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1.(a) For x = (x1, x2, . . . , xn) ∈ Rn, and p > 1, define

||x||p =

(
n∑
i=1

|xi|p
)1/p

.

Prove that for x and y in Rn,
||x+ y||p ≤ ||x||p + ||y||p

given that
n∑
i=1

|xiyi| ≤ ||x||p ||y||q where
1
p

+
1
q

= 1 .

(b) The norm ||x||∞ is defined on Rn by

||x||∞ = max
1≤i≤n

|xi| .

Show that
||x||∞ ≤ ||x||p ≤ c||x||∞

for some constant c which depends on both p and n.

2. Let (X, TY ) and (Y, TY ) be topological spaces.
(a) What is meant by the statement that the function f : X → Y is continuous ?
(b) Define a homeomorphism between (X, TX) and (Y, TY ).
(c) Show that, with the usual topology on R, (0, 1) is not homeomorphic to [0, 1].

3.(a) Let (X, T ) be a topological space, and A ⊂ X.
What is meant be the statements:
(i) ‘C is an open cover for A’ ;
(ii) ‘A is compact’ .

(b) Prove that if A is compact, then any sequence {xn} in A has a limit point in A.
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4. (a) Let (X, d) be a metric space.
Define a contraction mapping on (X, d).

(b) Consider the mapping

f

(
ξ1
ξ2

)
=
(

1
1

)
+
(

2
5

4
5

0 2
5

)(
ξ1
ξ2

)
.

Show that this is a contraction mapping on `2(2) but not on `1(2).
What is the fixed point of this mapping?

5. (a) State Riesz’s lemma.

(b) The set S = {x ∈ X : ||x|| = 1} in the normed linear space X is compact. Prove that X is finite
dimensional.


