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Koalas (Phascolarctos cinereus)

x 10 Koalas on Kangaroo Island

3 T T T T T T T T

Population Size

Time

AMS and ICE-EM Winter School in Mathematics and Computational Biology - 2004




Controlling Koalas

Controlling Koalas

5000

4500 |- _

4000 - .

3500 N

Population Size
w
o
o
o
|

2500 .

2000 .

1500 .

1000 _________________________________________________________ —]

Time

AMS and ICE-EM Winter School in Mathematics and Computational Biology - 2004



Controlling Koalas

Controlling Koalas
T T T T T T

5020

5010

5000 ',l', k'“‘IA'A a i — 1 Wy M| | J T - — Vi 7 "A"' . i ."‘| u,.’”

N
O
©
o
T
1

Population Size

N
©
Q
o
T
1

4970

4960

4950

8.05 8.1 8.15 8.2 8.25 8.3
Time

AMS and ICE-EM Winter School in Mathematics and Computational Biology - 2004




Outline

e Stochastic Models

AMS and ICE-EM Winter School in Mathematics and Computational Biology - 2004



Outline

e Stochastic Models

e Selection of Rates and Reduction Level

AMS and ICE-EM Winter School in Mathematics and Computational Biology - 2004



Outline

e Stochastic Models

e Selection of Rates and Reduction Level

e Selection of Control Policy

AMS and ICE-EM Winter School in Mathematics and Computational Biology - 2004



Outline

e Stochastic Models

e Selection of Rates and Reduction Level

e Selection of Control Policy

J - Extinction times and total costs
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Models - Controlled Populations

The birth-and-death process - Transition Diagram
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Models - Controlled Populations

The birth-and-death process is a continuous-time Markov
chain taking values in S = {0, 1, ... } with non-zero transition
rates

glx,z+1) =\,
and
¢z, 2 —1) = pa

where )\, and u, are the population birth and death rates
respectively.
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Models - Controlled Populations

The linear birth-and-death process is a continuous-time
Markov chain taking values in S = {0, 1, ... } with non-zero
transition rates

g(x,z+1) = Az
and
g(z,r —1) = px

where \ and p are the per individual birth and death rates
respectively.
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Models - Controlled Populations

Linear birth-and-death process with suppression and constant
culling

q(x,x+1) = A\x for al x

{,ua: x < U
g,z —1) =
pur+rxk x>U

where « Is the rate of culling (control).
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Models - Controlled Populations

Transition Diagram for Reduction Regime Models
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Models - Controlled Populations

Linear birth-and-death process with reduction and per-capita
culling

q((z,0),(x +1,0)) = \x xr<U-—1
q((x,O), (x - 170)) — ML r<U
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Models - Controlled Populations

Linear birth-and-death process with reduction and per-capita
culling

q((z,0),(x +1,0)) = \x r<U—1
q((x,O),(x—l,O)) — ML r<U
¢((U —1,0),(U,1)) =AU - 1)
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Models - Controlled Populations

Linear birth-and-death process with reduction and per-capita
culling

¢((z,0),(z+1,0) =Xz z<U-1
q9((7,0),(z = 1,0)) =px 2 <U
q(U = 1,0),(U,1)) = A(U = 1)
¢((z,1),(x+1,1)) =Xz xc{L+1,L+2,...}
¢((z,1),(x —1,1)) = (p+)z  z€{L+2,L+3,...}
q((L+1,1),(L,0)) = (u +)(L +1)

where ) is the rate of culling (control).
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Some Decisions of Controlling

* Which control regime?
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Some Decisions of Controlling

* Which control regime?

* How much culling (control) to perform?

l.e. What level should L be set to?
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Some Decisions of Controlling

* Which control regime?

* How much culling (control) to perform?

l.e. What level should L be set to?

* What rate of culling to use?

l.e. How large should « and/or ) be?
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Koala Parameters

* Per-koala birth rate: A = 0.3

AMS and ICE-EM Winter School in Mathematics and Computational Biology - 2004



Koala Parameters

* Per-koala birth rate: A = 0.3

* Per-koala death rate: ;1 = 0.1
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Koala Parameters

* Per-koala birth rate: A\ = 0.3
* Per-koala death rate: ;1 = 0.1

* Culling level: U = 5,000
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Koala Parameters

* Per-koala birth rate: A\ = 0.3
* Per-koala death rate: ;1 = 0.1
* Culling level: U = 5,000

e Reduction level: L = 7?
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Koala Parameters

* Per-koala birth rate: A\ = 0.3
* Per-koala death rate: ;1 = 0.1
* Culling level: U = 5,000

* Reduction level: L = ?

