2.5 Intefvals.on the real line

e On Page 12 we briefly encountered number lines (or real lines)
and order (such as ‘less than’, written <).

e Any real number can be marked as a smgle point on the
real line.

e Intervals or regions can also be marked on. the real line.
An interval includes all real numbers which lie between two
endpoints.

e Such intervals can be described by inequalities, using the
signs: < < > >

Example 2 5.1 On the real line, mark the mterval correspond-
ingto  x>0andz <2 |

~—1- ' ' L=
-3 -2 -1 0 1 2 3

We have highlighted the region between x = .0 and =z = 2,
with a solid black circle at each end point, and a (curved) line
between the end points. This is used to denote every point
between 0 and 2 (inclusive). |

Example 2.5.2 On the real line, mark the interval correspond-
ing to x> —1and x < 2.

- ] ] " m : | —
-3 -2 -1 0 1 2 3
Now we have used a non-filled circle at each end point. This

| is used to denote every point between —1 and 2, but not
including —1 and 2.
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e Make sure you understand the difference between < and <,
and between > and >

— For < and > the endpoint occurs inside the interval, and
is marked with a solid circle.

— For < and > the endpoint occurs outside the interval,
and is marked with a non-filled circle.

e Some intervals only have one endpoint (e.g. = > 4).

e This means that the interval goes on forever'in one direction.
If it goes to the right then we say it goes to infinity, written
co. If it goes to the left, we say it goes to negative infinity,
written —oo. | | |

e This is marked on a real line by an arrow pointing in the
correct direction. |

Example 2.5.3 On a real line, mark the region x > 0.

.‘<I | | \/____i

-3 -2 -1 0 I ' 2 -3

Question 2.5.4 Mark each of the following inter;\fals on the
real line: | ;

1 z<2 < wﬁ 5

v .

v
(2) —2 <z <2 (This means —2 < z and z < 2.)
(3) r<2 5 |
v
(4) z>2 | I AN
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e There is an easy way to write intervals: |
__— la, b] denotes the interval ¢ < z < b
— [a,b) denotes the interval a <z < b
—  (a,b] denotes the interval a < z < b |
— (a,b) denotes the interval a < z < b

e o and b are called the endpoints of the interval. Note that a
(the first endpoint) is always less than or equal to b.

e Note the brackets: they indicate the type of interval.

— A square bracket means the corresponding endpoint falls
inside the interval. On the real line, the endpoint is
marked with a sohd circle.

— A round bracket means the corresponding endpoint falls
outside the interval. On the real line, the endpoint is
marked with a non-filled circle. (Note that —oo and
always have a round bracket, not a square bracket. )

e Be clear on what happens when an‘endpomt is outside an
interval, e.g. > 0. The point = 0 is not in the interval,
but every value greater than 0 is in the interval. So 0.5, 0.01,
0.000001 and 0.00000001 are all in the interval. .

Question 2.5.5 Write each of the following intervals using
inequality signs, and then mark each one on a real line:

(1) | (—00,0) DUREY = e\%

2 10,5 LYY - H—r—>

(2) | [0,5) 0<x =

(3) (0, 5] DCLeYy eg—p—
0 §
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2.6 Solving inequalities

e We know how to solve equations with an “=" sign.

e The key rule was: whatever you do to one side, you must also
do to the other side.

e We can also solve mequalztzes which look like equatlons but
instead have signs hke < or >, |

e There are two major differences between equations and
inequalities:

— the answer to most mequahtles is an 1nterva1 not a single
point; and '

— the rules for manipulating 1nequaht1es are a bit different
to those for solving equations.

4 Rules for solving inequalities. \

1. The same quantity can be added to, or subtracted from,
both sides of the inequality.

2. Both sides of the inequality can be mult1p]1ed by, or divided
by, the same positive quanmty

@If both sides are multiplied by, or divided by, the same

negative quantity, then the inequality must be reversed
(that is, < becomes >, > becomes <, and so on). |

4, Ifa<bthenb>a;1'fa,>bthen‘b<a.
Ifa <bthenb>a;ifa>bthenbd<a.

/

e Rules 1 and 2 are the same as for solving equations.

e Pay pertieular attention to Rules 3 and 4: the inequality eign
must be reversed when applying these rules!
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2.7 Square roots

e We have previously seen square roots, written with a+ sign.
If a is a real number then we know that:

1. \/a is only defined if g > 0
2. Vaxy/a =

3. if a > 0 then a has two square roots, one positive and one
negative.

e To avoid confusion, +/a is usually taken to mean the positive
square root of a.

e To get the negative square root, write —/a.

