MATH3403: Tutorial 2
Classification, transformation and solution of 2nd order linear pdes

. 2nd order linear PDE’s for-
Under an arbitrary transformati@tiz, y) (z, y) the terma(z, y) e, + b(z, )ty + c(z, Yy,
becomes:

uge (a(x, y)(&:)? + b(x, y)EEy + 2, y)(&)?)
+ugy (2a(x, y)&ans + b(w,y) (Eany + &) + 2¢(x, y)Eymy)
gy (a(z,y) (12) + b, y)1any + c(z,y)(1y)?)
+ue (a(2,Y) e + b(1,y)Eay + (1, y)Eyy)
Ftuy (a(@, Y)Ne + 0(2, Y) ey + (T, Y)1yy)

. Under the transforn§(z,y) = ax + By, n(z,y) = yx + dy the termau,, + buy, + cuy,  pdercovoostex
becomes:

uge (ac® +bafB + c8%) + upy, (av® + byd + ¢6%) + ug, (2aay + bas + bBy + 2¢40)

Hyperbolic Elliptic Parabolic
Discriminant| D = b? — 4ac > 0 D =b*—4ac <0 D =0b*—4ac=0
£ §=(D2 — bz +2ay | &= (2cx —by)(—D) 2 £ =bx — 2ay
n n= (=D —b)x + 2ay n=y n=y
New form —4aDwy, c(wee + wyy) CWyy

Derive the final row of the table for the stated transformations.

. Classify the equation,, + 4u,, + 4u,, and reduce it to a standard form. State the requirekcowos.ex
transformation.

. Find the general solution of the equation pde/covO16.tex
Upg + 2Ugy + Uyy = 2.
Verify your answen(z, y) by substitution into the equation.

. Classify the equation,, + 2u,, + 5u,, and reduce it to a standard form. State the requirekcowor.ex
transformation.

. COI’]Sider the pde pde/cov005a.tex
3y2um — dryus, + x2uyy =0.
Find the pde satisfied by (¢, 1) = u(z(&, 1), y(&, n)) where = 22 + 3y? andn = 22 + y2.)

. |f T = 4/ I‘Q 4+ y2 and@ = tan_l % ShOW that pde/cov010.tex

x
Ty = —
r

) TZ/:%’ 01’:_& & Qy:



8. Consider the functions(z,y) = tan™' £ andu(z, y) = 2*> — y*. These are velocity potentials peecovorex
(for an inviscid fluid) of vortex flow and flow near a wall. In each case showithat u,, = 0, apr
findw(r, 8) = u(r cos 6, rsin @), and show that satisfiesuv,, +r 1w, +r2wgy = 0 (Laplace’s
equation in polar coordinates).

9. Thisis areference problem for you to attempt. Itis too long for an exam or assignment question.
Derive Laplace’s equation in spherical coordinates using repeated application of the chain fel@coz rex



