Mathematical Analysis: Supplementary notes
I

0 FIELDS

The real numbers, R, form a field. This means that we have a set, here R, and two binary
operations

addition, + : R x R — R, and multiplication, - : R x R — R,

for which the axioms F1-F7 below hold true. Note that multiplication can also be denoted
by X, or simply by juxtaposition.

(F1) Associativity of addition: (r+s)+t = (r+s)+tforall r st €R;

(F2)(i) Existence of additive identity: There exists 0 € R such that
r+0=r for all r € R;

(F2)(ii) Existence of additive inverse: Given r € R there exists s € R such that

r+s=0 (we write s = —r);

(F3) Commutativity of addition: r + s = s+ r for all r, s € R;
(F4) Associativity of multiplication: (rs)t = r(st) for all r,s,t € R;
(F5)(i) Existence of multiplicative identity: There exists 1 € R with 1 # 0 such that

r-l=r for all r € R;

(F5)(ii) Existence of multiplicative inverse: Given r € R\ {0} there exists ¢ € R such
that

rt=1 (we write t = r~1);
(F6) Commutativity of multiplication: rs = sr for all r, s € R;

(F7) Distributive Law: r(s +t) =rs+rt for all r,s,t € R.



1 SEQUENCES

DEFINITION Let f: N— R (or Ny — R). Then f is called a sequence.

If f(n) = ay, then a, is called the nth term. It is customary to write such a sequence as
{a,} (or {ai,as,...}).

DEFINITION A sequence {a,} is said to converge to a limit a if for every € > 0 there
is an integer N such that |a, — a| < ¢ whenever n > N. (The number N may depend on
g; in particular, smaller ¢ may (and often does) require larger N). In this case we write

lim a,, = a or a,, — a as n — oo.
n—oo

A sequence that does not converge is said to diverge. This can be further qualified (e.g. “the
sequence diverges to +o00”).

LEAST UPPER BOUND AND GREATEST LOWER BOUND

DEFINITION Let E C R, E # (). A number b € R is called an upper (resp. lower) bound
for £ if x < b (resp. b < x) for every x € E. In the case that such a b exists, we say that £
is bounded above (resp. below).

If £ has both an upper bound and a lower bound, then we say that F is bounded.

DEFINITION By a supremum (or least upper bound) of £ we mean a number s € R
such that

(i) s is an upper bound for E and

(ii) if b is an upper bound for £, then s < b.

If £ has a supremum s, we write
s =sup FE.

(The notation s = lub E is used in some textbooks)

The infimum (or greatest lower bound) of F is defined similarly. It is a lower bound for £
which is larger than every other lower bound for E. We write inf F (or glb F).

Axiom 5 (Supremum principle) Every nonempty set of real number that is bounded
above has a supremum in R.
Every nonempty set of real numbers that is bounded below has an infimum in R.

MONOTONE SEQUENCES
DEFINITION A sequence {a,} is said to be :

nondecreasing if a, < a,1;

nonincreasing if a, > a,.1;

strictly increasing if a, < a,1;



strictly decreasing ifa, > a,1,

for every n € N. All such sequences are said to be monotone, in the latter two cases
strictly monotone.

EXAMPLE The number e.
For every n € N, let

Then
(i) {an} is strictly increasing,
(ii) {b,} is strictly decreasing,

(iii) lim a, = lim b,.
n—oo n—oo

The common limit of these two sequences is denoted by e. There holds 2 < e < 4.

LIMSUP and LIMINF

Even though a sequence need not have a limit, there are two important real numbers which
can be associated with every sequence of real numbers.

DEFINITION Let {a,} C R. For every k € N define
yr = inf{a,; n € N, n >k}

2z, = sup{a,; n € N, n > k}.
We have
y1<y2<ys<...and 21 > 20> 23> ...
Let
y = lim yx = sup{yx; k € N}
k—o0
z = lim 2z, = inf{z; k € N}.
k—oo

The numbers y and z are called the limit inferior of {a,} and the limit superior of {a,},
respectively. Note: y and/or z may be +oo or —oc.

We write

y = liminf a,, = supinf{a,; n € N, n > k},
n—oo k

2z = limsupa, = i%fsup{an; neN n>k}.
n—o0

A useful tool in the study of sequences is the notion of a cluster point.

DEFINITION. A point z is called a cluster point of the sequence {z,} if for every ¢ > 0
there are infinitely many values of n with |z, — x| < e.



Let {z,} be a sequence in R that is bounded above. The limit superior of z,, (limsup z,)
n—oo

is the greatest cluster point of {z,}; equivalently, it is the supremum of the set of cluster

points. If the sequence is not bounded above, lim sup z,, = co.
n—oo

Similarly, if {z,,} is bounded below, the limit inferior of z,, (liminf z,,) is the infimum of the
n—oo

set of cluster points. If {z,} is not bounded below, lim inf z, = —o0.
n—oo

CAUCHY SEQUENCES

DEFINITION A sequence {z,} of real numbers is called a Cauchy sequence if for every
number ¢ > 0, there is an integer N (depending on ¢) such that |z, — x,,| < & whenever
n>Nand m > N.

2 SERIES

DEFINITION Let {a,} C R and define
sn:Zak:al—l—ag—i—...—i—an
k=1

for each n € N.
The symbol 22021 Gn Or a1 + as + ... is called an infinite series having nth term a, and
nth partial sum s,,.

DEFINITION A series >~ a, is said to converge to a € R if the sequence of partial
sums s,, = 22:1 ay converges to a, and if so we write

)
a = E Q.
n=1

Otherwise, we say that Y, a, diverges.

Cauchy criterion Let {a,} C R. A series Y -, a, converges if and only if for every e > 0
there exists ng € N such that

q

> a

< e whenever q > p > ng.

n=p+1
[e.9]
Geometric series. Let a € R and r € R. Then g ar™ converges and its sum is ;% if
n=0

7] < 1. If a # 0 and |r| > 1, then this series diverges.
By the formula for geometric progressions we have (r # 1):



Assuming that [r| < 1, lim, 5, = 7%= If a # 0 and |r| > 1, then |ar™| > |a| # 0 and this
shows that the series cannot converge.
Comparison test Suppose that 0 < a,, <b,, for all but finitely many n € N.

