MATH 3402
TUTORIAL SHEET 6
SOLUTIONS

1. Show that CI(AU B) = Cl(A) U CI(B).

Ans.

If z € CI(A), then every neighbourhood of = contains a point of A, and therefore
of AU B. Therefore Cl(A) C CI(AU B)

Similarly, Cl(B) C CI(AU B), and hence CI(A) UCIl(B) C CI(AU B).

If x € CI(AU B), then every neighbourhood of z contains a point of AU B and
therefore it contains a point of CI(A) U Cl(B).

Therefore z € CI(CI(A) UCI(B)), and CI(AU B) C CI(CI(A) U CI(B)).

But CI(A) U CI(B) is closed, so that CI(CI(A)UCIl(B)) = Cl(A) U CIl(B).

Hence CI(AU B) C CI(A) U Cl(B), and so the sets are equal.

2. Verify that the collection 7y defined for the one-point compactification process
is a topology on Y.
Ans. We have already seen that Y € 7y, and since ¢ € Tx, ¢ € Ty also.

If Uy and Us are in 7y, then
(a) if they are both in 7x,

UlmUQGTXcTY
(b) if U; is in Tx and Uy = W5 U {y}, then
UlﬂUQZUlﬂWQETXcTY

(¢) if neither Uy nor Us is in Ty, then Uy = W7 U {y} and Uy = W5 U {y} where
X \ Wy and X \ W; are compact in X. Therefore

UinU; =W NnWy)U{y} = WsU{y}

where X \ W3 = (X \ Wi) U (X \ W) is compact in X. Therefore Uy NUs € Ty.
For
U;Ui

if all the sets are in 7x then so is their union, and hence the union is in 7x C 7y .
Otherwise
U;U; = (Ui(U; N X)) U{y} = WU {y}

where W € Tx and at least one of the sets U; N X has a compact complement in
X. Denote this set by W’.

X \ W is closed in X, and is a subset of X \ W’. Therefore X \ W is compact
in X, and WU {y} € Ty.



3. Let Y = RU{y} be the one-point compactification of R with the usual metric.
Show that f :Y — Y defined by

fla) =z R\ {0}
fO=y 5 fly)y=0

is a continuous function on Y.

Ans. The set of all open intervals in R form a basis for R.
We can extend this to a basis for Y by adding all open sets of the form (—o0, b)U
{y} U (a,00) where b <0 < a.

Then 11
f_l((a,b)):(g,g) if0<a<bora<b<o
1 1 1 )
f ((a,b))=(—oo,a)U{y}U(5,OO) ifa<0<b
and 11
f_l((_oo7b) U {y} U (CL, OO)) = (67 5)
Where%:—ooifb:0andé:ooifazo.

Since the inverse images of the basis sets are open in Y, f is continuous.
4. Given two topologies 77 , 73 on a set A, with 77 C 75, prove that if (A, 73) is
compact then so is (A, 77).

Ans. Since 77 C 75, any open cover of A by elements of 77 is an open cover by
elements of 7.
Therefore there is a finite subcover, and (A, 77) is compact.

5. Which of the following subsets of R, R? are compact?

(i) [0,1)

(ii) [0, 00)

(iii) QNJo,1]

(iv) {(z,y) eR?® : 2® +¢* =1}

(v) {(z,y) eR? : 2% + 4% < 1}

(vi) {(z,y) e R? : [a| + [yl < 1}

(vii) {(z,y) eR? : 2 >1,0<y < 1/z}
Ans.

(i) Not closed therfore not compact.

(ii) Not bounded therefore not compact.

(iii) Not closed therefore not compact.

(iv) Closed and bounded, therefore compact.
(v) Not closed therefore not compact.

(vi) Closed and bounded, therefore compact.
(vii) Not bounded therefore not compact.
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6. Let A be a non-empty compact subset of the metric space (X,d), let L be
any fixed positive real number, and let F': A — R be a function with the property
that

|F(z) — Fy)| < Ld(z,y) Vz,y € A.

Show that for any sequence ai,as,as,... in A, the real sequence
F(a1), Flas), F(as), ..

has a convergent subsequence with limit F'(ag) for some ag € A.
Deduce that the set F(A) = {F(a) : a € A} is compact in R.
Hence show that there is a* € A such that F'(a*) < F(a) for a € A.

Ans. Since A is a compact set in a metric space, it is bounded.

That is, for fixed a € A, d(x,a) < K for all z € A.

Therefore |F(z) — F(a)| < LK for all F(z) € F(A), and F(A) is bounded in R.

It follows from the Bolzano Weierstrass theorem that the real sequence {F'(a;)}
has a limit point in R.

We can choose a subsequence {a;, } such that {F'(a;, )} converges to this limit.

This subsequence is an infinite subset in a compact set, so that it has a limit
point ag € A.

Given any € > 0, there are infinitely many term of the subsequence such that
d(ai,,a0) < 1.

For these terms we have |F'(a;, ) — F'(ag)| < € so that the limit of the convergent
subsequence is F'(ag).

The same argument shows that any limit point of F'(A) is in F'(A), so that F'(A)
is closed.

By the Heine-Borel Theorem, F(A) is compact.

(Alternatively, we could note that F' is uniformly continuous on A.)

Since F'(A) is bounded it has a greatest lower bound, and since F'(A) is closed
this bound is in the set.
That is, there exists a* € A such that F(a*) < F(a);a € A.



