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Quasi-Stationary Behaviour

Sample Path of B-D Chemical Process with a=100, k1:1, k_1 =1, k2:1
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We wiill;
-

Brie y review some facts about continuous-time Markov
chains (CTMCs).

Look at this type of behaviour in the context of a
chemical reaction.

Look at the analytical tools available to describe this
behaviour — quasistationary distributions (QSDs) and
limiting conditional distributions (LCDs).

Look at the tools available to establish the existence of
QSDs.

Brie y discuss numerical methods for establishing
approximations to these QSDs.

|
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Recall:::

-

A time-homogeneous CTMC (X (t); t 0) taking values
in a countable set S (Z") is completely described by its
transition function P (t) = (p; (t); i;j 2 S; t  0).

In practice we know only the transition rates
(P} (0+) = gj; i;j 2 S).
If we know P, we can in principle answer any question

about the behaviour of the chain. The challenge is to try
and answer these questions in terms of Q.

We will assume that the process is absorbed with
probability one, and is therefore regular (non-explosive).

|
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Recall:::

- N

A Birth-Death Process is a CTMC with the property that if
the chain is in state i, transitions can only be made to state
| lori+1.

o |
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Recall:::

- N

A Birth-Death Process is a CTMC with the property that if
the chain is in state i, transitions can only be made to state
I lori+1. The q-matrix has the form

ifj =1+1
% fj=1 1,1 1
Gi ( + ) ifj=1 1
% ifj =1=0
otherwise
where i; > 0; 8i 2 C. We also assume that ¢=0.
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De nitions

-

# Adistributiona=(a; 12 C)isa QSD over C if
Pa(X (1) = JJX(1) 2 C) = &;

iIndependently of t.

o |
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De nitions

f # Adistributiona=(a; 12 C)isa QSD over C if T

Pa(X (t) = JJX(t) 2 C) = &;

iIndependently of t.
# Adistribution b= (h; i 2 C) is a LCD over C if for all
;] 2 C,
tIlilm PX(t)=jjX({t)2C; X(0)=1i)=b:
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De nitions

- N

# Adistributiona=(a; 12 C)isa QSD over C if
Pa(X (1) = JJX(1) 2 C) = &;

iIndependently of t.

# Adistribution b= (h; i 2 C) is a LCD over C if for all
;] 2 C,
tIlilm P(X(t)=jjX ()2 C; X(0)=1i)=b:

# A LCD must be guasistationary, but a QSD need not be
limiting conditional.
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De nitions

- N

# A -invariant measure (over C) for P is a collection of
numbers m = (mj; i 2 C) which, for some > 0, satisfy

X
mipi (t) = e "m;; j2C:t O
i2C

o |
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De nitions

f # A -invariant measure (over C) for P is a collection of T
numbers m = (mj; i 2 C) which, for some > 0, satisfy
X
mipi (t) = e "m;; j2C:t O
i2C

# A -invariant measure (over C) for Q is a collection of
numbers m = (mj; i 2 C) which, for some > 0, satisfy

X |
mig; = mi, ] 2 C:
i2C

o |
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The Chemical Reaction

K1
A+ X 2X
K 1
Ko
X B

#® Model the number of molecules of X with a CTMC — a
birth-death processon S = f0g[ C, where zero is
absorbing and C is an irreducible transient class.

|
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The Chemical Reaction

® Model the number of molecules of X witha CTMC — a

birth-death processon S = f0g[ C, where zero is
absorbing and C is an irreducible transient class.

#® The system can be either closed or open with respect
toA&B.C=112;:::;Ngorfl;2:::g, respectively.

o |
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Finite State Space

f # Finite state space - easy because of Perron-Frobenius T
theory.

# The unigue QSD (and LCD) is given by m such that
mPc(t)= e 'm:
# This Is equivalent to
MOQc= m

where IS the eigenvalue with maximal real part (it is
real and negative).

o |
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The Decay Parameter

The quantity

log(pj (1))
t

c = I

exists and is independent of i;j 2 C.
Called the decay parameter because

pj ()  Mje ct, O<Mj <1:

Can show that for a -Invariant measure for P over C to
exist, it Is necessary that (0 <) C.

|
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In nite State Space

- N

# In nite state space - more dif cult as Perron-Frobenius
theory no longer applies.



In nite State Space

- N

# In nite state space - more dif cult as Perron-Frobenius
theory no longer applies.

#® Again, the QSDs are given by m such that

mPc(t)= e 'm:
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In nite State Space

-

f # In nite state space - more dif cult as Perron-Frobenius
theory no longer applies.
#® Again, the QSDs are given by m such that

mPc(t)= e 'm:
# The LCD (if it exists) is given by m such that

mPc(t)= e °'m:
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In nite State Space

-

In nite state space - more dif cult as Perron-Frobenius
theory no longer applies.

Again, the QSDs are given by m such that
mPc(t)= e 'm:

The LCD (if it exists) is given by m such that
mPc(t)= e °'m;

However these expressions involve P and ¢, which are
not known and dif cult/impossible to nd analytically.

|
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In nite State Space

-

A solutionmtomQc = m also satises mPc(t) = e ' m
(and is therefore a QSD) iff
X
Yigj = Yij; O vyi m;
i2C

has only the trivial solution for some (all) <

|
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In nite State Space

-

A solutionmtomQc = m also satises mPc(t) = e ' m
(and is therefore a QSD) iff
X
Yigj = Yij; O vyi m;
i2C

has only the trivial solution for some (all) <

# Conditions do not depend explicitly on P or .
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In nite State Space

-

A solutionmtomQc = m also satises mPc(t) = e ' m
(and is therefore a QSD) iff
X
Yigj = Yij; O vyi m;
i2C

has only the trivial solution for some (all) <

# Conditions do not depend explicitly on P or .
#® Do depend on having a particular , m to check.

o |
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In nite State Space

- N

. . . . . P
If misa nite -invariant measureforQ (,e. m;< 1),
then X

= Mi Gjj
i2C
IS neccesary and suf cient for m to be a QSD.

o |
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In nite State Space

-

. . . . . P
If misa nite -invariant measureforQ (,e. m;< 1),
then X

= Mi Gjj
i2C
IS neccesary and suf cient for m to be a QSD.