* Reduction per-koala culling rate: ¢ = ?
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Koala Parameters

* Per-koala birth rate: A\ = 0.3

* Per-koala death rate: ;1 = 0.1

* Culling level: U = 5,000

* Reduction level: L = ?

* Reduction per-koala culling rate: ¢ = ?

* Suppression constant culling rate: xk = ?
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Choice of Reduction Level L

* Probability of the population “persisting”.
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Choice of Reduction Level L

* Probability of the population reaching the culling level U
before 0 starting from reduction level L

oy, = Pr(hit U before 0| X(0) = L) > p.
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Choice of Reduction Level L

* Probability of the population reaching the culling level U
before 0 starting from reduction level L

oy, = Pr(hit U before 0| X(0) = L) > p.

* Expected time between culling phases.
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Choice of Reduction Level L

* Probability of the population reaching the culling level U
before 0 starting from reduction level L

oy, = Pr(hit U before 0| X(0) = L) > p.

* EXpected time to hit U starting from L conditional on
hitting U before 0

E(Ty | X(0) = L, hit U before 0).
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Choice of Reduction Level L

For a birth-and-death process
o; = Pr(hitU before0| X (0) = i) = —

where sp =0, sy =1landfor2<:<U

J

1—1
87;:1—|—ZH%.

j=1k=1 "k
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Choice of Reduction Level L

For a birth-and-death process
o; = Pr(hitU before0| X (0) = i) = —

where sp =0, sy =1landfor2<:<U
i—1 j
s; =1+ Z H %
=1 k=1 "k
Therefore we have
(%)
=
(%)
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Choice of Reduction Level L

After choosing a suitable minimum probability p, the minimum
reduction level L is given by

{1 —p[1 = (x/N)Y]}
b= [ MR W
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Koalas - Minimum L

L p
4 | 0.9876543209877
6
8

0.9986282578875
0.9998475842097
10 | 0.9999830649122
12 | 0.9999981183236
14 | 0.9999997909248
16 | 0.9999999/7/67694
18 | 0.9999999974188
20 | 0.9999999997132
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Expected Phase Times

* Phase 1 - Time between culling phases.
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Expected Phase Times

* Phase 1 - Time between culling phases.
° - Monitoring and assessment periods.
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Expected Phase Times

* Phase 1 - Time between culling phases.
° - Monitoring and assessment periods.

U—

|_L

Tyl hi re0, X (0
E(Ty| hit U before0, " Szﬂmzmj

1=L 7=1
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Expected Phase Times

* Phase 1 - Time between culling phases.

° - Monitoring and assessment periods.
U—1 1
Ty | hit U before 0, X (0 -
( U| £ NSiSTe1T ;S 375

where sp =0, sy =1andfor2 <i:<U,

i—1
8121—|—ZH%
j=1 k=1

k

and m = 1, T = ‘322 AL__l fOI’jZQ.

7
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Koalas - Expected Phase 1 Time

L Expected Time (yrs)
20 27.868

500 11.522

1000 8.051

2000 4.583

3000 2.555
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Koalas - Expected Phase 1 Time

L Expected Time (yrs)
20 27.868
500 11.522
1000 8.051
2000 4,583
3000 2.555
L = 1000.
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Expected Phase Times

* Phase 2 - Duration of culling phase.
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Expected Phase Times

* Phase 2 - Duration of culling phase.
° - Planning and choice of culling rates.
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Expected Phase Times

* Phase 2 - Duration of culling phase.
° - Planning and choice of culling rates.

For our model

uﬂb Y YJ"'/@’ (uizb)j

k=L+1 7=0
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Choice of Culling Rates « and v

* Choice of ¢

AMS and ICE-EM Winter School in Mathematics and Computational Biology - 2004



Choice of Culling Rates « and v

* Choice of ¢
° - Minimise the cost of a culling phase.
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Choice of Culling Rates « and v

* Choice of ¢
° - Minimise the cost of a culling phase.

For a birth-death process

U 1 00
cw= TE > fim;
k=L+1 " RTR =
o ] >\z'—1 o . .
where m; = [[;_, ,; =— and f; is the cost per unit time of

culling a population of size j.
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Choice of Culling Rates « and v

* Choice of ¢
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Choice of Culling Rates « and v

* Choice of ¢
° - Minimise the cost of the culling phase.
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Choice of Culling Rates « and v

* Choice of ¢
. - Minimise the cost of the culling phase.
* - Cost function f; = dyy'*°5 or f; = dy+o (b + f) 7.
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Choice of Culling Rates « and v

* Choice of ¢
. - Minimise the cost of the culling phase.
* - Cost function f; = dyy'*°5 or f; = dy+o (b + f) 7.

