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This follows from the integral equation

58 ORDINARY DIFFERENTIAL BEQUATIONS [Caar. 2
the solution of the initial-value problem

2 = fap) w0 =¢§
was continuous In (t,m)- Actually, the requirement of a Lipschitz cendi-
tion is too strong; its consequence, the uniqueness of the solution, 1s

sufficient for this important result. The x space is n-dimensional and the 1
p space is Ji-dimensional, as in Theorem 7.4.

Theorem 4.1. Let D be a domain of (1,x) space, 1, the domain = wol
<e¢ec>0, and D, the set of all (1,2,m) satisfying (t,x)e Dy pe I, Suppose
fisa continuous function on D, bounded by @ constant M there. For i
B = Ko let . ,

o = ftaw) o) =& . (&) R
have @ unigque solution wo on the interval [a,b], where T € [a,b]. Then there
exists a & > 0 such that, for ani fized p satisfying & — pwo| < 8, every solu-
tion ¢, 0 a,b] and as p— o

e ki’ =

caists over [

p— o
uniformly over [a,b]. pm—

Nore: Though (4.1) need not have a unique solution for p 5 o, NEVEr-
theless its solutions are continuous in p at po.

Proof of Theorem 4.1. The proof will be carried out for the case
re(ab). The result will first be proved over t—7l s« for some a > 0.
Choose « small enough 50 that the region E: [t — 7€ el — t £ Ma
isin D. All solutions of (4.1) with pely exist over [r —a, T+ ) and
remain in B, Let ¢ou denote a solution. Then the set of functions {ou))
pel,, is 8 uniformly bounded and equicontinuous set in |t — 7 = @

o) = £+ [ Tam@wds (o= (4.2)

and the inequality |f] = M.

Suppose ¢u(f) does not tend to @o(f) for some Telr — o7+ «]. Then
there exists a sequence (), o =12, . - - , for which s — ko, and corre-
gponding solutions ¢, such that . converges uniformly over [r — @
r4 alask— © toa limit function ¥ but w(l) # eo(f). From the fact
that fe C on Dy that yeC on [r — o 7 + @), and that @ converges
uniformly to ¥, (4.2) for the solutions @, yields '

o) = £+ [ Fep@pds (=Tl =

Thus v is a solution, of (4.1) with p = po. BY the uniqueness hypothesis
it follows that ¢() = ed() on - a Thusy® = oo(f). Thusall
solutions ¢, on |t — 7| = @ tend 40 o 88 p— po. - Because of the equ”
continuity, the convergence is uniform. :




