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(1) Find all values of z such that

(a) e = —2;
(b) e* =1++/3.
Solution. (a) Write e* = —2 as e®e” = 2¢'™. This means that
=2 and y=m+2nmw (n=0,£1,£2,...).
That is,
r=1In2 and y=2n+1)7 (n=0,£1,£2,...).
Therefore

z=In2+ (2n+ 1)mi (n=0,£1,£2,...).
(b) Write e* = 14 /3 as e%e® = (1 + \/3) e"% from which we deduce that
e*=1+V3 and y=2n7r  (n=0,41,42,...).

That is,
x:1n<1+\/§> and y=2nr  (n=0,+1,+2,...).

Consequently,
z=In (1+\/§> Yonmi (n=0,%1,42,...).



(2) Show that exp(iz) = exp(iZ) if and only if z = nm, (n =0,£1,£2,...).

Solution. We can solve this problem by finding all the roots of the equation

exp(iz) = exp(iz).
Set z = x + iy and rewrite the equation as

= eYe™.

e—ye—m

Now, recall that two nonzero complex numbers
02

2 =1 and 2y = roe’

are equal if and only if

ri =71y and 0 =0, + 2nm,

where n = 0,4+1,+2,.... Thus
e?V=¢ and —x=uz+2nm,
where n = 0,4+1,+2,.... Then

y=0 and z=nmw (n=0,+£1,£2,...).

The roots of the original equation are, therefore, z = nm where n =0, £1,£2,....



(3) Show that
(a) Log (1+1)? =2Log (1 +1);
(b) Log (=1 +14)? #2Log (—1 +1).

Solution. (a) Notice that
Log (1+ i) = Log (2i) = In2 + gz

and

9Log (1 +1) = 2 (mﬁw%) - ln2+gi.

Thus
Log (1+1)* =2Log (1 +41).

(b) For the second part, we have
o . .
Log (—1+1i)° = Log (—2i) =In2 — 5t

and 5 5
2Log (—1 +1i) =2 (mﬁmf) :1n2+§@'.

Hence
Log (—1+414)* # 2Log (—1 +1)



(4) Show that

(a) the set of values of log (i'/?) is

Iy .
(n+4_1) i (n=0,£1,£2,...);

(b) the set of values of log (i%) is not the same as the set of values of 2log .

Solution. (a) The two values of i'/2 are ¢4 and ¢®"/4. Observe that

. 1
log (6”/4) =Inl+:q (% + 2n7r) = (Zn + Z) e (n=0,+£1,£2,...)

and

. 5 1
log (e™™/*) =1In 1+ <Z7T + 2n7r) = [(Qn +1) + ﬂ m  (n=0,%1,42,...).

Combining these two sets of values, we obtain

1
log (i'/?) = <n + Z) mio (n=0,%£1,42,...).

Notice also that
1 1 1
Slogi =5 [1n1+¢(g+2mr)] = <n+1> T (n=0,%1,%2 ).

Thus the set of values of log (il/ 2) is the same as the set of values of %logz', and thus we

can write .
log (il/Q) = —log1.

T2
(b) Notice that
log (i*) =log(—1) =Inl+ (m+2nm)i= (2n+ 1)mi  (n=0,£1,£2,...).
On the other hand we have

2logi = 2 [lnl +i (g +2n7r>} —(n+Dri (n=0,41,42,..).

Therefore, the set of values of log (i%) is not the same as the set of values of 2logi. In
other words, log (i%) # 2log .



(5) Use the definition
2¢ = exp (clog 2) z#0,

to show that (—1 + \/gz')?'/2 = +2/2.
Solution. Since —1 + v/3i = 2e?™/3, we have that

exp E log(—1 + ﬁi)] = exp {2 [“‘2 i (Q?W " QWH }

= exp [In (2%?) + (3n + 1)mi] = 2v2exp [(3n + 1)7i] ,

3/2

(=1+3i)

where n =0, +1,+2,....

Now, observe that if n is even, then 3n + 1 is odd; and so exp[(3n + 1)7i| = —1. On the
other hand, if n is odd, 3n + 1 is even; and this means that exp[(3n + 1)mi] = 1. So we
obtained only two distinct values of (—1 + \/gz) 3/2. Specifically,

(—1 + \/§z>3/2 — +2V2.