Therefore we have

B d’gDH_(S(U . L)
TR

CUu
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Choice of Culling Rates « and v

* Choice of ¢
. - Minimise the cost of the culling phase.
* - Cost function f; = dyy'*°5 or f; = dy+o (b + f) 7.

Therefore we have

B d’gDH_(S(U . L)
TR

CUu

Minimising with respect to v

P = (1T+5) (A = p).
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Choice of Culling Rates « and v

* Choice of ¢
. - Minimise the cost of the culling phase.
* - Cost function f; = dyy'*°5 or f; = dy+o (b + f) 7.

Therefore we have

B d’gDH_(S(U . L)
TR

CU
Minimising with respect to v
1406
¢:(—g%>Q—M)

6 =0.05 = ¢ =42and 7} =246 hrs = 41 days.
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Choice of Culling Rates « and v

e Choice of
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Choice of Culling Rates « and v

* Choice of
. - Probability of remaining in “control".
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Choice of Culling Rates « and v

e Choice of

° - Probability of reaching states in which the total
death rate is less than the birth rate, starting from U, is
very small.
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Choice of Culling Rates « and v

e Choice of

° - Probability of reaching states in which the total
death rate is less than the birth rate, starting from U, is

very small.

ay+1 = Pr (hit [ﬁ—‘ beforeU| X (0) =U + 1) < p.
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Choice of Culling Rates « and v

e Choice of

° - Probability of reaching states in which the total
death rate is less than the birth rate, starting from U, is
very small.

ay+1 = Pr (hit [ﬁ—‘ beforeU| X (0) =U + 1) < p.

For a birth-death process

SU+1
S(Aful

and syy1 =1, 85 =14+ >y [Ty & fori> U+ 1.

Ay4+1 =
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Koalas - Choice of Culling Rates

R ay+1

1010 | 1.7825 x 10~2
1020 | 6.280 x 1073
1050 | 1.5501 x 10~4
1070 | 3.3711 x 1079
1100 | 1.1707 x 10~
1120 | 1.3957 x 10~ 12
1200 | 6.3347 x 10~%°
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Koalas - Choice of Culling Rates

R ay+1

1010 | 1.7825 x 10~2
1020 | 6.280 x 1073
1050 | 1.5501 x 10~4
1070 | 3.3711 x 1079
1100 | 1.1707 x 10~
1120 | 1.3957 x 10~ 12
1200 | 6.3347 x 10~%°

r = 1120.
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Summary of Koala Models

General
°* A=0.3
°* u=0.1
° U =5,000
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Summary of Koala Models

General
°* A=0.3
°* u=0.1
° U =5,000

Suppression model with constant culling
* xv=1,120
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Summary of Koala Models

General
°* A=0.3
°* u=0.1
° U =5,000

Suppression model with constant culling
* xv=1,120

Reduction model with per-capita culling
e L =1,000
°* Y =4.2
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Choice of Control Policy

How do we choose the “best” control regime?
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Choice of Control Policy

How do we choose the “best” control regime?

e Extinction Probabilities
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Choice of Control Policy

How do we choose the “best” control regime?

e Extinction Probabilities

e Extinction Times
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Choice of Control Policy

How do we choose the “best” control regime?

e Extinction Probabilities

e Extinction Times

* Total Costs
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Koalas - Extinction Probabilities

Linear Birth-death Suppression Model with Constant Culling

prl.

Linear Birth-death Reduction Model with Per-capita Culling

,OL:1-
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Koalas - Extinction Times

Linear Birth-death Suppression Model with Constant Culling

v~ 2.52 x 102™8 years.

Linear Birth-death Reduction Model with Per-capita Culling

v, =~ 1.07 x 10*"® years.
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Total Costs

Cost Functions

Linear Birth-death Suppression Model with Constant Culling

fj — Kl{j>U} + M.

Linear Birth-death Reduction Model with Per-capita Culling

f(j,O) — N and f(],l) — C] ‘|‘ N
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Total Costs

Cost Functions

Linear Birth-death Suppression Model with Constant Culling

fj — Kl{j>U} + M.
K = $50,000 and M = $10, 000.
Linear Birth-death Reduction Model with Per-capita Culling

f(j,O) — N and f(],l) — C] —|— N
C = $100 and N = $7, 000.
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Total Costs

Linear Birth-death Suppression Model with Constant Culling

cr ~ $9.18 x 102992,

Linear Birth-death Reduction Model with Per-capita Culling

cr ~ $8.39 x 10%81,
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Choice of Control Policy

Decision Tool | Supp. & Const. | Red. & Per-capita

Cost/Time $36,470 per year $7,841 per year
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Conclusion

Controlling Koalas
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