(1) If >, by converges, then Y a, converges.
(2) If >, a, diverges, then ) b, diverges.

ABSOLUTE CONVERGENCE
DEFINITION We say that Y~ | a, converges absolutely if Y >~ |a,| converges.

Leibniz’s alternating test Let {a,} be a nonincreasing sequence of positive numbers such
that lim, oo a, = 0. Then > 7 (—1)"a, is convergent.

Root test (Cauchy) Let Y > a, and

p = limsup {/|ay|.

n—o0

(i) If p < 1, the series converges absolutely,
(ii) If p > 1, the series diverges.
(111) If p =1, then the test is inconclusive.

Ratio test (d’Alembert) Let Y > a, be a series with a, # 0 for every n.

An41

(i) If limsup,,_, < 1, then the series converges absolutely.

An41

n

(i) If liminf,

> 1, then the series diverges.

An41

(iii) If lim, oo

=1, then the test is inconclusive.

3 LIMITS AND CONTINUITY

DEFINITION Let X C R and a € R. We call a a limit point (or accumulation point)
of X if every interval (—d + a,a + 0), 6 > 0, contains at least one point of X other than a
(a need not be in X).

All points of X that are not limit points of X are called isolated points of X.

DEFINITION Let f: X — R, X C R and let a be a limit point of X. We say that f
converges to the limit ¢ as x approaches a if for every € > 0 there is a 6 > 0 such that

|f(z) — ¢] <& whenever 0 < |z —a|<¢d and z € X.

Theorem 1 Let lim f(z) = ¢ and lim g(x) = m. Then

T—a r—a



(i) lim(f(x) & g(x)) = lim f(z)  lim g(x) = (£ m,

(1) lim af () = alim f(x) = al  for every a € R,
Tr—a xr—ra
flz)  limg, f(z) /

(iii) if m # 0, then lim g(x)  limg,g9(x)  m

(iv) lim f(x)g(x) = lim f(x) - lim g(z) = Cm.

Theorem 2 (Squeeze principle) Let f : X - R, g: X - R, h: X — R be such that
f(z) < g(z) < h(x) for allxz € X. If lim f(z) = lim h(z) = £, then lim g(x) = ¢.
T—a T—a T—a

LIMITS AT INFINITY

DEFINITION Let f : [a,00) — R. We say that lim f(z) = ¢ if and only if for every e > 0
T—00
there exists M > 0 (think of M as needing to be large if ¢ is small) such that

|f(z) —¢] <& whenever z > M.

We say that lim f(z) = oo if and only if for every N > 0 there exists M > 0 such that

T—r00

f(z) > N whenever x > M.
In a similar manner we define limits at —oo.

The squeeze principle remains valid for limits at co (—o0).

EXAMPLE Let f(z) = ff'; For every € R we have

1 sin x 1
— < < .
L+ |z] = 14z = 14 ||

Since mlgg() T+ 7] = 0, we also have g}grﬁlo f(z)=0.

CONTINUOUS FUNCTIONS

DEFINITION Let f : (a,b) — R and zy € (a,b). We say that f is continuous at zg if
Jim f(2) = f(zo).

This means: f is continuous at z if for every € > 0 there exists a 6 > 0 such that
|f(z) = f(z0)] <& whenever |z — zg| <.

The function f is continuous on (a,b) if f is continuous at each point of (a, b).

Theorem 3 Let f and g be defined on (a,b) and continuous at the point xy € (a,b), and
let X be a constant. Then

(i) X f(x) is continuous at x,

(i1) f(x) £ g(z) is continuous at xy,



(iit) f

(x) - g(x) is continuous at x,
(iv) % is continuous at xo, provided g(xq) # 0.

Theorem 4 (composition of functions) Let lim g(x) = ¢ and let f be continuous at £:
T—T0
then there holds lim f((g(z)) = f(¥).
T—T0

If g is continuous at xo and f is continuous at g(xo), then fog(x) = f(g(z)) is continuous
at xy.

DEFINITION Let I be an interval, f : I — R. We say that f is uniformly continuous on
I if for every € > 0 there is a § > 0 such that

z,y € I and |v —y| < imply |f(z) — f(y)] <e.

Theorem 5 Let f: [a,b] — R be continuous. Then f is uniformly continuous.

PROPERTIES OF CONTINUOUS FUNCTIONS

Intermediate Value Theorem Let A be a constant and f : [a,b] — R continuous on
[a,].

If fla) < A< f(b) or f(a) > XA > f(b), then there is a ¢ € (a,b) such that f(c) = \.
DEFINITION We say that a function f attains its minimum (maximum) value on a set

QCcRataeQif f(z) > f(a) (f(z) < f(a)) for all x € Q. We say that a function f has an

extremum at a on € if it attains its maximum or its minimum value on 2 at a.

Extreme value theorem A continuous function f on a closed interval |a,b] attains its
mazximum and minimum values on [a,b].

4 SEQUENCES AND SERIES OF FUNCTIONS

An important way to construct nontrivial functions is to obtain them as limits of sequences
or series of given functions.

DEFINITION (pointwise convergence) Let X C R and f, : X — R for each n € N.
The sequence {f,,} is said to be pointwise convergent on X if there exists a function f: X —
R such that f(x) = lim, . fn(x) for every x € X. In this case, f is called the pointwise
limit on X of the sequence {f,}.

DEFINITION (uniform convergence) The sequence {f,} is said to be uniformly con-
vergent on X if there exists a function f: X — R such that for every € > 0 there exists an
N € N such that

|fu(z) — f(z)] <& whenever n > N and z € X.

The number N may depend on € but not on .



