Lecture 3 Classical and quantum dynamics

First recall the general structure once again:—



To summarize: The phase space rep is defined by the Weyl-Wigner transform:
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Now to classical and quantum dynamics:—

Recall that in the Schrodinger picture, the dynamics of a closed quantum system is given

by
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ot

and that this is mapped by the Weyl-Wigner transform into
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where

W =W(55p) —  the Wigner function.
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Next recall that A
AxB=W(ab) =W (W (AW (B)) .

We find
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— interesting form, but not very useful.



To proceed, we use again
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To proceed, we use again
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To proceed, we use again

ez(aq—ﬁp) e—zaﬁh/Qezaq e—zﬁp _ 620457’2/2 e—zﬁp elod

If d f— ei(a(j_ﬁﬁ) Z; — ei(’ﬂj—gﬁ)’ then

i — oilaf—B)h/2 Li(latr)i—il5+6]p)

SO
W(&g}) — oiab=0)h/2 Silatr]g—i[F+6]p)

But in this case,
Alg,p) = "= Blg,p) = 0",

and so
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We now introduce the ‘Janus’ operator in phase space:
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We now introduce the ‘Janus’ operator in phase space:

YT
0q0p  Opdq

and the associated Poisson bracket

{A,BYpp=AJB.

This enables us to express the star product in a more useful way.

In our special case we have

(AJ B)(q,p) = (ad —vB)Alq,p)Blq, p)

and therefore, from (),

(A% B)(q,p) = (Ae™? B)(q,p) = (Be ™/* A)(q,p).



But then we see that this must be true also for all A(q,p), B(q,p) that can be expanded
in such exponential functions (Fourier transforms!).

In this way we arrive at the much more useful form for the star product:

AxB=Ae"2p = Be /2 4
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Especially useful for our purposes is the expanded form
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This expansion in powers of i will converge for suitably smooth A and B, but in general
we must expect at best an asymptotic expansion.



But then we see that this must be true also for all A(q,p), B(q,p) that can be expanded
in such exponential functions (Fourier transforms!).

In this way we arrive at the much more useful form for the star product:

AxB=Ae"2p = Be /2 4

Especially useful for our purposes is the expanded form

AxB=Ae"?B~ A1 +ihJ/2+ (ihJ)2)%/2+...)B

This expansion in powers of i will converge for suitably smooth A and B, but in general
we must expect at best an asymptotic expansion.

Note that the series terminates if either A or B is a polynomial in ¢ and p.

For practical purposes, we regard the expansion as valid for all A and B of interest.



Next notice that
W(a, b)) =AxB—BxA=Ae"?B - Ae™™/? B = 2iA sin(hJ/2) B

or

W(k[a,b]) = 2A sin(hJ/2) B



Next notice that
W(la,b]) = AxB—B+xA=Ae"?B— Ae /2B =2 A sin(hJ/2) B

or

W(k[a,b]) = 2A sin(hJ/2) B

This is the famous Moyal or star bracket,

{A, B}, =2 Asin(hJ/2)B

which we also use mainly in expanded form as

{A, B} AJB—h—2AJ3B+h—4AJ5B
T 24 1920

Note that the leading term is the Poisson bracket.



Returning to the quantum dynamics, we now have
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Returning to the quantum dynamics, we now have
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and so
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The leading term is the classical, Liouvillean evolution. We can say that quantum dynamics
is a deformation of classical dynamics with deformation parameter h, where the Poisson
bracket is replaced by the star bracket in phase space, or equivalently, by (1/ih)x the
commutator in Hilbert space.



Returning to the quantum dynamics, we now have

. 1.~
pr=—[H. /] 2w, = {H, W),

and so
4

K2 A
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The leading term is the classical, Liouvillean evolution. We can say that quantum dynamics
is a deformation of classical dynamics with deformation parameter h, where the Poisson
bracket is replaced by the star bracket in phase space, or equivalently, by (1/ih)x the
commutator in Hilbert space.