The following rules allow us to simplify square roots.
~

Important properties of square roots. h

If a and b are real numbers with a > 0 and b > 0, then

(1) axvb=+axb=+ab
| v -
(2) N

S e

\.

| Example 2.7.1
1. V4 xv4=/4x4
2 \/5><

V16 = 4 ‘and ’\/7><\/7:_7'

100 = 10

m
ww;,

él
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Example 2.6.1 Solve the inequality —3z +2 < 6 — z.
'_ —3r+2<6—x
SO —3rx+24+rx<6—-—x+=x ~ —_

SO L 2x+2-2<6-2 Lﬂ_/:)’%
SO 20 < 4

so  —2x+ — 2 > 4@ the Inequality is reversed)

-

SO x> —2 | [22002

Question 2.6.2 Find all x which satisfy 2z —4 > x4+ 3. Write -
your answer in interval format and mark it on the real line.

2L L3 | - |
L= 7 3 - | Iy
A*L 7 ) < Q/—? a
(7:%) 7

Y

Question 2.6.3 Fmd all z which satrsfy —2x < z + 3. Write
your answer in interval format and mark it on the real hnLe/

T2 LA & ~3p ¢y
O<3ve3 S U
-7 S{x |

N7~ E——'f, ) e—gf)

Question 2.6.4 Find al]@which satisfy 3((y —l—\2) < 3y + 4.

4«{ b < }jr% Ll el
© e hy
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Question 2.7.2 Simplify M = W\E < \5;3;

@"/@E«E
-« VI

{

e There are some common errors with square roots.

e Pay attention to the following facts; they each say that the
two quantities are not equal.

Non-properties of square roots.

y v ¢ e Iy 4 J\

(20 Va—vb # Va—b

| Example 2.7.3 Make sure you understand that:

V2zx/3y = \/Bry

but you cannot simplify:

V2z + /3y

Question 2.7.4 By letting a = 9 and b = 16, show that it is

not true that v/a + /b = vatb —

=i e W

= <<
CHS = RHI
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Surds

e Some square roots can be written exactly as fractions; that
is, they are rational numbers.

Example 2.7.5 The following square roots aré rational:

| ) 4 /4 2
Vi=2=9 @:%25

e Many square roots cannot be written exactly as fractions;
that is, they are irrational numbers.

e For example, V2, v/5, /7 are all irrational, and there is no
way of writing them more simply.

J
,- 0,
e Irrational square roots are called surds. o L , 5

—

® Sometimes, a surd can be written in a simpler form, by using
the properties of square roots. In particular:

(1) Va2 =a (for example,- V16 = V42 = 4) and
(2)  +Vaxa = a (for example, v/2x2 = 2).

e These rules let us ‘take'things outside’ the square root.

a Simplifying square roots I
» | ,>L_}=’_§g q

Given a square root, we usually write it in siﬁap]est form by
trying to ‘take something outside’ the square root sign. This is
done via the following process:

e Factor the number inside the square root sign, looking for
— factors that are square numbers (e.g. 4,9, 16, .. ); or

— pairs of identical factors (if you don’t easily find a square
factor).

\_® Use rules (1) and (2) above to simplify. , J
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Example 2.7.6 Write@ in simplest form. \m £ 3 \[,E =9
Notice that 4 is a square number and that 12 = 4x3. So:

VE = VI3 =P B= 33 = 23
Alternativély; - ﬂ—

ﬂ |
\/1—:\/@;@@: 2% 2 \/§:le\/§:2\/§

Questz'on 2.7.7 Simplify +/20.

Bl

Arithmetic on surds

e Surds can be involved in expressmns For example, 3 + /5 is
an expression involving a surd.

e Mathematical operations (such as addition, multiplication
and so on) can be performed on such expressions.

~® Be careful to remember BEDMAS and the relevant properties
brDMAD
of square roots. -

FExample 2.7.8

(\/§+5)+(\/§—v6)—\/§ _ M—w—es

= Vv2-1
B+ @3- pl3 - -1
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T o~
Example 2.7.9 3\@x5\/@+ 10v/3

®+ 103

I

= 15/12/+ 10v3
= 15x2v/3+10v3

= GOv3+10v3

= 403

Qﬁestz’on 2.7.10 ShoW that =~ V/2++v2+ V2 = \/TS
il = Nara {1 |

:Zﬁ

T
< \VN\I
= zj\L
T (/HS
Question 2.7.11 S-implify‘ (\/E— \/58(\/? + \56)

= i Ao - (1
':_ L,W\Wy\fzwl-f “\(SZJ}
i ‘C;Z‘CNE“fL@,;_
= )f bz
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2.8 Powers and Exponents

e On Page 25 we briefly encountered exponentiation.

e For example, 32 = 3x3.