Theorem 1 Let f, : [a,b] — R be continuous for each n € N. If f,, — f uniformly on [a,b],
then f is continuous on |a, b|.

Theorem 2 (Cauchy condition) Let X C R and f, : X — R. Then the following two
assertions are equivalent:

(i) {fn} is uniformly convergent,

(i1) for every e > 0 there exists some N € N such that for every v € X

|fn(x) — fi(x)| < & whenever n,m > N.

SERIES OF FUNCTIONS
Let f, : X - R, X CR and

sn(2) = fi(®) + . 4 ful@).

DEFINITION If {s,(x)} is pointwise convergent on X to s(z), then we say that the series

ka(x) is pointwise convergent on X and that s is its pointwise sum on X. If {s,(z)}

is uniformly convergent on X to s(x), then we say that the series Z fr(x) is uniformly

k=1
convergent on X and that s is its uniform sum on X.

Theorem 3 (Weierstrass M-test) Let X C R and f, : X — R. Suppose that there exists a

sequence {M,} of nonnegative numbers such that Z M, < oo and |f.(z)| < M, forx e X

n=1
and n € N. Then Z fu(2) is uniformly convergent.
n=1
Theorem 4 (Abel’s test) Let A C R and ¢, : A — R be a decreasing sequence of functions,
that is, ¢ni1(z) < ¢n(x) for every x € A. Suppose that there is a constant M such that

\on(z)| < M for every x € A and every n. ]fon(x) converges uniformly on A, then so

n=1
does Y dn() fu(2)
n=1
Theorem 5 (Dirichlet’s test) Let s, (x Z fr(x) for a sequence fi, : A — R. Assume that

there is a constant M such that |s,(x)| < M for every x € A and every n. Let g, : A =R
be such that g, — 0 uniformly, g, > 0 and g,+1(x) < go(x). Then Z fu(x)gn(z) converges

uniformly on A.



5 DIFFERENTIATION OF FUNCTIONS OF ONE
VARIABLE

DEFINITION Let a function f be defined on some open interval containing xy € R. We
say that f is differentiable at x if

f/(x0) = lim f(xo+h) — f(xo)

h—0 h

exists. We call f’(zo) the derivative of f at xy. Rewriting this condition as

lim f(x) = f(wo) — f'(w0) (7 — 20)

T—x0 T — J)O

=0,

we see that the straight line y = f(zo) + f'(z0)(x — o), called the tangent line to the graph
of f at xg, is a good approximation to f near xy, and rewriting it as

i [0+ A2) = f(a0)
Az—0 Azx

- f,(l'o) = 07

we see that f’(zg), being the limit of slopes of the secant lines, can be interpreted as the
slope of the tangent line to the graph of f at (xq, f(xo)).

Proposition 1 If f is differentiable at xo, then f is continuous at xg.

Theorem 2 Let f,g: I — R be defined on an open interval I and differentiable at x € 1.
Let a € R. Then the functions of, f + g, f-g and 5 (provided g # 0) are differentiable at
x. Moreover,

(i) (af)(z) = af'(x),
(i) (f +g)'(x) = ['(2) + g'(x),
(wii) (f-9)(x) = f(x)g'(x) + g(x)['(x),

(iv) (L)' = de S

Theorem 3 (Chain rule) Let f : [ — J and g : J — R, where I and J are open
intervals. Suppose that f is differentiable at ¢ € I and that g is differentiable at f(c). Then
the composite function go f : I — R defined by go f(x) = g(f(z)) is differentiable at ¢ and

(g0 f)(c) =g (fe)f(c).

LOCAL EXTREMA



DEFINITION Let f : E — R, E C R. We say that f has a local maximum (local
minimum) at c if there exists a neighbourhood U of ¢ such that f(x) < f(c¢) ( f(z) > f(c))
for every x € U. If f has either a local maximum or a local minimum at ¢, we say that f
has a local extremum at c.

The next theorem gives a necessary, but not sufficient, condition that a local extremum
exists at a given point.

Theorem 4 Let a < ¢ < b and f : [a,b] — R be given. If f has a local extremum at ¢ and
f'(c) exists, then f'(c) = 0.

Remarks

(a) The restriction that ¢ is not an endpoint of [a, b] is necessary. For instance, the function

f(xz) = v/ on [0,1] has a local minimum at 0 and a local maximum at 1, f}(0) = oo
and [’ (1) = 1.

2

(b) The function f(z) = z® on (—1,1) satisfies f/(0) = 0 but does not have a local
extremum at 0.

(c) The theorem assures us that if we are seeking all local extrema of a differentiable

function on an open interval, then we need only consider, as candidates, those ¢ for
which f'(c¢) = 0.

(d) If f(z) = |z| for z € R, then f has a local minimum at ¢ = 0, but f/(0) does not exist.

MEAN VALUE THEOREMS

Theorem 5 (Rolle’s theorem) Suppose that f : [a,b] — R is continuous on [a,b], differ-
entiable on (a,b) and f(a) = f(b). Then there exists a number £ € (a,b) such that f'(§) = 0.

Theorem 6 (Lagrange) Let f : [a,b] — R be continuous on |a,b], and differentiable on
(a,b). Then there exists a point ¢ € (a,b) such that f(b) — f(a) = f'(¢)(b— a).

Theorem 7 Suppose that f is continuous on |a,b] and differentiable on (a,b).
(1) If f'(x) >0 for every x € (a,b), then f is nondecreasing on [a,b].
(i1) If f'(x) <0 for every x € (a,b), then f is nonincreasing on |a, b.

, then f is strictly increasing on |a,b].

() If f'(x) <0 for every x € , then f is strictly decreasing on |a, b].

(z)

(z) (a,b
(iii) If f'(x) >0 for every x € (a,b

(z) (a,b
(v) If f'(xz) =0 for every x € (a,b), then f is constant on [a,b].

Theorem 8 Suppose that f is continuous on [a,b] and is twice differentiable on (a,b), and
that xy € (a,b).