Wigner's idea was to use this expansion to define quantum corrections to the evolution of
the classical Liouvillean density in phase space.

From that point of view, it defines one of many versions of semiclassical mechanics.



Note that if

H=p*/2m+V(q),

then the evolution of the Liouville density p(q,p,t) is
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So, to do quantum mechanics in phase space:-

e map operators (observables) into functions using WV

e use a Wigner function instead of a classical Liouville density

e multiply functions (observables) using the noncommutative star product

e evolve the Wigner function using the star bracket rather than the Poisson bracket
Then, to get semiclassical approximations:-

e ‘expand’ the star bracket in powers of h.
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or simply,
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A=W (A) | — Weyl's quantization map!




« Conversely, we can do classical mechanics in Hilbert space . ..
Given A(q, p), define (z|Aly) (= Ax(z,y)) = W (A) ;. (z,y)

1

_ ip(z—y)/h
o Az +yl/2,p)e dp

or simply,

A 1
A=W (A) | — Weyl's quantization map!

In particular, given a Liouville density p(q, p,t), set

A

G(t) = 2xh W (p(1))

- the Groenewold operator.



We find that
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We find that

0 |= [ At daas] -1 (GoA)

and
T (é(t)) —1
but

A

G(t) is not positive definite — a quasidensity operator.



For a Gaussian density
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with classical uncertainty product
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we find for the spectrum of G,
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For a Gaussian density

_ 1 €_<q2/52+p2/72)

p(q,p,t) = p(q,p) e

)

with classical uncertainty product

AgAp = (/2

we find for the spectrum of G,

~2n [((By—h)\"
A"ﬁvﬂi((ﬂvﬂi)) ‘

Note that if 3y < h (so that AgAp < h/2), then some of these eigenvalues are negative
and some are greater than 1.



Consider W-YAB) = W_l(W(&)W(I;))

We find that (W™ (AB)) . (z,y)

[y Bty —2u ety 2 o Bty 4 2u a3y —du)
K A ) 4 K 4 ? 4

= (W (BA), (z,y)

or simply

W AB) = Ao B =B

— commutative odot product.



Question:-

W—l ~
Pt:{H>P}PB — Gy= 7

So, what is W ({A, B} pp)?



Question:-

So, what is W ({A, B} pp)?

Not hard to see that



Question:-

So, what is W ({A, B} pp)?

Not hard to see that

WA = [A,pl/(ih) = A,, say,
W (A,) = (4, Al/(ih) = A,, say
Then 1
W (AyB, — A, B,) = A, ©® B, — A,® B, = %VLB](%

so we have mét = [H ,Glo
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So, to do classical mechanics in Hilbert space:-

e map functions (observables) into operators using ¥V~

e use a Groenewold operator instead of a quantum density operator

e multiply operators (observables) using the commutative odot product

e evolve the Groenewold operator using the odot bracket rather than the commutator
Finally, to get semiquantum approximations:-

e ‘expand’ the odot bracket in powers of /.

How do we do this?



sin h
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Setting () = % sin(hJ/2),sothat AJB = A Si%{fﬂ Q B,

we use 0/sin(f) =1+ 60%/6+ 70*/360 — ... for |0] <

to see that as h — 0,
AJB~AQB+HRAJQB/24+Th*AJ*Q B/5760 — . ..
~AQB+ (A Q By —2A,Q By + Ay Q Byy) /24 + ...

Then, using W H(EQF) = [E, F|, we get

A A A A A

(A, Blo ~ [A, B+ 1 ([Ag, By) = 2[Agy, By + [Ayy, Bu)) /244 ...



So we have, finally,

WGy~ [, G) 12 ([Hyg, G = 2AHyp, G + [Hyp Gl ) /244 ..

— the analogue of the evolution equation for the Wigner function.



