
MATH3403: Tutorial 2
Classification, transformation and solution of 2nd order linear pdes

1. 2nd order linear PDE’s for-
mula/pde01.tex

Under an arbitrary transformationξ(x, y) η(x, y) the terma(x, y)uxx + b(x, y)uxy + c(x, y)uyy

becomes:

uξξ

(
a(x, y)(ξx)

2 + b(x, y)ξxξy + c(x, y)(ξy)
2
)

+uξη (2a(x, y)ξxηx + b(x, y)(ξxηy + ξyηx) + 2c(x, y)ξyηy)

+uηη

(
a(x, y)(ηx)

2 + b(x, y)ηxηy + c(x, y)(ηy)
2
)

+uξ (a(x, y)ξxx + b(x, y)ξxy + c(x, y)ξyy)

+uη (a(x, y)ηxx + b(x, y)ηxy + c(x, y)ηyy)

2. Under the transformξ(x, y) = αx + βy, η(x, y) = γx + δy the termauxx + buxy + cuyy pde/cov004.tex

becomes:

uξξ

(
aα2 + bαβ + cβ2

)
+ uηη

(
aγ2 + bγδ + cδ2

)
+ uξη (2aαγ + bαδ + bβγ + 2cβδ)

Hyperbolic Elliptic Parabolic
Discriminant D = b2 − 4ac > 0 D = b2 − 4ac < 0 D = b2 − 4ac = 0

ξ ξ = (D
1
2 − b)x + 2ay ξ = (2cx− by)(−D)−

1
2 ξ = bx− 2ay

η η = (−D
1
2 − b)x + 2ay η = y η = y

New form −4aDwξη c(wξξ + wηη) cwηη

Derive the final row of the table for the stated transformations.

3. Classify the equationuxx + 4uxy + 4uyy and reduce it to a standard form. State the requiredpde/cov008.tex

transformation.

4. Find the general solution of the equation pde/cov016.tex

uxx + 2uxy + uyy = 2.

Verify your answeru(x, y) by substitution into the equation.

5. Classify the equationuxx + 2uxy + 5uyy and reduce it to a standard form. State the requiredpde/cov007.tex

transformation.

6. Consider the pde pde/cov005a.tex

3y2uxx − 4xyuxy + x2uyy = 0.

Find the pde satisfied byw(ξ, η) = u(x(ξ, η), y(ξ, η)) whereξ = x2 + 3y2 andη = x2 + y2.)

7. If r =
√

x2 + y2 andθ = tan−1 y
x

show that pde/cov010.tex

rx =
x

r
, ry =

y

r
, θx = − y

r2
& θy =

x

r2
.
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8. Consider the functionsu(x, y) = tan−1 y
x

andu(x, y) = x2 − y2. These are velocity potentials pde/cov011.tex

apr(for an inviscid fluid) of vortex flow and flow near a wall. In each case show thatuxx +uyy = 0,
findw(r, θ) = u(r cos θ, r sin θ), and show thatw satisfieswrr+r−1wr+r−2wθθ = 0 (Laplace’s
equation in polar coordinates).

9. This is a reference problem for you to attempt. It is too long for an exam or assignment question.
Derive Laplace’s equation in spherical coordinates using repeated application of the chain rule.pde/cov002.tex
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