MATH3104 Lecture 3 (Bracken)

Let's consider an application to drug delivery through the skin. There is

great interest world-wide in developing methods of drug delivery that don't
involve injections. The nicotine patch is an example. Unfortunately, the skin
is designed to keep things out, not to let them in! In the following analysis,
D is an ‘effective’ diffusion coefficient that is much smaller — up to 4 orders
of magnitude smaller — than for the same drug diffusing in water. This is to

take account of the structure of the stratum corneum:—









eSee the next figure , which shows the graphs of the steady-state

concentration ¢(x, c0) and the approximation

(1)  co(1 — 3/ L) — Esin(ma/ L)e PP

/0

at t = 2L°/m*D and t = 3L*/7°D.



eWe are interested in the flux of drug into the circulation inside the skin.

Thus we want Ji(L,t). From (3.4) and Fick’s first equation we have

Ji(z,t) = _Dacé?t)

= 2% {1 + 2 cos(mx/L)e ™ PHE 4 2 cos(2ma/L)e 4™ DL o } (3.5)
eNote the steady-state value of the flux is D¢y /L, independent of .

eFor large times, a good approximation to .Ji(x, 1) is given by the first

couple of terms in (3.5).



oOf greatest interest is ()(t), the amount of drug that has passed into the

circulation up to time ¢, through cross-sectional area A at v = L:—

— fot AJ(L,T)dr
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eAs time t — 00, we see that Q(t) ~ 2P <t — L—2>

e The intercept of this linear function on the t-axis is called the time lag

2 . .
of the system, {;,, = é—D. It gives a measure of how long it takes the

nicotine patch to reach its full effectiveness.



e\We can combine these in a nice way using vector notation:

—

J(

—

— —DV/(7,t) (Fick's first equation in 3-D)

J = <‘]17 J27 J3)7 ﬁ — (%7%7%)7 = <I,y,Z>.

the flux vector
the gradient vector operator (‘del’)

the position (or coordinate) vector



eFick’'s second equation becomes

Oc(xyy,z,t) OJ1(x y zt) | 0Ja(xy,2t) | OJ3(wy,2.t)
ot D{ + dy + 0z }

Combining Fick's equations we now get

oc(x,y,z,t) %c(x y z,t) 0%c(z,y,2,t) 0%c(x,y,2,t)
ot D{ + Dy2 + 92 }

— the 3-D diffusion equation.

This is often written as 8cg:,t) = DV?c(T, 1)

where V? is the Laplacian operator.




elet’s look at another problem: diffusion into a biological cell.

Diffusion is an important means of transport of many nutrients and other
substances into the intracellular fluid (ICF or cytoplasm) from the
surrounding extracellular fluid (ECF).

It is usually referred to as passive transport. We assume for simplicity that

the cell is spherical, and adopt spherical polar coordinates

(7,8, @), related to Cartesians (x,y, z) by
x = rsin(f) cos(¢), y = rsin(f)sin(¢) , z = 1rcos(f)
Here 1r >0, 0<6<m, 0 <o <2m.

Now the concentration is described by a function ¢(r, 6, ¢, t).



eIn spherical polars, we find that

Vi =
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eLet’s suppose that we have a spherically symmetric situation, where ¢

does not depend on 6 or ¢, so we have ¢(r, t).

Now the 3-D diffusion equation becomes

de(rit) _pl 1 02 [rc(r t)]

du(r,t) %u(r,t)
ot rooor? D

Or ot orZ

where u(r,t) = rc(r,t). Note that u satisfies an equation in the form of a

1-D diffusion equation.



oThe flux vector now has only a component in the (outward) radial direc-
tion,

: o Oc(r,t)
given by J,.(r,t) = — D=

eConsider firstly diffusion through the wall of a spherical cell. Let the cell
radius be R and the wall thickness be a < R. Suppose the ECF and ICF
have concentrations of diffusate ¢, and ¢;, respectively. The concentration
oradient across the wall, in the outward radial direction, is

dc ~ G—%
or a

and applying Fick’s first equation, we find that the flux of diffusate across
the whole cell wall per unit time, in the inward radial direction, is therefore
given approximately by



or

where

_ A7TR2D
P = a

is called the permeability of the cell wall.