(i) If f'(xo) = 0 and f"(x¢) > 0, then g is a strict local minimum of f.

(11) If f'(z0) =0 and f"(x¢) <0, then zg is a strict local mazimum of f.

10



6 INTEGRALS OF FUNCTIONS OF ONE VARIABLE

DEFINITION Let f : [a,b] — R be a bounded function. We partition [a, b], which means
we choose an integer n and points xg,x1,...,2x,_1, %, in such a way that a = x¢p < z; <

. < Xp_1 < x, = b. Denote such a partition by P, that is, let P = {xg,z1,...,2,}. Then
form two sums

ZM —x;1), where M; = sup f(z)

TE€[xi_1,m)

and

Zml x; —xi_1), where m; = inf f(x),

JSE[CEZ‘,LCCZ‘]
called the upper and lower Riemann sum (with respect to P), respectively.
Since f is bounded, say —M < f(x) < M for every x € [a, b], we see that
(6.1) —(b—a)M < L(f,P) <U(f,P) < (b—a)M

for every partition P of [a, b].

It seems reasonable to expect that as the size of the intervals in P gets smaller, U(f, P)
decreases while L(f, P) increases.

DEFINITION If P and P’ are partitions of [a, b] with P C P’, then P’ is called a refinement
of P.

Lemma 1 If P’ is a refinement of P, then L(f, P) < L(f,P") and U(f,P) > U(f, P’).

According to the inequality (6.1) Riemann sums are bounded: therefore we can introduce
the following notation:

b

/ f(z)de = inf{U(f, P); P is any partition of [a,b]},
the upper Riemann integral, and

b
/ f(z)dx = sup{L(f, P); P is any partition of [a,b]},

the lower Riemann integral.

Lemma 2 Let P, and P, be any partitions of [a,b]. Then L(f, P) < U(f, P,).

£ fla)de < Zf(m) dr

11

Corollary 3



DEFINITION We say that f : [a,b] — R is Riemann integrable or that the Riemann

integral exists, if L
b b
/ f(z) dac:/ f(z)dx.

The common value is denoted by fab f(x)dx.

Theorem 4 A function f : [a,b] — R is integrable on [a,b] if given any ¢ > 0 there is a
partition P such that
U(f,P) —L(f,P) <Eé&.

Theorem 5

(i) If f : |a,b] = R is bounded and continuous at all but finitely many points of [a, b], then
f is integrable on [a,b].

(i) Any increasing (decreasing) function on |a,b] is integrable on |[a, b].

PROPERTIES OF INTEGRALS

Theorem 6

(1) If f is bounded and integrable on [a,b] and k € R, then k- f is integrable on [a,b] and
b b
/ k- f(z)dx = k;/ f(z)dx.

(i1) If f and g are bounded and integrable on |a,b], then f + g is integrable on [a,b] and

/ab(f+g)dx:/abfdm+/abgdx.

(11i) If f and g are bounded and integrable on [a,b] and f(x) < g(x) for every x € |a,b],

then , ,
lﬂwmslm@m

() If f is bounded and integrable on |a,b] and [b,c|, then f is integrable on |a,c| and

/acfda::/abfd:vqt/bcfd:)s.

Theorem 7 (Mean value theorem) If f is continuous on |a,b|, then

b
l/f@ﬂfzﬂ@@-@

12



for some c € [a,b].
Let f: [a,b] — R be a continuous function.

DEFINITION An antiderivative of f is a continuous function F' : [a,b] — R such that F'
is differentiable on (a,b) and F'(z) = f(x) for a < z < b.

Theorem 8 Let [ be bounded and integrable on [a,b]. Then |f| is integrable on [a,b], and

‘/abfdx‘g/abmdx.

Theorem 9 (The fundamental theorem of Calculus) Let f : [a,b] — R be a contin-
wous function. Then f has an antiderivative F and

/ f(z)dx = F(b) — F(a).

If G is any other antiderivative of f, we also have

b
/ f(z)dx = G(b) — G(a).

Theorem 10 (Integration by parts) If 2 and % are continuous on [a,b], then

/abuj—z dz = u(b)o(b) — ula)v(a) — /ab %U I

We often need to integrate unbounded functions or to integrate over unbounded regions. The
resulting improper integrals lead to convergence problems analogous to those for an infinite
series.

DEFINITION (improper integrals - first kind) Let f : (a,b] — R and suppose that
f is not necessarily bounded at a (near a) but f is integrable on [a + ¢,b] for every € > 0
sufficiently small. We say that f is improperly integrable (or ff f(x) dx exists) if

b
lim f(x)dx exists.
e=0% Jote

b b
If this limit exists it is denoted by f: f(x) dx (that is, / f(x)der = lim+ f(x)dx).
a e—0 ate
In a similar manner we define improper integrals f : [a,b) — R (if f is unbounded near b).
DEFINITION (improper integrals - second kind) Let f : [a,00) — R and suppose
that fab f(x) dx exists for every b > a. We say that f is improperly integrable if

b
lim [ f(x)dz exists.
b—oo [,

13



If this limit exists, it is denoted by [ f(z) dz.

Similarly we define improper integrals for f: (—o0,a] — R,

/a f(x)d:c:blim af(x)dx.
oo ——o0 J},

If f: (—00,00) = R, we set

00 b
/ f(z)dz = lim 0 f(x)dz + ble f(z)da.

a——0o0 a 0

The integral ffooo f(z) dx diverges if one of these limits does not exist.

Theorem 11 (Comparison test for improper integrals) Suppose f(x) > 0 and g(x) >
0 for x > a.

(i) If g(x) < f(x), then the convergence offaoo f(z) dx implies the convergence offaOO g(x)dx.

(it) If g(x) > f(x), then the divergence of [~ f(x)dx implies the divergence of [ g(x) dx.

The analogy between positive - term series and improper integrals of positive functions is
the key to the integral test.