So we have, finally,

A A

. A - A 2 - A - A

ihGy ~ |H,G|+h ([Hqcy Gppl = 2|Hyp, Gop| + [Hpp, qu]) [24+ ...
— the analogue of the evolution equation for the Wigner function.
Note that we now get the quantum evolution plus a series of classical corrections.

This then is semiquantum mechanics — the quantum-classical interface can be explored
starting from the quantum side!

We see that we can also view classical mechanics as a deformation of quantum mechanics
— again h is the deformation parameter.



Compare:

Wy, ~{H,W}pp — R (HJ*W)/24+ ...

A A A

ihGr ~ [, G) 12 ([Hyg, ) = 2y, Ciyg) + [y, Gl ) /244 .



Compare:

Wy, ~{H,W}pp — R (HJ*W)/24+ ...

A A A

ihGr ~ [, G) 12 ([Hyg, ) = 2y, Ciyg) + [y, Gl ) /244 .

If H=p*/2m+V(q), H=p*/2m+ V(§), then

Wi ~ {H,W}pp — B*V"(q) Wypp/24 + BV (@)W ppppp/ 1920 + . ..

ihGy ~ [H,G] + B2V"(§), Gl /24 + TRV (G), G ppppl /5760 — ... .



To illustrate, consider Hamiltonians of the form

H,=E(H/E)", n=12, ...

Hy = p*/(2m) +mw?¢*/2  (SHO)
where E has dimensions of energy. Set 1 = hw/FE.
Take as initial Liouville density a Gaussian

K

1053,040(% D, O) — % €

—K’CY—O&()’?

a = (Vmwq+ip/ymw) [V2h, K =hofe

where ¢ also has dimensions of energy.






Density plots showing the classical evolution of an initial Gaussian density centered at
ap = qo = 0.5 with k = 2, as generated by the Hamiltonian Hy = H?/E. The parameters

m,w, I/ have been set equal to 1. The times of the plots are (a): ¢t = 7/4, (b): t = 7/2,
(c): t=3n/4 and (d): t = .
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Quantum evolution of an initial gaussian density, with the same parameter values used in
Figure 1, with also ¢+ = 1, and shown at the same times.
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Classical and Quantum time evolution of the first and second moments of (¢ -+ ip)/v/2 as
generated by Ho = H}/E. Points on the classical curves are marked + (red) and points
on the quantum curve are marked x (black). The first moments are graphed on the left
and the second moments on the right. In the two upper graphs, k =2, 1 = 1/2, g = 0.5
and in the lower two graphs, k = 1, = 1/4,ap = 1/1/2.
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Comparison of first moments of (q+ip)//2 for classical (+, red), semiquantum (CJ, blue),
quantum (x, black) and semiclassical (o, green) evolutions generated by the Hamiltonian
Hs = H}/E? over the time-interval [0, 7]. Here k = 2, u = 1/2, ag = 1.
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|dentical to the preceding Figure except that h has been reduced by a factor of two, by
setting k = 1, u = 1/4.
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Comparison of largest two and least two eigenvalues for classical (red), semiquantum (blue)
and semiclassical (green) evolutions generated by Hy = H;/E?, for the time interval [0, 7],
with kK =2, u = 1/2, 9 = 1. The quantum spectrum is {0, 1}. The evolution of the first
moment is reproduced for comparison in the bottom RH corner. Values at the time-points
t =1,2,3 are marked.
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Comparison of “square-negativity” for classical (red), semiquantum (blue) and semiclassical
(green) evolutions generated by H3 = H;/E? for the time-interval [0, 7], with kK = 2, u =
1/2, 00 = 1.



Conclusions
e SQ mechanics opens a new window on the quantum-classical interface.

e Need to look at more realistic Hamiltonians, for example

2

p
H=—4+YV
2m+ (Q)

e Need to look at more degrees of freedom — what happens for classically chaotic systems,
for example to the spectrum of the Groenewold operator?

e What is the relationship between SQ and SC approximations?

e What are the asymptotics of SQ approximations?
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