € for all n > N, and the sequence converges to
l.

Otherwise, the sequence represents a bounded infinite set in R, so that, by the
Bozano-Weierstrass Theorem, the sequence has a limit point [.

Given any € > 0, there are infinitely many points of the sequence such that
|zm — 1] < 3¢, and there is an integer N such that |z, — x| < € for all m,n > N.
Since at least one of these x,, coincide, it follows that |z, — ] < € for all n > N,
and the sequence converges to [.

From this result it follows that a Cauchy sequence in C also converges.

Suppose that {z,} is a Cauchy sequence in C;
i.e. given any € > 0 there is an integer N such that |z, — z;,| < e Vm.n > N ;
and set z, = T + WYn-

Since |z, — | < |2n — 2m|, {n} is a Cauchy sequence in R which converges to
some limit [;.

Similarly {y,} is a Cauchy sequence in R, converging to Iy say.

Hence {z,} converges to l; +ils .