Theorem 12 If f is continuous, nonnegative and nonincreasing on [1,00), then > >~ f(n)
and floo f(z)dx converge or diverge together.

14



7 TAYLOR SERIES

TAYLOR’S FORMULA

Theorem 1 (Taylor’s formula) Suppose that the first (n+ 1) derivatives of the function
f exist on an interval containing points a and b. Then

(7.) 0 = @+ F@b-a+Lp—ap 4 @0 gy
) P
4+ ...+ n' (b—a) +m(b—@)

for some number & between a and b.

REMARK Taylor’s formula with the Cauchy form of the remainder:

1) = f@+r@o-a+L0p—ap .+ L0

2!
1 [

n! J,

(b—a)"

+ (b — )" fO V(1) dt.

for some number t between a and b.

TAYLOR SERIES

Suppose that f is a function with continuous derivatives of all orders in an interval (c,d).
Let a € (¢,d) and let n be an arbitrary positive integer. We know by Taylor’s formula that

f(x) = Pu(x) + Ru(2),

where

/ " (13 B (1)2
P.(xz) = f(a) + f'(a)(z — a) + f"(a) 5
and R, is either the Lagrange or Cauchy remainder.
Now suppose that, for some particular fixed value of x, we can show that

+. 4 fM(a)

lim R,(z)=0.

Then it follows from (7.1) that

‘ . n f(k) a N
f(z) = lim P,(z)= lim ( k"( )(:I:—a) )

The infinite series in this equation is called the Taylor series (of f at a).

15



EXAMPLES We have the following Taylor formulae for the exponential and trigonometric

functions: ,
.1’3 n 65

=14 T b ot 2t
B 2l 30 T ol T (4 1)! :
2 at zn cos &
cos e TR D g VT g
3 zd 2l cosé
] = r — — — . —1)" _1\n+l1 2n+3
sinx = x a0 + = +(=1) 2n+1)! (-1 —(2n+3)!x )

In each case £ is some number between 0 and x. Since & is between 0 and z, it follows that
0 < et <ellin Taylor’s formula for e”. In the formulas for the sine and cosine functions,
0 < |cos¢| < 1. Therefore the fact that

x’I’L

lim — =0 forall x
n—oo Nl
implies that lim, .., R,(z) = 0 in all three cases above. This gives the following Taylor

series:

T - " 552 1?3 .Z‘4
) :zérlmwwww >
o n:L,Qn l’2 .1'4 ZL'6
n=0
Smx:Z(—l) mzx—ngﬁ—ﬁjL...

n=0

8 VECTOR FUNCTIONS - FUNCTIONS OF SEV-
ERAL VARIABLES

Addition and scalar multiplication of n-tuples are defined by

(1, oy @n) + (Y1, -5 Yn) = (1 F Y15+, T+ Yn)

and
a(xy,...,x,) = (axy,...,az,) for a € R.

The length or norm of a vector x in R" is defined by

n 2
|z = [l=]l = {Z;ﬂ} :
i=1

16



The distance between two vectors x and y is defined by

[z —y| = [z —yll = {Z(m - yz-)z} :

=1

The inner (scalar) product of z and y is defined by

=1

We have:

17



Theorem 1 For x, y, z € R" there holds:

(i) (z,2) = |z],
(i) |(z,y)] < |z|-|y| (Cauchy - Schwarz inequality),

(1) [ +y| < ||+ ly|
() |z —y| <|z—=z|+|z—y| ((iir) and (iv) are called triangle inequalities)
DEFINITION Let S and T be given sets. A function f : S — T consists of two sets S

and T together with a "rule” that assigns to each x € S a specific element of T', denoted by
f(x). One often writes x — f(z) to denote that = is mapped to the element f(z).

For a function f: S — T, the set S is called the domain of F. The range, or image, of f is
the subset of T defined by f(S) = {f(z) € T; x € S}.

Iff: QCcR*— R™ we write

flxr, oo xn) = (fi(xy, .o zn), ooy f(@1, o).

The f; are called coordinate functions, or components of f.

Composite functions If two functions f and g are so related that the range space of f
is the same as the domain space of g, we may form the composite function g o f by first
applying f and then g. Thus

go flz) =g(f(x))
for every vector x in the domain of f.

The operation of addition and multiplication of vector functions
Let f and g be functions with the same domain and having the same range space. Then the
function f + g is the sum of f and g defined by

(f +9)(x) = f(z) + g(z)
for all z in the domain of both f and g.
Similarly, if » € R, then rf is the numerical multiple of f by r and is defined by rf(z) =
LIMITS AND CONTINUITY OF VECTOR FUNCTIONS
Let f: QCR" = R™ Weuse [z—y| = /Do (i —y)2 o= (21, 20), ¥y = (Y1, -, Yn)-

DEFINITION Let 2 C R™. Then a is a limit point of 2 if, for every £ > 0, there exists
a point y € Q such that 0 < |a — y| < e.

In other words, the definition says that a is a limit point (or accumulation point) of €2 if
there are points in 2 other than a that are contained in a ball of arbitrarily small radius
with centre at a.

18



We come now to the definition of a limit for a function f:  — R™, 2 C R™.

DEFINITION Let yp € R™, and let 25 € R™ be a limit point of €2. Then g, is the limit
of f at xg if, for every € > 0, there is a 6 > 0 such that |f(z) — yo| < € whenever x satisfies
0<|r—mx <dand x € Q. (We write lim f(x) = yo)

T—rT0

Less formally, the definition says that for z # z,, f(x) can be made arbitrarily close to yo
by choosing x sufficiently close to x;.

Geometrically, the idea is this: given any ball B(yo, ) in R™, there exists a ball B(z, ) C R"
whose intersection with Q (the domain of f), except possibly for xy itself, is sent by f into
B<y07 5)'

Theorem 2 Let f: Q — R™, Q C R” and let 2° be a limit point of Q. Then lim f(x) = y"

z—20

if and only if lim filx) =9, i=1,...,m.
T—T
DEFINITION A function f is continuous at x if z is in the domain of f and lim f(z) =
T—TQ
f(z0).