WQ is called the

e In the expressmn@
power, exponent, or index.

«

e There are various rules that allow us to simplify operations
involving powers. You must be familiar with these rules.

T T ———

[ Power Rule 1: Product of powers

If a, m and n are real numbers, then:

amxa" = g™
Note that in this rule, the base must be the same in both places |
\on the LHS of the equals sign and on the RHS.

J

Example 2.8.1
o 22x23 = 9243 — 95 — 39
You can see why the rule works:
22x2% = (2%2) X (2X2x2) = 2Xx2x2x2x2 = 25
o yixyZxy = y3+2+1 6

e We cannot simplify z3xy? as the first base x is not the
same as the second base y. The most we can do is snnphfy

it to 3_1
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Question 2.8.2 Simplify each of the following:
(a) 3*'x3?x3% - 3

(b) Qx:g)xy _xa/@ DCE‘:‘

K L

[

Power Rule 2: Dividing powers

If a, m,n are real numbers, with a non-zero, then:

a"+a" =amm"

Just as in Rule 1, the base must be the same in both places on
(the LHS of the equals sign and on the RHS.

J

| BExample 2.8.3

e 3332 =3"2=3% =27
You can see why ;gl/e rule works:
IX3X3XIXS
0 3°+37 = . =3x3x3 =233

o pl0sph = pl0=6 —

Question 2.8.4 Simplify each of the following:

W @=OF = g1t . gt
d e —4 g -~ |

(b) <2 (=t )

(@ gtz o oy ) 52
T3 - 2=

~(nt2)

fl

A
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Power Rule 3: PoWer equal to O or 1

If a is any non-zero real number then:

, @ and al = a
\— : ; J

Example 2.8.5

o 32:32 :@and 32:32 = 322 :' Demonstrating 30 = L.

TXLXTXT
o gl = — gz and 2=z
TXILXT

So it must be that z! = z.

3 _ 43 — o1

| Question 2.8.6 Simplify each of the following:
(a) (2°x(-0.14536)°)0 = | |

2w A, 3.5 (.
(b) T"XEXKXIL"+—T - X T

— g—— —

(c) z2x2” + 2% xy°

T 3
= X XX

| -
SR EE ol i

[ Power Rule 4: Negative power

Let a be any non-zero real number and m be any real number,

then: %;ﬁ//a—_ﬂfaim? §<

Note that the expression a~™ has been rewritten as a fraction
(and the power is now ‘positive’ m.

~N

J
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Example 2.8.7
1 1

102 ~ 100

You can see why the rule works: :

1095105 — — AP0 |1 L
1000 10x 1010 10x10 \_102

But 103105 — 1035 _1@

o 1072 =

]
HeﬂC‘e 10'_2 = —]'_'65
1
® U wg
1 5
"I R

Question 2.8.8 Simplify each of the following:

(a) 271x10 < -L\Xm = wa

0\
A

2 E

(b) 772x14 - 1
/}
LS

5><— c X ’ = 5 Fato |
(C)jf- x4 — =X X g )(.)C =
XC

4 Power Rule 5: Fractional powers )

Let a be a real number and m be a non-zero real number, then:
al/™ = %/q |

In particular, for m = 2 we have A2 ¥a = \/a. (For some

values of m there are restrictions on allowed values of a. For

\example, if m = 2 then a cannot be negative.) Q’/"‘ - ﬂ =3, )

MATH1040, 2011. Section 2.8. Page 65




Example 2.5.9

« 92 G=13 ( ')L
You can see why the rule works: 0\

91/2 91/2 — gl/2+1/2 _ gl — 9.

Hence 9*/2 must be \/_ ‘ e
o (x1/2) _ (\/5) i~ S—;CY\]—T/ (U \rx’_}

° 71/3X71/3X71/3 _ 73-|—§+§ — 71 — 7

Question 2.8.10 Slmphfy each of the followmg

(a) @xal®2 = (Olvﬁf) m S/

| Example 2.8.11

. (42)3 = 42%3 — 46
You can see why the rule works:
(42>3 : A2 5 A2 5 A2 — 4222 _ 42x3 _ 46

° (332?;.)2 _ x2><2y1><2 — $4y2
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