# This allows usto nd all nite -invariant measures for
Q, and we can then check which of these are QSDs
using the previous result.

o |
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-

In nite State Space
X -

= M G
i2C

® This allows usto nd all nite -Iinvariant measures for

Q, and we can then check which of these are QSDs
using the previous result.

# When nding -invariant measures for Q, we can now

eliminate explicitly from the system we need to solve,
however this renders the system

X
mig; =  (m)m;j; ] 2C
i2C
non-linear in m. J
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In nite State Space

-

If the equations
X X
Yigji = Yj; Vi 0, yi<1
i2C i

have only the trivial solution for some (all) > 0, then all
nite -invariant measures for Q are also -invariant for P
and are therefore QSDs.

o |
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In nite State Space

-

If the equations
X X
YiGi = Yj; yi 0 yi<l1
i2C i

have only the trivial solution for some (all) > 0, then all
nite -invariant measures for Q are also -invariant for P
and are therefore QSDs.

# |f this condition holds, all we have to do is nd a
-invariant measure for Q and this is a QSD.

o |
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In nite State Space

-

If the equations
X X
YiGi = Yj; yi 0 yi<l1
i2C i

have only the trivial solution for some (all) > 0, then all
nite -invariant measures for Q are also -invariant for P
and are therefore QSDs.

# |f this condition holds, all we have to do is nd a
-invariant measure for Q and this is a QSD.

® Butwe wantitto be -invariant, so that we have the
LCD.

o |
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Birth-Death Process

- N

For a B-D process with which is absorbed with probability
one, suppose the initial distribution has compact support.
Then

# If D < 1 then thereis a unigue QSD which is the LCD.

® IfD =1 then either
s ¢ =0 and there are no QSDs, or

s ¢ > 0and there is a one-parameter family of QSDs,
one of which is the LCD.

Here
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The Chemical Reaction

- N

o For the (B-D) chemical system, one can show that

X n(n+r) X (s)m 1

0" i Inka+n(n DEA(s)n 1 m(m+r)]




The Chemical Reaction

- N

o For the (B-D) chemical system, one can show that

X n(n+r) X (s)m 1

D = ket n(n 1)k_21](s)n 1m:nm( m+r)’

and that this is in fact nite.

o |
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The Chemical Reaction

- N

o For the (B-D) chemical system, one can show that

R n(n+r) Roo(s)m L
i Inka+n(n DEA(s)n 1 m(m+r)]

D =

and that this is in fact nite.

# So there Is a unigue guasistationary distribution, which
IS limiting conditional.

o |
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A Connection

- N

# |t can be shown that for a Birth-Death process, the
Reuter FE conditions hold iff D = 1 .

o |
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A Connection

f # |t can be shown that for a Birth-Death process, the T
Reuter FE conditions hold iff D = 1 .

#® S0, let's replace

D diverges (converges)

INn van Doorns' result with

the Reuter FE condition holds (fails)

o |
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In nite State Space

- N

Conjecture: Suppose a process iIs absorbed with
probability one, and that the initial distribution has compact
support. Then

# |If the Reuter FE conditions fail then there is only one
-Invariant measure; it is in fact c-invariant and Is
therefore the LCD.

# |If the Reuter FE conditions hold, either
s ¢ =0 and there are no QSDs (and no LCD), or

s ¢ > 0and there is a one-parameter family of
-Invariant measures (QSDs), 0 < c, of which
the c-invariant measure is the LCD.

o |
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Truncation Approximation

- N

Having established the existence of a LCD, how do we go
about approximating it, given that a closed form solution is
almost never available?

o |
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Truncation Approximation

-

Having established the existence of a LCD, how do we go
about approximating it, given that a closed form solution is
almost never available?

Letc® c@ C be a sequence of nite truncations
of C. What happens to the solutions m(™ of
X
m¢” = Om®; 2 cm;
i2C(n)

where (" is the P-F maximal negative eigenvalue of Qc ),

asn!l 2

|
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Truncation Approximation

- | N

® Weknowthat W# ~asn!l



Truncation Approximation

- | N

® Weknowthat W# ~asn!l

® But under what conditions does m(™ “converge', in
some sense?

o |
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Truncation Approximation
f.o We knowthat M # -asn!1l . T

® But under what conditions does m(™ “converge', in
some sense?

» If m(") converges, does it converge to m?

o |
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Truncation Approximation

We know that M # casn!1l

But under what conditions does m(") “converge', in
some sense?

If m(" converges, does it converge to m?
Breyer & Hart (2000) give some suf cient conditions.

|
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Truncation Approximation

-

We know that M # casn!1l

But under what conditions does m(") “converge', in
some sense?

If m(" converges, does it converge to m?

Breyer & Hart (2000) give some suf cient conditions.
We know:

Works for the Birth-Death Process.

Works for the subcritical Markov Branching Process.

|
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Another Chemical Reaction

- N

2X B

This Is not a Birth-Death process: it has jumps up of
size 1, but jumps down of size 2.



The Quasi-Stationary Distribution
B -

Sample Path of B-D Chemical Process with a=100, k1:1, k_1 =1, k2:1
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