At a nonlimit or isolated point of the domain, we cannot ask for a limit; instead we simply
define f to be automatically continuous at such a point.

Theorem 3 A vector function is continuous at a point xq if and only if its coordinate
functions are continuous there.

Theorem 4 FEvery linear function L : R" — R™ is continuous on R™, and for such an L
there s a number k such that

|L(z)| < klz| for every x € R™.

The continuity of many functions can be deduced from repeated applications of the following
theorem:

Theorem 5

(1) The functions Py, : R™ — R, where Py(x) = xy, (i.e. Py : (x1,...,2,) — x1) are
continuous fork=1,...,n.

(2) The functions S : R* — R and M : R* — R, defined by S(z,y) = = +y and

M(z,y) = zy are continuous.

(3) If f: R* = R™ and g : R™ — R? are continuous, then the composition g o [ given by
go f(z) =g(f(x)) is continuous wherever it is defined.
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9 DIFFERENTIABILITY OF VECTOR FUNCTIONS

DEFINITION Let 2 C R™. A point zy € 2 is an interior point of a set S if there exists
a positive number § such that {z : |x — z¢| < 0} C Q (equivalently B(zy,d) C Q)
A subset of R"™, all of whose points are interior, is called open.

Many of the techniques of calculus have as their foundation the idea of approximating a vector
function by a linear function or by an affine function. Recall that a function A : R* — R™
is affine if there exists a linear function L : R™ — R™ and a vector yg € R™ such that

A(x) = L(z) + yo for every = € R".
EXAMPLE Consider a point yy = ( ;) ) and a linear function L : R3 — R? given by
T
1 21
y:”x):(z& 4 5) 2
T3
equivalently,

Y1 = X1+ 2x9+ T3
Yo = a1+ 4ws+ dxs.

The affine function A(z) = L(z) + yo is defined by the equations

y1 = a1+ 20+ w3+1
Yo = 3x1+4x9 + dxs + 3.

We shall now study the possibility of approximating an arbitrary vector function f : 2 — R™,
with 2 C R", near a point zy of €2 by an affine function A.

We begin by requiring that f(zg) = A(zg). Since A(x) = L(x) + yo, where L is linear, we
obtain f(xg) = L(zo) + 3o and so

(7.1) A(x) = L(z — xo) + f(xo).
A natural requirement is that

(7.2) lim (f(z) — A(z)) = 0.

Tr—TQ

We observe that from (7.1) we have

f(@) = Alx) = f(z) — f(x0) — L(z — o).

Since L is continuous, (7.2) says that

0= lim (f(z) ~ A(x)) = lim (f(z) = f(z0),

T—rT0 T—T0
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which is precisely the statement that f is continuous at xy. This is significant, but it says
nothing about L. Thus, in order for our notion of approximation to distinguish one affine
function from another or to measure how well A approximates f, some additional requirement
is necessary. We require that f(z) — A(z) approaches 0 faster than x approaches z. That
is, we demand that

)~ ()~ L )

z—0 |z — ¢

=0.

Equivalently, we can ask that f be representable in the form
f(@) = f(zo) + L(z — 0) + |2 — o|2(x — 20),
where z(y) is some function that tends to 0 as y tends to 0.
DEFINITION A function f: D C R® — R™ is said to be differentiable at x, if
(1) xq is an interior point of the domain D of f,

(2) there is an affine function that approximates f near zo. That is, there exists a linear
function L : R™ — R™ such that

oo 1) = J(w0) = Dlw — )

20 |z — ¢

=0.

The linear function L is called the differential of f at xy.
The function f is said to be differentiable if it is differentiable at every point of its domain.

I[f n =m =1, an affine function has the form az+b. Hence f : R — R that is differentiable at
xo can be approximated near xy by a function A(x) = ax+b. Since f(x¢) = A(zo) = axo+Db,
we obtain b = f(x¢) — axg and

A(z) = ax +b=alx — xg) + f(x0).

The linear part of A, denoted earlier by L, is L(x) = az. The condition (2) of the definition

becomes
o @) = o) —ale—w)
z—ao |z — o
This is equivalent to
) = F )
im ——————~ =q.

T—T0 T — Ty

The number @ is commonly denoted by f’(z¢) and it is the derivative of f at xy. The affine
function A is therefore given by

A(z) = f(xo) + f'(xo) (z — o).

Its graph is the tangent line to the graph of f at x.
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General case: n,m > 1. A linear function L : R™ — R™ must be representable by an m
- by - n matrix, that is, L(z) = Az. We shall show that the matrix A of L satisfying (1)
and (2) of the definition can be computed in terms of partial derivatives of f. To find the
matrix A, we consider the standard basis (eq,...,e,) of R™. If 4 is an interior point of the
domain of f, the vectors

¥ =z +te;, j=1,...,m,

are all in the domain of f for sufficiently small ¢. By condition (2) of the definition we have

o £ = o) — Litey)

t—0 t

= 0.

Since L is linear, we deduce from this

J) —
i £ = fxo) _ L(e;).
t—0 t
L(e;) is the jth column of the matrix A of L. On the other hand the vector 27 differs from

xo only in the jth coordinate, that is,

df1(z0)
Oz
) — flx '
L f@) ~ f)
t—0 t )
8fm(mO)
oI
and the entire matrix of L has the form
Ofi(zo)  9f1(wo) 9f1(xo)
ohlee)  0hle) | oble)
325010 ) QQIQO I 62zn0 . i = 8];(1‘0)
- xJ
9 fm(z0) O fm(x0) O fm(z0)
Ozl 9 Ox2 9 A Oxm

This matrix is called the Jacobian matrix or the derivative of f at zy, and it is denoted

by f'(zo). It follows that L is uniquely determined by the partial derivatives 9fizo)

OxI
The differential of L at xg is also denoted by d,, f or D, f.
We summarize what we have just proved as follows.

Theorem 1 If the function f : R*™ — R™ s differentiable at x¢, then the differential d,, f
s uniquely determined, and its matriz is the Jacobian matrixz of f. That is, for every vector
y in R™ we have

Dao f(y) = f'(0)y.

We interpret y = f(zo) + f'(z0)(x — x¢) as the equation of the tangent plane to the graph
of f at (zo, f(x0)).
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EXAMPLE The function
T+ e¥
T+ ysinz
has coordinate functions f(x,y,z) = 2% + ¢¥ and fo(x,y,2) = x + ysinz. The Jacobian
matrix of f at (x,y,2) is

ofp  ofi  of
f’({,{j’ y Z) _ 3_117 3_}/17 a_zl _ 233, ey, 0
Y5 %’ %_57 % 1, singz, ycosz |’

The differential of f at (1,1,7) is

x
2 e 0 | 2z +ey
d(l,l,ﬂ')f<my7) |:1 0 _1:| ) _|: T — =z :|

z

The affine mapping that approximates f near (1,1, ) is
- -l x—1
2 e O
A(l’,y,Z) = _1 0 _1_ EZ:,]::. —|—f(1,1,’/T)

[ 1+e +_2 e 0 x:i
- 10 -1)|7

- z—
o[ 1+et2m—1Dtely—-1)] [2z2+ey—1
N I+ (x—-1)—(z—m) | z—z4+m |

Remark: If f: R® — R, then the Jacobian matrix is reduced to a gradient
of of af
/ —
Jle) = ((99(:1’ Oxy Gxn)'
The notation V f(x) is also used. In this case the differential of f at xy is given by

L(x) = dyo f () = xlaJ(;(Zo) + zagiZ 0) + ... xn@](;;xo)‘

EXAMPLE Let f(z) = >." 27 = |z[>. Show that f is differentiable at every point
xo € R™
If f is differentiable at x(, then the differential of f at xy must be given by

L(z) =d, f(x Z 2202, = 2z,

Then
f(@) = fxo) — Lz — xo) _ |z[* — |zo|* — 220 (2 — )
|z — o] |z — o]
|2 = Jwol® = 2zow + 2|zo? |z + |@ol? — 2zex |z — 2o
a |z — o] B |z — o] IR

= |z —x9| >0 as z — .
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Therefore f is differentiable at each point xy € R™.

How one can tell whether or not a vector function is differentiable? We only know that if f
is differentiable then the differential is represented by the Jacobian matrix.

Theorem 2 If the domain of f : R* — R™ s an open set D C R™ on which all partial

derivatives gi; are continuous, then f is differentiable at every point of D.

For example
f(@1, 22, 23) = (27 + 212223, €772 sin(2y + 22 + 73))

is differentiable at every point of R3.
It follows from the definition of a differentiable vector function that:
Theorem 3 If f is differentiable at xo, then f is continuous at x.

The converse is not true.

EXAMPLE Consider the function

Flay) = { A for (2.y) #(0,0)

0 for (x,y) = (0,0).
Since lim ;) (0,0) \/:Z?Ty? = 0= f(0,0), f is continuous at (0,0). If f were differentiable at
(0,0), then
d(0,0)f(xa y) = (fw(()? 0)7 fy(07 0))
e £(h,0) = £(0,0)
£:(0,0) = lim - =0
e £(0, 1) — £(0,0)
fy([)?o) :}LIA)I% h :Oi
dio,0)f(x,y) = 0 for all (z,y) € R On the other hand
. f(a?,y) - f(07 0) B d(0,0)f<x7y) _ . ry
lim = lim ——— =0,

(,4)—(0,0) Vv + 2 (@y)—(0,0) 12 + 32

which is impossible as the function —-45 does not have a limit at the origin.

1.2+y2
Notice that f has partial derivatives at (0, 0): % =0and %Z’O) = 0. This means that the
gradient (the Jacobian matrix) exists. However, this does not guarantee the differentiability

of f at (0,0).
Let f: R" = R, zp € R” and u € R" be a unit vector. This means |u| = 1, where
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DEFINITION The directional derivative of f at xy in the direction u, denoted by %
or Dy, f(xg), is defined by

From this definition we see that the directional derivative is the rate of change of f in the
direction u.

Theorem 4 If f is differentiable at x, then

Of(x) .
ou f(@)u

for every unit vector in R™.

EXAMPLE Let f(z1, %, 23) = 2% + 23 + ™2, u = (3,1, \/Li)
Then

ou 0xy ULt 0xo va ¥ 0xs s
1

1 1 e
— 2. 24642 —=14+-+V2
gte g+ +5+ V2

EXAMPLE Show that the existence of all directional derivatives at a point x does not
imply the differentiability at this point.

Let
[ A for (2y) £ (0,0),
fla,y) = { a/_ for (z,y) = (0,0).

We know that f is not differentiable at (0,0). However, W exists at each direction
u = (u,uz). Indeed,

0£(0.0) _ -

tulltuﬂ 1 t\t!uﬂuﬂ .
ou t—0 ¢ tZU% + t2u% t—0 t’t|

—U1|U2|.

We have that % is the slope of the tangent line at (xg, f(x¢)) to the curve formed by the
intersection of the graph of f with the plane that contains (z¢ + tu) and zg, and is parallel
to the z-axis.

We always have
df (xo)
ou

, we have

= Vf(zo)u <[V f(o)llul = [V f(xo)]-

V f(@o)

For u = 7ro);

Of(xo) _ Vf(x) - V(xo) _ IV f(0)]?
u [V f(20)] IV (o)

25
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This shows that the rate of change of % is never greater than |V f(x)| and is equal to it
in the direction of the gradient.

CHAIN RULE
As in the one-dimensional case, the chain rule is a rule for differentiating composite functions.

Theorem 5 Let g be a continuously differentiable function on an open set 2 C R™ and let
f be defined and differentiable for a < t < b, taking its values in ). Then the composite
function F(t) = g(f(t)) is differentiable for a <t < b and

F'(t) = Vg(f(t) - '(t).

EXAMPLE Let g(z,y) = 2%y + ** for (z,y) € R? and let f(t) = (¢,t*). Then
Fit)y=(12t), Vg(z,y) = Quy+ e, 2" + ")
and
F'(t) = (2 + e 2+ (1,2)

= 2% 4 e 2% 4 2te!

= 43+ ettt + otel
The following theorem gives the extension to any dimension for the domain and range of ¢
and f.

Theorem 6 (the Chain Rule) Let f : R™ — R™ be continuously differentiable at x and
let g : R™ — RP be continuously differentiable at f(x). If go f is defined on an open set
containing x, then go f is continuously differentiable at x, and

(90 f) (@) =g (f(@)f ().

Proof The matrices here have the form

991 (f(z)) 9g1(f(z)) df1(x) df1(x)
oy1 yrt OYm, ox1 [ Oxn
. and .
Agp(f(x)) 9gp(f(x)) Ofm(x) Ofm(x)
o o P vty TBas

The product of the matrices has as its 45 th entry the sum of products

S~ 20/() 04ule)

1 8yk 3xj
This expression is the scalar product of two vectors Vg;(f(z)) and aga(::f). It follows from
Theorem 5 that of) (g f)x)
x gio J)\x
V ) = )
o (0) g = =5
because we differentiate with respect to the single variable z;. O

EXAMPLES
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(1) Let f(z,y) = (z* + y* 2* — y?) and g(u,v) = (uv,u+v). Find (go f)(2,1). First we
compute ¢’ and f’

e I B
To find (g o f)(2,1), we note that f(2,1) = (5, 3),

/5= |7 1] ren=|5 2]

Then the product of the matrices ¢'(5,3) and f'(2,1) gives
3, D 4, 2 [ 12+20, 6-10 | | 32, —4
(gof)@’l):{l, 1}'{4, —2] _[ 444, 2-2 }_[ 8, 0 }
(2) Let w = g(x,y,2) : R* - R and
(ZE,y,Z) = f(87t> = (f1<87t)7f2<87t)7f3<87t)) : R2 - Rg'
2w

w :g(fl(svt)7f2(87t>7f3(svt>)'

2z,
2z,

2y
_2y

Compute the partial derivatives

ow
and p

of the composite function

By the chain rule we have

v owy oo 09 oy [ G

s’ Ot oz’ Oy’ Oz g 8

9s0 ot

Matrix multiplication yields

ow  0g0x dgdy 090z

s Ords  Oyds 020s

ow  0g0xr dgdy 090z

ot drot  dyot  9zot

(3) Let g: R® —» R3, f: R?* — R3. We introduce notation

w = (w1;w2aw3) = (91($,y, 2)792<x7y7 2)793(x’y7z))’
(.f,y,Z) = (fl(svt)vf2(57t)7f3(57t))‘

Compute %, %, %, %, % and %. We have
dwy  Ow 991 991 g1 i BOf
i b | _ | ow on bw || 55 O
o oy A
ds > Ot 9z’ Oy’ 0z 8s ' Ot
Matrix multiplication yields, for j = 1,2, 3:
Ow; _ 09;0f  09;0f>  09;0fs
ds  Or Os Oy Os 0z Os’
Ow; _ 09;0h  09;0f>  09;0fs
o dx ot Oy Ot 0z Ot
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10 THE IMPLICIT AND INVERSE FUNCTION THE-
OREMS

THE IMPLICIT FUNCTION THEOREM

An equation in two variables x and y may have one or more solutions for y in terms of x
or for x in terms of y. We say that these solutions are functions implicitly defined by the
equation.

For example the equation of the unit circle , 22 + y? = 1, implicitly defines four function
(among others):

= V1—2a2 for z €[-1,1],
= —V1—22 for z €[-1,1],
= J1—y for y e [—1,1],
= —\/1—42 for ye[-1,1].

In general case, we consider a function F': R" x R”™ — R™, and study the relation F'(z,y) =
0, or, written out,

8 8 € w
|

Fi(xy, ... 2n,y1,- -, Ym) =0

Fo(z1, o Tn, Yty oy Ym) = 0.

The goal is to solve for the m unknowns y,...,y, from the m equations in terms of
T1yeeeyTp.

Theorem 1 (The Implicit Function Theorem) Let Q C R™ x R™ be an open set, and
let F: Q — R™ be function of class C'. Suppose (xg, o) € Q and F(zg,yo) = 0. Assume
that

o OF
Bor 0 B
det . # 0 evaluated at (zo, o),
OF OF
oyr? " Oym

where ' = (Fy,..., F,). Then there are open sets U C R™ and V. C R™, with xq € U and
Yo € V, and a unique function f: U — V such that

F(z, f(x)) =0
for all x € U. Furthermore, f is of class C'.

THE INVERSE FUNCTION THEOREM

If a function f is thought of as sending vectors x into vectors y in the range of f, then it is
natural to start with y and ask what vector or vectors x are sent by f into y.
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More particularly, we may ask if there is a function that reverses the action of f. If there is
a function f~! with the property

f*(y) = if and only if f(x) =y,
then f~!is called the inverse function of f. It follows that the domain of f~! is the range
of f and that the range of f~! is the domain of f.

Given a function f: @ C R® — R”, where (2 C R", one may ask:
(1) Does it have an inverse?

(2) If it does, what are its properties?

In general it is not easy to answer these questions just by looking at the function. However,
in certain circumstances we get a useful result.

Theorem 2 (The inverse function theorem) Let f : R™ — R" be continuously differ-
entiable function such that f'(x¢) has an inverse. Then there is an open set Q containing g
such that f, when restricted to ), has a continuously differentiable inverse. The image set
f(82) is open. In addition,

[ o)) = [ (zo)]

where yo = f(xo). That is, the differential of the inverse function at yq is the inverse of the
differential of f at xg.
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